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PREFACE 


During  a four-week  session  which  started  June  2?^  1966^  a 
te’-im  of  matliemat ic fans  and  mathematics  teachers  formulated  pre- 
liminary recommendations  for  the  curricular  experimentation  which 
ShSG  plans  to  carry  on  during  the  next  few  years.  A list  of  the 
participants  in  this  session  follows. 

The  recommendations  take  the  form  of  detailed  outlines  of 
most  chapters  of  a matheiTiatics  program  for  grades  seven  through 
nine.  These  will  provide  a framework  for  the  experimental  writing 
to  be  carried  out  during  the  coming  academic  year. 

At  the  opening  plenary  session  the  participants  reviewed  the 
recommendations  of  the  New  Orleans  Conference  and  agreed  to  outline 
a curriculum  for  grades  seven  through  nine  which  would  be  in  gen- 
eral agreement  with  the  New  Oi'leans  recommendations,  Three  sub- 
committees were  formed.  The  first  was  asked  to  consider  further 
the  role  of  mathematical  models  in  this  new  curriculum-  This 
committee  submitted  its  report  at  the  end  of  the  first  week^  and 
the  members  of  the  committee  were  co-opted  into  the  other  two 
committees  or  undertook  specify  1 assignments. 

The  second  subcommittee  was  asked  to  consider  the  topics 
in  geometry  that  should  be  incorporated  in  the  curriculum  for 
grades  seven  through  nine^  keeping  in  mind  that  for  those  students 
taking  more  than  three  years  of  secondary  school  mathematics  the 
tenth  grade  course  would  probably  include  at  least  a semester  of 
formal  synthetic  geometry.  The  third  subcommittee  was  asked  to 
consider  the  topics  In  arithmetic  and  algebra  to  be  included  in 
the  seven  through  nine  curriculum. 

The  latter  two  subcommittees  met  together  from  time  to  time  to 
discuss  the  meshing  together  of  the  geometric  and  the  algebraic 
sequences . 

Occasional  plenary  sessions  were  held  so  that  the  entire 
group  could  discuss  the  materialB  which  had  been  produced.  At  a 
final  plenary  session  the  general  reports  of  the  geometry  and  of 
the  arithmetic -algebra  subconimittees  were  received^  and  plans  for 
the  next  steps  in  the  over-all  project  were  discussed. 
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The  above  mentioned  general  reports , together  with  the 


1.^:  w-wuiii^ 


:n  rna  :;hen;a  .icai  model::-,  are  rcllov;ed  it 


this  uocument  by  a topical  outline  i’or  Grade  7^  This  in  turn  is 
lollow'eu  by  detailed  o-atlines  of  most  chapters  :for  Grade  7* 
Grades  3 and  9 are  treated  aimiliariy. 

The  next  section  of  the  report  is  designed  to  facilitate 


coiiiparioons  be-tween  the  present  SMSG  progi^am  and  the  proposed 
new  one.  A suimnary  outline  of  the  new  program  for  Grades  7 through 
9 is  f iiowed  by  a list  of  chapter  headings  from  the  present 
SMSG  books  for  these  three  grades.  In  this  latter  the  location  of 
the  corresponding  material  in  the  new  sequence  is  indicated. 

The  report  concludes  with  a number  of  papers  of  a general 
nature  which  were  prepared  during  the  session.  Included  also  is 
outline  of  a unit  on  vectors  which  had  been  prepared  in  the 
summer  of  19S5  at  the  request  of  the  SMSG  Panel  on  Science  for 
consideration  in  the  new  curriculum. 
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REPORT  OF  Tm  GEOI^TRY  COmriTEE 


The  Philosophy  ox  the  Geometry  Program 


I.  How  is  Geometry  to  he  Conceived? 

Most  of  our  knowledge  (certainly  our  scientific  knowledge)  refers  to 
or  is  set  in  the  framework  of  physical  space.  Wien  a child  hegins  to  crawly 
he  discovers  geometric  pioperties  of  space  by  pressing  against  walls ^ by 
patiently  putting  things  In  cupboards  and  Just  as  patiently  taking  them 
out^  by  finding  paths  which  take  him  back  to  where  he  started.  This  knowl’- 
edgOj  gained  concretely  and  intuitively  over  the  years ^ Is  in  a conventional 
treatment  carefully  formulated  and  structured  in  a tenth  grade  geometry 
course. 

We  propose  to  approach  geometry  as  a subject  which  is  suggested  by 
and  modeled  on  out  experience  with  physical  space.  Its  basic  concepts 
for  example^  points^  lines^  se^ents^  etc. -=are  suggested  by  objects  of 
experience j its  results  oar  be  interpreted  in  physical  space  and  confirmed 
to  a high  degree  of  approximation.  Treated  in  this  way^  geometry  can  be  = 
come  an  Important  branch  of  knowledge^  not  Just  a mental  exercise. 

The  important  relation  between  physical  space  and  the  geometric 
theory  we  idealise  or  abstract  from  it  appears  twicer  First  in  forming 
the  concepts^  since  points^  planes^  spheres^  etc. ^ as  conceived  mathe- 
matically do  not  seem  to  exist  in  the  physical  world.  Second^  in  apply- 
ing geometry,  for  we  must  inten^ret  physically  or  form  a physical  model 
of  the  concept.  A point  in  a surveying  problem  may  be  interpreted  as  the 
overlap  of  two  crosshairs  in  a telescope  or  in  a dynamical  problem  as  the 
sun  or  the  earth. 

Remark:  The  bearings  of  geometry  on  physical  reality  are  important 

and  excitingj  they  should  be  treated  with  Judgment  as  opportunities 
arise.  But  they  should  not  dominate.  We  are  presenting  a course  In 
geometry,  not  a course  in  its  application  to  reality. 
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II.  How  is  Geometry  to  He  Treated? 

We  ass\une  two  boundary  conditions:  (l)  The  student  has  studied  the 

SMSG  texts  for  grades  four,  five,  and  six  (or  the  eq.uivalent)  and  so 
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corries  to  us  with  a nontrivial  geometric  experience:  (.'?)  lie  is  to  be  pre- 
pared for  a deductive  treatment  of  geometry  as  part  of  a tenth  grade  eours 
The  SIvISG  texts  for  grad-s  four;,  five;,  and  six  contain  a rich  body  of 
geometrica.l  material;,  including  nonmetrical  geometry,  properties  of  geo- 
;.~Lric  figures,  mea.surement  (length,  area,  volume ),  and  congruenc cm  Since 
vre.  are  not  sure  how  much  of  this  material  the  student  is  immediately  able 
to  apply,  we  naturally  begin  by  employing  the  spiral  method;  We  review, 
refine,  and  amplify  the  material  already  studied.  Thus  Chapter  1,  "The 
Structure  o,.  Space  - Nonmetrical  Properties,''  enriches  and  expands  the 
qualitative  geometrd.c  knowledge  gained  In  grades  four,  five,  and  six  and 
introduces  new  ideas  such  as  convexity  and  orientation.  This  approach 
is  continued  for  congruence  in  Chapter  h and  for  measure  In  Chapter  5. 

Throughout  the  development  we  have  the  problem  of  presenting  the  sub- 
ject in  a concrete,  intuitive,  descriptive  way  without  reducing  it  to  a 
collection  of  more  or  less  isolated  factB.  ¥e  try  to  take  care  of  this 
by  a second  application  of  the  spiral  method;  We  focus  on  a new  concept 
■/  concentrating  on  its  essential  features,  later  returning  to  treat  its 
more  complex  aspects  and  its  relation  to  other  concepts.  The  concept  of 
parallelism,  for  example,  first  Introduced  in  Grade  7,  Chapter  1,  appears 
again  In  Grade  7,  Chapter  11,  "Parallelism,"  and  Grade  8,  Chapter  11, 
"Parallels  and  Perpendiculars."  The  concept  of  measure  which  Is  used 
throughout  the  course  Is  specifically  studied  in  four  chapters  that  are 
dlbtrlbuued  through  grades  seven,  eight,  and  nine.  As  the  preceding 
sentences  suggest , we  have  chosen  a doiiilnaiit  geometrical  concept  or  re- 
lation as  the  unifying  feature  of  each  Individual  chapter,  within  which 
the  pertinent  properties  are  developed  for  all  the  appropriate  geometri- 
cal figures  to  which  the  concept  or  relation  is  applicable. 

One  of  the  problems  In  teaching  geometry  at  this  level  involves  the 
quality  of  student  understanding.  Since  much  of  the  material  la  descrip- 
tive and  concretely  presented,  the  child  may  merely  be  developing  the 
ability  to  repeat  descriptions  and  recognize  figures..  We  want  him  to 
comprehend  properties  of  figures,  to  perceive  interrelations  between 
parts,  to  recognize  familiar  notions  (e.g. , congruent  triangles)  in  a 
complex  and  unfamiliar  situation.  To  this  end  we  try  to  develop  and  re- 
fine his  intuitive  grasp  of  geometrical  properties.  (Consider  how  much 


more  a topo.logist  ’’sees"  in  a simple  closed  curve  chalked  on  an  inner  tube 
than  the  p)roverhial  man  in  the  street.  Or  suppose  a child  has  an  intuition 
that  a ciiOle  is  rourid.  Does  he  realize  that  is  has  a different  roundness 
from  a kidney  beEin  CO  that  it  is  a convex  curve ^ or  that  its  Interior 
is  a convex  set?)  One  procedure  we  use  for  coping  with  this  problem  is 
to  take  a familiar  figure^  say 5 a cube;  and  ask  the  student  to  find  in  it 


sevei‘al  illustrations  of  an  idea^  for  example ; line  perpendicular  to  plane^ 
parallel  lines ; parallel  planes ^ line  parallel  to  plane;  skew  lines ^ a 
common  pezp)eridicular  to  two  skew  lines.  This  practice  tends  simultaneously 
to  shaip)en  perception  of  figures  and  comprehension  of  concepts. 


The  treatment  indicated  should  foster  a good  understanding  of  the 


concrete  basis  and  the  intuitive  significance  of  geometric  ideas.  In  ad- 
dition; we  propose  to  shaipsen  and  enrich  understanding  of  the  deductive 
process.  For  this  purpose  we  introduce  many  xamples  of  deductive  reason- 
ing. These  range  from  a,  one-  or  two-step  informal  proof  which  is  not 
written  down  (the  problem  asks  for  a conclusion  that  req^uires  application 
of  one  or  two  familiar  principles  in  a diagram)  to  a deductive  chain  of 
several  proposltj.ons  which  follow  from  a given  set  of  geometric  proper- 
ties, A chapter  on  deductive  reasoning  is  included  to  initiate  a dis- 
cussion of  deductive  reasoning  in  metliematlcs  by  using  examples  and 
illustrations  from  algebra  and  geometry. 


A student  who  has  had  a course  of  this  type  should  be  well  prepared 
to  make  the  adjustment  to  the  more  foraial  deductive  treatment  of  geometry 
in  grade  ten.  He  should  have  assimilated  a large  body  of  geometric  knowl- 
edge which  rests  on  a concrete  and  intuitive  basis  and  is  partially  struc- 
tured by  deductive  proof.  The  problem  of  organizing  this  knowledge  logic- 
ally should  not  seem  unnatural  or  remote  to  him.  He  certainly  will  not 
have  the  familiar  double  difficulty  of  trying  to  learn  what  the  subject 
matter  is  about  while  he  atten^pts  to  understand  the  deductive  method.  Is 
it  too  optimistic  to  hope  that  our  program  will  permit  an  appreciable 
saving  of  time  in  grade  ten  while  fostering  increased  understanding? 
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nEFCRT  OF  Tm  REAL  ANALYSIS  OOMl-lITTEE 
The  Outlining  Principles  of  the  Real  Aialysis  Group 


A group  of  people  assigned  the  task  of  developing  an  outline  for  the 
mathematics  to  be  presented  in  the  seventh^  eighth^  and  ninth  grades  is 
faced  with  a most  formidable  problem  if  there  are  not  some  broads  general 
guidelines  adopted  from  the  viry  beginning.  The  subgroup  responsible  for 
the  sequencing  of  the  mathematical  concepts  related  to  real  analyBiSj  as 
OT^posed  to  geometry^  met  together  frequently  during  the  early  days  of  the 
outlining  session^  and  I believe  the  following  general  restrictions 
served  as  guidelines  to  our  discussions: 

(a)  The  hackground  which  we  would  assume  for  all  students  would  be 
that  found  in  the  present  SMSG  texts  for  the  fourth^  fifths  and  sixth 
grades* 

(b)  The  mathematics  to  be  introduced  in  the  seventh^  eighth^  and 
ninth  grades  should  be  of  value  to  all  students  as  necessary  for  any 
intelligent^  responsible  future  citizen^  regardless  of  occupation.  As 
a consequence  of  this  decision  reflecting  a recommendation  of  the  New 
Orleans  planning  session^  we  consciously  replaced  some  special  topics 
(modular  arithmetic^  finite  fields)  by  those  we  felt  were  more  appro- 
priate^  for  example^  the  elements  of  probability  and  statistics. 

(c)  The  work  of  other  groups  who  have  given  considerahle  thou^t 
to  the  mathematics  suitable  for  these  grade  levels  should  not  be  ignored. 
It  did  not  seem  reasonable  for  us  to  retrace  the  deliberations  of  the 
Cambridge  Conference^  the  New  Orleans  planning  groups  etc, ^ but  to 
respond  responsibly  to  their  recommendations, 

(d)  Some  of  the  criticism  of  the  excessive  foimiallsin  in  the  first 
roimd  SMSG  material  is  Justified*  We  should  keep  in  mind  the  critics’ 
view  that  physical  situations  were  not  used  to  provide  heuristic  motiva-^ 
tion  for  the  mathematical  development  nor  was  the  mathematics  developed 
used  to  analyze  physical  problems.  However^  the  latter  complaint  has 
been  met  in  part  by  special  projects  of  SMSG  which  may  Se  used  by  the 
writing  group, 
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(e)  There  must  he  continuity  from  chapter  to  chapter  both  in  writing, 
in  concept,  and  in  depth  of  sophistication.  These  attributes  in  any  text- 
book vnriting  are  so  important  that  this  may  dictate  placement  and  treatment 
of  many  topics. 

V/hen  we  turned  to  the  consideration  of  the  specific  seq.uencing  of 
topics  for  the  thrt e grades  under  consideration,  we  felt  that: 

(a)  The  concept  of  function  should  be  introduced  early  in  the  seventh 
grade  and  used  where  appropriate  but  without  excessive  fanfare.  The  idea 
was  to  make  the  concept  of  function  a familiar  part  of  the  student's  back- 
ground. Moreover,  in  illustrating  the  applications  of  mathematics  to 
physical  situations,  it  was  hoped  that  examples  coul  , be  found  to  show 
that  the  analysis  of  a graph  often  pemits  predictions  which  are  not  ap- 
parent from  Isolated  infomiation. 

(b)  Geometry  and  analysis  must  be  interwoven  throughout  the  course, 
each  supplementing  and  leading  the  other.  Graphical  illustrations  with 
coordinate  systems  lend  clarification  to  many  mathematical  topics.  (Again, 
in  retrospect  we  know  that  there  is  a great  deal  of  work  remaining  for  the 
writers  before  this  desirable  Integration  can  be  realized.) 

(c)  The  "Btructure"  of  the  rational  number  field  and  the  real  number 
field  should  remain  a unifying  thread  throughout  the  introduction  of  suc- 
cessive topics  concerning  rational  and  real  numbars  without  excessive 
formalism.  Some  acquaintance  with  formal  proof  is  desirable.  Topics  in- 
troduced should  lead  somewhere.  Concealing  any  area,  we  hope  that  the 
student  will  eventually  be  able  to  say,  ''Aha,  now  I understand  this.'" 

(d)  In  adopting  a spiraling  of  material  throughout  these  three  grades, 
care  must  be  taken  to  see  that  subject  matter  is  used,  at  least  in  prob- 
lems and  hopefully  in  subsequent  subject  matter,  before  being  studied  again. 

(e)  Logic  should  be  fused  Into  the  course  material  so  that  the  pre- 
cision of  reasoning  required  in  mathematics  would  gradually  become  acces- 
sible to  all  students.  We  felt  that  it  was  unnecessaiy  to  provide  a 
separate  chapter  on  truth  tables,  excessive  fonnallsm,  or  the  Idalatry  of 
symbolism.  (See  Wliltney's  chapter,  "On  the  Role  of  Logic  in  Elementary 
Ifet hematics. " ) 

(f)  Both  notation  a?id  terminology  Introduced  in  these  grades  should 
be  con^atible  with  present-day  usage  in  mathematical  texts  at  higher 
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levels.  Here  we  felt  perfectly  at  ease  in  accepting  the  recomnendation 
of  the  New  Orleans  planning  group  that  the  "open”  of  sentences  could  he 
abandoned. 

An  initial  outline  of  topics  for  real  analysis,  fulfilling  the  cri- 
teria described  above,  resulted  in  the  following  sequence  which  was  agreed 
upon  before  more  Individual  attention  was  given  to  the  separate  chapters. 

We  have  separated  the  material  into  various  grades  as  we  thou^t 
appropriate . 


Grade  T"  Real  Analysis  Group 

A.  Graphing,  Functions 

We  chose  to  begin  the  year  by  using  the  plotting  of  points  in  a 
coordinate  system  as  a means  of  reviewing  and  extending  the  students' 
knowledge  of  the  integers  (both  poBltlve  and  negative)  acquired  in  the 
sixth  grade.  This  also  provided  a natural  way  to  introduce  the  concept 
of  a function. 

B.  Solutions  of  Simple  Mathematical  Sentences 

The  purpose  of  this  chapter  was  to  begin  an  inforaial  discussion  of 
"solutions"  of  mathematical  sentences.  Tills  provided  us  with  an  opportu- 
nity to  review  the  arithmetic  operations  of  the  positive  ratlonals.  If 
the  ratlonals  are  to  be  delineated  as  a deductive  algebraic  system,  then 
this  seemed  to  be  an  appropriate  place  for  the  students  to  be  presented 
with  these  facts.  On  the  other  hand,  if  we  choose  to  extend  the  opera- 
tions to  the  neg0,tive  ratlonals,  then  we  could  not  see  where  the  negative 
ratlonals  would  be  used  for  several  chapterB.  Consequently,  two  versions 
for  the  introduction  of  the  ratlonals  have  been  suggested  to  the  writing 
group.  One  version  restricts  its  attention  at  this  time  to  the  positive 
ratlonals  and  in  Chapter  E motivateB  the  extension  of  operations  to  nega- 
tive rationale  graphically.  The  other  version  introduces  the  rational 
field  here,  and  Chapter  E is  modified  accordingly. 

C . Ratio,  Percent , Decimals 

Frankly,  we  succumbed  to  the  pressures  of  tradition  which  require 
that  these  topics  be  included  in  any  curriculum.  We  viewed  this  chapter 
as  a possible  means  of  increasing  the  student's  arithmetic  skills  with 
nonnegative  ratlonals. 
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D. 


Combinatorics  and  Probability 


Hero  \re  felt  that  the  recormiendations  of  the  New  Orleans  planning 
group  required  the  introduction  of  this  material^  and  we  again  had  an 
opportunity  mo  reinforce  a student’s  skills  with  positive  rationais  and 
the  notion  of  f ’unction.  We  felt  that  the  SMSG  Probability  Group  could 

provide  suitable-  material  for  this  chapter.  We  preferred  to  reinforce 
computation  skills  as  the  student  studies  new  topics  rather  than  through 
routine  drill  material. 

Graphing:  The  Negative  Rationais  and  Extending  Arithmetic  Operations 

to  the  Rational  Field 

We  have  remarkeci  under  B that  the  content  of  this  chapter  depends 
upon  the  approach  taken  there ^ However^  at  this  point  at  the  very  latest^ 
we  felt  that  the  explicit  axioms  for  the  rational  number  field  should  be 
displayed  and  discussed.  This  diacussion  should  emphasize  the  fact  that 
we  have  a deductive  basis  for  the  proofs  in  algebra. 

F,  Solutions  of  Systems  of  MEthematical  Sentences 

We  wished  to  reinforce  the  student -s  skills  in  graphing  linear  func- 
tions^ as  well  as  present  problems  requiring  computation  with  the  negative 
rationais.  This  should  include  the  graphing  of  inequalities, 

G,  Square  Roots  ^ Nonrepeating  DecimalB  ^ Real  Number  System 

We  felt  that  the  student  should  be  introduced  to  the  need  of  numbers 
beyond  the  rational  field.  Moreover^  square  roots  were  needed  for  the 
discussion  of  distance  in  the  chapter  to  follow.  We  war^ted  the  student 
to  know  that  the  real  number  system  satisfied  all  the  properties  of  the 
rational  field  as  well  as  an  additional  axiom  of  completeness.  We  do  not 
recommend  a formal  extension  of  the  rationais  to  the  reals^  and  informality 
should  suffice. 

H,  Distance j Pythagorean  Theorem^  Circles 

We  are  again  using  the  material  presented  in  the  previous  chapter^ 
that  la^  graphing j the  real  numbers^  etc.  We  thought  that  the  analytic 
treatment  of  circles  could  provide  the  foimat  for  Interesting  mathematical 
Sentences  Involving  inequalities^  for  example^  the  set  of  all  points  out- 
side a circle j etc. 
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Grade  8:  Real  Analysis  Group 

A.  Exponential  Ptnctlon,  Logarithms , Scientific  I'i orat i on 

We  attempted  to  arrange  material  so  that  each  year  began  with  a topj 
which  would  involve  the  student  in  overt  activities  as  they  explored  the 
subject  matter.  The  construction  of  the  logarithms  table  (as  in  the  Cau,!- 
bridge  Report)  and  the  knowledge  of  a slide  imle  was  chosen  because  we 
felt  other  fields  would  need  this  Information  about  this  time.  Moreover;, 
exponential  functions  seemed  to  occur  In  many  diverse  fields  and  should 
be  understood.  This  subject  matter  permitted  a review  of  exponents  and 
factoring  begun  in  the  fifth  grade.  (in  the  final  outline  this  material 
appears  in  the  ninth  grade, ) 

B.  Measurement 

The  purpose  of  this  chapter  was  to  Implement  the  concepts  on  measure 
ment  introduced  in  the  seventh  grade  and  to  provide  practice  in  logs^  etc 
of  the  preceding  chapter.  It  was  recommended  that  a statistical  point  of 
view  of  relative  errors  deviation,  normal  distribution  of  measurements  be 
included  so  that  we  could  connect  these  concepts  with  the  probability  In- 
troduced in  the  seventh  grade.  (in  the  present  sequence  this  chapter  Is 
now  in  the  ninth  grade  outline. ) 

C.  Problem  Analysis  (Strategies) 

It  was  felt  that  an  early  chapter  should  be  devoted  to  developing 
the  student's  awareness  of  a variety  of  strategies  for  problem  analysis. 
Since  problem,  solving  Is  a major  activity  in  mathematics,  whether  in  al- 
gebra, geometry,  or  applied  mathematlcB,  some  early  and  continuous  recog- 
nition must  he  given  to  the  specific  skills  necessary  to  coiiplete  bhis 
activity  successfully. 


D.  KTumber  Theory 

This  chapter  was  designed  to  review  and  extend  the  "Factoring  and 
Primes''  concepts  developed  in  g.rades  four  through  six  and  to  estahlish 
the  unique  factorization  theorem  for  integers.  The  theorem  was  needed 
for  the  following  chapter  on  the  real  numbers.  ¥e  also  wanted  to  use 
the  chapter  to  develop  some  beginning  concepts  of  logic  in  simple  situa- 
tions ("if-then,"  converse,  negation). 
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E. 


The  Real  Numbers  Revisited --Radicals 


¥e  felt  that  sometime  in  the  eighth  grade  the  students  should  again 
face  the  axiomatic  nature  of  the  real  numbers  and  review  the  structure, 
i-ioreover^  theorems  as  direct  conseq.uenees  of  these  axioms  could  be  pre- 
sented. The  solution  of  classical  problems  (duplicating  the  cube,  etc.) 
could  lead  to  this  reconsideration;  radicals  could  be  discussed  in  detail 
with  the  corresponding  review  of  exponents  and  absolute  value. 

F.  Solutions  of  Egulvalent  Mathematical  Sentences 

This  chapter  was  delayed  to  this  point  in  order  that  operations 
yielding  nonequivalent  sentences  were  available.  We  wanted  to  formalise 
the  process  of  obtaining  equivalent  problems  bringing  logic,  the  struc- 
ture of  the  real  number  system,  and  properties  of  order  into  play.  We 
wished  to  be  able  to  write  precisely  about  systems  of  equations  and 
inequalities  In  the  next  chapter. 

G.  Systems  of  Equations  and  Inequalities,  Linear  Programing 

We  thought  this  subject  matter  would  lend  Itself  naturally  to  review- 
ing many  topics  as  well  as  introduce  the  student  to  interesting  applica- 
tions in  modeling. 

The  eighth  grade  continuation  of  probability  and  statistics  could 
be  inserted  after  B,  or  other  places  might  be  desirable. 


Grade  9-  " Analysis  Group 

We  felt  thpit  the  students’  preparation  was  now  adequate  for  the  pres- 
entation of  substantial  mathematical  ideas.  Hence,  our  outline  became 
brief,  and  the  arrangement  was  tentative  with  considerable  freedom  left 
to  the  writers, 

A.  Quadratic  Polynomials  (as  Functions ) 

This  chapter  could  serve  as  an  ideal  place  to  study  the  translation 
of  axes  and  relate  these  translations  to  the  previous  Introduction  of 
vectors  as  displacements.  Likewise,  the  zeros  of  quadratic  functions 
could  lead  to  a treatment  of  factoring  as  needed.  (in  the  final  version 
this  chapter  appears  in  grade  eight. ) 
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B, 


Systems  of  ^Mathematical  Sentences  Involvlnfi  Quadratic  as  well  as 
Linear  Functions 

Here  the  possihility  of  review  of  factoring^  radio vils , solving  quad- 
ratic equations  is  present. 

C.  Locus  Problems 

(Conic  sections  first  round) 

D.  Vectors 

E.  Trigonometric  Functions 

F.  Inferential  Statistics 

G.  Complex  N'ornbers 


********** 

The  integration  of  the  seventh  and  eighth  grade  geometry  and  real 
analysis  changed  the  order  of  some  of  the  materials particularly  In  the 
eighth  grade.  Specif icallyj  we  dropped  exponents  and  logarithins  while 
substituting  quadratic  functions  of  grade  nine  to  appear  later  in  the  year 
The  measure  theory  was  combined  with  the  geometric  subject  matter  and 
moved  to  grade  nine.  These  decisions  may  need  review. 

Using  geometry  as  a process  of  "modeling"  the  real  worlds  we  saw  that 
this  could  lead  naturally  to  the  need  for  coordinates  as  necessary  to  pro- 
vide more  "local"  Information  In  physical  problems.  Hence  there  appeared 
to  be  sufficient  reason  to  start  the  seventh  grade  with  a chapter  on 
geometry  and  to  follow  this  immediately  with  A of  our  outline  for  grade 
seven.  Thereafter  the  blending  of  geometry  and  the  real  analysis  suf- 
fered from  the  demand  that  chapter  outlines  had  to  be  produced  simultane- 
ously, Moreover^  the  real  analysis  group  thought  that  it  had  to  consider 
in  greater  detail  several  questions  which  are  not  reflected  in  the  out- 
line. Some  of  these  specific  questions  werei 

1.  Eotatlon  for  Functions.  We  believe  that  the  introduction  to 
functions  should  be  quite  Informal  with  examples  to  illustrate  that  the 
student  has  used  the  idea  for  quite  some  time.  We  finally  agreed  that 
the  notation 

f;  X' — ^2x  + 3 } 
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as  opposed  to  ordered  pairs was  best  for  this  grade  level.  It  seemed  to 
us  that  even  the  generality 


f:  X ^f(x) 

could  be  postponed  by  a judicious  choice  of  functions, 

2.  Variables.  We  feel  that  this  topic  has  been  subject  to  so  much 
discussion  during  the  past  ten  years  that  we  need  not  add  further  confu- 
sion, Ou  " position  is  simply  '-Avoid  the  use  of  the  term  variable  as  a 
mathematical  entity  at  this  grade  level.  " It  is  hoped  that  the  written 
material  will  make  clear  the  role  of  the  variables  used. 

3*  A Motivation  of  Negative  Mult Iplieation  by  Means  of  Vectors  on 
a Line,  ProfeBBor  H,  Whitney  presented  an  outline  whereby  the  definition 
of  multiplication  of  negative  numbers  becomes  a conseciuenGe  of  the  study 
of  a one -dimensional  vector  space  along  the  number  line.  However^  it 
was  not  clear  to  some  of  us  how  certain  difficulties  relating  the  ” scalars*' 
to  the  "vectors”  are  to  be  avoided,  Purther  investigation  of  this  ap- 
proach is  certainly  warranted^  especially  since  displacements  are  to  be 
introduced  in  space  in  the  ei^th  grade. 

b,  Fol3momlals,  The  usual  discussion  regarding  forms ^ expressions^ 
or  functions  flouiished  again-  We  decided  that  we  could  restrict  our 
attention  to  q_uadratic  functions  and  avoid  for  the  time  being  the  distinc- 
tions which  invariably  arise.  We  did  not  believe  that  it  was  necessary 
for  everyone  to  know  the  theory  of  polynomial  rings. 

Finally^  in  detailing  the  outlines  for  the  chapters  we  have  described^, 
it  appears  that  we  have  lost  sight  of  some  of  the  general  criteria  which 
we  set  for  ourselves.  We  urge  the  writers  to  return  to  this  document  when- 
ever the  details  have  obscured  the  attitude  we  sought  to  impart. 
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REPORT  OF  THE  MODELING  COMMITTEE 


In  this  report  we  are  attempting  to  show  the  place  of  modeling  in 
mathematics  instruction  and  how  to  implement  it  throughout  the  sequence 
of  grades  seven,  .ight,  and  nine.  (For  some  philosophical  remarks  on 
modeling,  see  Appendix  A, ) 

I A.  "tfathsmatical  model”  (noun)  and  "modeling”  (verb)  should  he 
brought  into  the  picture  early  in  the  seven-nine  sequence  and  should  be 
a thread  worked  in  throughout  the  sequence,  since  every  application  of 
mathematics  to  the  real  world  involves  a model.  Some  models  are  by 
now  Implicit  (most  of  the  tbne  we  are  not  aware  of  the  model),  while 
others  are  explicit  and  need  to  be  worked  out  in  detail. 

B*  As  part  of  ary  first  chapter  In  the  seventh  grade  book,  we 
should  begin  to  talk  about  mathematical  modeling.  (See  Appendix  Bl. ) 

C.  At  an  app'opriate  place  in  each  succeeding  section  of  material 
(on  geometry,  pi’Obabllity,  etc.  ),  bring  in  "modeling"  again  along  with 
some  examples  for  which  the  subject  matter  at  hand  provides  mathemati- 
cal models. 

D.  Later  when  more  mathematical  maturity  has  been  gained  by  the 
student,  more  emphasis  in  the  fonn  of  a specific  chapter  may  be  given 
to  modeling. 

II  A.  For  the  teacher,  provide  clear  expositions  of  what  Is  meant 
by  mathematical  models  and  modeling.  Give  the  teacher  a feeling  for 
the  goal  to  be  achieved  by  the  persistent  thread  on  modeling  that  runs 
through  the  three -year  sequence.  (See  Appendix  B2. ) 

B,  For  students,  provide  a variety  of  examplee  (see  III  A3). 

Some  of  these  should  carry  through  in  a spiral  fashion.  (See  some  of 
the  examples  in  Appendix  C. ) 

C.  Lead  the  student  to  appreciate  the  hard  work  and  extreme  care 
which  must  go  into  mathematical  models  of  great  complexity,  such  as 
those  that  pemnlt  man  to  place  a capsule  on  the  moon.  He  should  then 
be  moved  to  exhibit  the  same  care,  hard  work,  and  attention  when  using 
mathematics  in  solving  a problem  within  his  power. 
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D. 


Aim  for  frequent  reinforcement  and  for  a wide  variety  of  experi- 
ences that  will  eventually  illustrate  all  the  important  features  of 
mathematical  modeling, 

E*  In  addition  to  the  examples  that  come  up  as  part  of  the  text^ 
supply  material  of  the  following  sorts  (l)  longer  ej^ository  articles 
or  '■  feature*’  films  In  an  "inspiration-guidance”  mold  on  uses  of  mathe- 
matics and  mathematical  models  in  various  fields | (2)  short  film  clips 
that  either  provide  data  for  a modeling  sequence  or  illustrate  such  a 
sequence » 

III  A,  Features  of  Good  Modeling  Examples 

1.  Real  life  situations  must  be  real  (that  is^  not  phony)^  inter- 
esting^ and  must  contain  a question  for  which  the  answer  is  not  obvious 
or  triviali.  The  solution  in  the  mathematical  model  ought  to  be  capable 
of  interpretation  and  testing  in  the  real  life  situation- 

2,  The  mathematical  model  needed  to  analyze  the  situation  and 
reformulate  the  question  in  mathematical  terms  should  not  be  trivial  or 
implicit  in  the  description  of  the  situation, 

3-  For  some  examples  the  mathematical  manipulations  should  be 
within  the  capabilities  rf  the  students  at  the  time  the  example  is  in- 
troduced, For  others  the  model  may  call  for  new  techniques^  and  the 
model  can  serve  as  motivation  for  the  introduction  of  new  mathematics. 

For  still  others  (not  too  large  a number)^  the  skills  needed  could  be 
well  beyond  the  capabilities  of  the  student^  but  nevertheless^  the 
problem  can  serve  as  motivation  for  the  continued  study  of  mathematics. 

k.  Examples  should  be  devised  so  that  the  models  will  have  to  be 
constinicted  by  omitting  or  ignoring  many  details  in  the  real  situatlonj, 
and  this  selectivity  In  devising  the  first  model  and  succeBsive  models 
should  result  In  approximations^  some  of  which  are  good  for  one  purpose 
and  others  better  for  slightly  different  puiTposes. 

5-  It  should  be  en^haslzed  that  any  m.odel  is  only  an  attempt  to 
represent  certain  aspects  of  the  situation  which  are  Important  for  par- 
ticular restricted  purposes* 

6.  The  puipiose  of  constructing  the  mathematical  model  is  to 
clarify  relationships  so  as  to  e^ibit  clearly  the  Important  features  of 
the  situation  and  contribute  to  answering  questions  which  could  not  be 
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answered  easily  without  the  model,  l.e.,  analysis  with  the  ultimate  ob- 
jective of  prediction. 

B.  Things  to  Watch  in  Introducing  Modeling 

1.  Avoid  sloganeering. 

2.  Don't  model  the  siudent  to  death  (as  with  sets). 

3.  Use  a variety  of  nomenclature,  since  words  have  different  con- 
notations In  the  physical  world. 

4.  Get  some  examples  in  which  the  situation  or  concepts  are  ab- 
stract and  the  model  is  concrete;  e.g.  , a model  for  the  real  nimibers 
Is  the  number  line  which  draw. 

5.  Achieve  a proper  balance  in  introducing  models.  Don't  give 
the  impression  that  mathematics  exists  only  because  of  its  applications. 
On  the  other  hand,  remember  that  only  a small  fraction  of  students 
using  the  texts  are  going  to  > j mathematicians. 

6.  Remember  the  need  to  revisit  the  real  world  frequently  during 
a course,  not  just  at  the  beginning, 

7.  Get  examples  in  which  complete  reliance  on  the  physical  model 
or  on  Intuition  leads  us  astray,  whereas  the  mathematical  model  may 
lead  to  "truth"  uncontaminated  by  the  prejudice  of  physical  ej^erlence 
or  "common  sense. " 

8.  Remember  the  need  for  a careful  selection  of  workable  examples 
others  may  better  be  left  for  general  remarks  about  applications. 


APPENDIX  A 


Philosophical  Remarks  on  Model-Making 
by  M.  Lo  Juncosa 


Pervading  almost  every  element  of  the  set  of  human  intellectual 
activities  from  the  beginning  has  been  a search  for  an  ''understanding  of 
phenomena*"  This  holds  for  existential^  physical^  sociological^  concep- 
tual as  well  as  concrete  phenomena]  it  matters  not  which.  This  pursuit 
of  causation  and  knowledge  of  structure  can  be  motivated  by  desire  for 
comfort^  fear  of  the  unknown^  satisfaction  of  curiosity^  etc.  One  finds 
this  in  theories  on  the  origins  of  primitive  religions  and  magic. 

For  the  scientist-“and  this  includes  mathematicians --a  strong  moti- 
vation is  the  desire  for  predictability]  that  is^  within  certain  bounds 
the  structure  or  model  can  be  interpreted  as  being  "consistent."  For 
the  Inductive  scientistj  results  of  the  theory^  i.e. , predictions^  will 
"agree"  with  experiments.  For  the  mathematician^  contradictory  theorems 
will  not  result. 

To  arrive  at  conclusions ^ a process  of  what  some  people  call  model 
building  is  engaged  ln«  The  primitive  man  invents  concepts  of  super- 
natural gods  with  anthropormoi^hic  attributes^  such  as  anger  at  broken 
taboos^  and  enormous  powers^  such  as  the  power  to  cause  awe-inspiring 
meteorological  phenomena. 

The  scientist  observes  physical^  economic^  sociological^  biological^ 
or  psychological  phenomena;  he  Invents  an  idealization  of  them  according 
to  some  laws  which  may  exist  from  previously  studied  "similar"  (maybe 
even  "isomorphic")  situations  or  which  he  constructs  ad  hoc  ^ containing 
what  is  felt  is  the  "essence"  of  the  obsez^atlons]  then  as  what  he  calls 
a logical  consequence  of  these  laws^  he  m^es  certain  statements  or  pre- 
dictions^ asserting  that  he  has  now  an  e^lanation^  a theory^  or  more 
modestly^  a model  (not  necessarily  unique  and  which  may  or  may  not  be 
mathematical)  for  the  phenomenon. 
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The  ma'Chernatician  constructs  many  conceptual  models  of  other  concepts 
or  theories  that  he  is  in  the  process  of  exploring.  He  frequently  finds 
that  in  the  model  or  image  he  may  have  greater  insight  or  may  he  able  to 
use  language  which  is  not  quite  available  for  the  original.  This  enables 
an  "end-run"  in  the  proofs  of  goal  theorems  or  suggests  new  goal  theorems 
and  techniques  for  the  original.  It  Is  not  uncommon  that  he  makes  physical 
models  and  pictures  as  models  for  his  theory  for  greater  elucidation  and 
inspiration. 


It  Is  essential  to  recognize  the  universality  and  variety  In  the 
philosophy  of  modeling,  regardless  of  what  it  is  called.  Wot  only  does 
everyone  do  modeling  at  some  intellectual  level,  but  frequei  ,y  transi- 
tions from  one  world  to  another  and  back  again  are  made.  in  engineer  may 
make  a mechanical  model  (here  called  analog)  of  springs,  weights,  and 
dash-pots  for  an  electrical  clrauit  of  resistances,  capacitances,  and  in- 
ductances, or  vice  versa.  And  if  he  has  a mathematical  model  as  well,  he 
may  not  even  make,  l.e.,  physically  constmet,  the  mechanical  or  the 
electrical  analog  but  will  rather  solve  the  pertinent  equations  inter- 
preting the  results  for  either  of  the  physical  situations,  talking  in. 
the  isomorphic  language  of  the  one  most  familiar  to  him,  even  though  he 
may  be  soD.ving  a problem  concerning  the  other  primarily  because  "it  is 
easier  (for  him)  to  see  it  that  way." 

(We  like  to  point  out  that  usage  of  this  word  "model"  differs  markedly. 
We  are  using  "model"  as  a copy,  picture,  image,  representation,  formula- 
tion, etc, , of  the  original,  as  In  the  usage  where  Klein  and  Poincare 
models  are  examples  of  non-Euclldean  geometrleB.  This  is  in  contra- 
distinction to  the  use  of  the  word  in  connection  with  an  artist's  or 
photographer's  subject  where  the  original  is  the  model.  Wo  strong  pref- 
erence' Is  expressed  here,  but  we  chose  the  usage  in  this  work  because  of 
the  confirmed  usage  in  many  applied  mathematical  circles.  ) 

Returning  to  the  variety  of  Instances  of  the  practices,  we  have 

1.  the  process  of  going  from  the  real  world  to  the  real  world, 
cited  above  (construction  of  analog  computer,  slide  rules,  etc.)j 

2,  the  process  of  going  from  the  real  to  the  conceptual,  mathe- 
matical, and  then  back  to  the  real  (matherriatical  physics,  mathematical 
biology,  mathematical  economics,  operations  research,  applied  mathematics 


„n  general^  the  process  heing  admirably  described  in  Burrington’s  articie^^ 
"On  the  Nature  of  Applied  MatliematlGs")  j 

3*  the  process  of  going  from  the  conceptual  to  the  real  and  back 
again  (construction  of  Venn  diagrems  and  switching  circuits  for  set  theo- 
retic and  Boolean  operations^  construction  of  finite  group  multiplication 
tables^  construction  of  rings ^ trees ^ graphs^  Imots^  cross  caps^  Klein 
bottles  for  certain  topological  objects)] 

the  process  of  going  from  a conceptual  to  another  conceptual 
without  passing  to  the  real  and  back  again  (identification  between  real 
numbers  and  points  on  a line^  language  structures  as  trees  or  graphs)] 

5-.  and  even  processes  of  going  from  lower  to  higher  conceptual 
levels  and  back^  as  well  as  vice  versa. 

Some  model-making  goes  from  deterministic  conceptions  to  probabilistic 
ones  and  back^  as  exemplified  by  solving  either  the  heat  eq,uation  or  the 
potential  equation  by  random  walks ^ which  is  a speci?  case  of  the  so- 
called  Monte  Carlo  method.  Polya's  model  of  contagion  is  another  example. 

Since  the  criticisms  of  the  previously  constructed  curriculum  in- 
cluded the  insufficient  liaison  with  the  physical  worlds  we  take  as  pre- 
cepts the  goals  of  R-  C.  Buck's  article^S  in  particular  goal  No.  Ij  and 
to  a lesser  extent  goals  Nos.  2^  3^  and  6^  as  having  relevance  to  the 
question  of  modeling.  And  in  particular^  we  further  restrict  attention 
to  the  philosophy  as  applied  to  real  world  problems.  Nhlle  the  term  has 
not  appeared  in  many  parts  of  mathematics  in  the  past^  the  teimi  ''mathe- 
matical models"  is  used  very  extensively  in  biology^  economics^  management 
psychology^  operations  research^  control  applications^  chemistry^  statis- 
tical mechanics^  etc- ^ where  work  has  only  recently  been  "mathematized. " 
Thus  we  accept  this  usage ^ recognizing  that  modeling  Is  a broader  intel- 
lectual concept  and  cautioning  strongly  against  a monopoly  on  the  use  of 
the  terai  to  avoid  polarization  of  attitudes  among  people  who  should  recog- 
nize the  universality  of  the  process.  Thus  many  words  have  been  used  and 


R,  S.  Burrington^  "On  the  Nature  of  Applied  Mathematics^"  American 
Mathematical  Monthly ^ Aprils  19^9*  See  Appendix  D3. 

2 

R.  C.  Buck^  "Goals  for  Mathematics  Instruction^"  American  Mathe- 
matical Monthly j November^  1965^  See  Appendix  D2* 


with  connot B.tlons . They  should  he  kept  and  used  appropriately 

with  the  purpose  of  the  particular  choice  being  held  in  mind.  Synonyms 
should  always  be  pointed  out  with  their  slightly  different  shades  of 
connotation  indicated. 

Another  observation  on  models  is  the  strong  essence  of  approximation 
present^  particularly  in  real  world  problems  involving  either  continuous 
variables  or  large  numbers  of  variables  (e.g, ^ gases^  populations^  traffic) 
in  some  problems « ife  have  simple  examples  of  this  in  the  representation 
(model)  of  a flat  sheet  of  paper  as  a rectangle  for  most  purposes  but  as 
a rectangular  parallelpiped  ( ! ) when  one  is  interested  in  estimating  the 
volume  of  a bookj  the  habitable  world  in  antiq_ulty  or  much  smaller  locali- 
ties  today  as  a flat  segment  of  a plane  (ignoring  the  local  mountains ^ 
valleys rivers)  but  the  habitable  world  as  a sphere  today  (or  happily 
for  Eratosthenes  seeking  an  estimate  of  the  size  of  the  earth)^  or  the 
earth  as  oblate  spheroid  for  satellite  work  because  of  the  precision  re- 
quired in  orbit  computation;  the  circulatory  system  as  a pLimp;  a gas 
(Gollection  of  molecules)  as  a fluid;  etc-  These  approximations  fre- 
quently are  made  to  enable  the  recognition  of  mass  behavior  or  macro- 
SGopic  behavior;  at  other  times  they  are  made  to  make  a problem  either 
mathematically  tractable  or  computationally  feasible- 

An  essential  factor  in  a good  model  in  this  class  of  situations  is 
that  of  stability;  small  deviations  in  the  original  should  result  in  email 
variations  in  the  predicted,  result-  In  other  words ^ the  conceptual  trans- 
formation from  the  real  world  of  observations  through  the  models  through 
the  mathematical  operations  and  back  to  the  real  world  prediction  is  con- 
tinuous with  respect  to  the  appropriate  norms.  A poor  model  in  these 
situations  is  one  with  enomous  variations  in  the  results  for  small  devia- 
tions in  inputs-  Parenthetically^  we  should  observe  that  occasionally 
it  is  because  of  the  nature  of  some  startling  variation  in  the  predic- 
tions by  inadequate  models  that  original  discoverieB  are  made  by  entirely 
new  fonnulations  « 

In  another  class  of  models  the  essence  of  approximations  does  not 
figure  strongly  or  even  at  all.  In  these  it  is  structure  that  is  impor- 
tant s bo  the  variables  In  the  problem  figure  linearly  or  not?  Can  an 
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algebi-aic  group  sti^ucture  be  assuineu.  in  trie  model  for  the  phenomenon  or 
not?  Is  the  model  for  the  wor]  d Euclidean  (parallel  postulate^  etc,)  or 
not?  Problems  for  which  tree-like  or  graph-like  models  are  constructed 
have  this  flavor.  It  is  important  to  recognize  that  the  notion  of  sta- 
bility seems  to  be  irrelevant  here.  The  familiar  problem,  of  the  three 
houses  desiring  three  utilities  without  overlapping  connections  from  the 
mains  to  the  homes ^ modeled  as  an  attempt  to  const met  a certain  (impos- 
sible) graph  of  six  vertices ^ is  again  stmctural*  Stability  and  approxi- 
mat ion  considerations  are  irrelevant^  there  being  no  "neighboring"  prob- 
lem, (The  "solution"  is  "possible"  as  soon  as  the  ntmiber  of  homes  is 
reduced  to  two, ) Perhaps  it  is  worthwhile  to  dis course  on  these  differences 


r 
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APPENDIX  B 


1,  Suggestions  for  initial  Int roduct ion  to  modeling  in  the  first  chapter 
of  the  seventh  grade  book 

Start  with  examples  of  the  uses  of  models  (not  necessarily  mathe-* 
matical)  of  real  world  phenomena  and  objects.  Some  of  these  may  be  physi- 
calj  for  example^  clay  models  of  animals^  and  others  conceptual^  such  as 
the  plane  or  the  sphere  as  models  of  the  earth.  Point  or  v some  of  the 
obvious  features  of  such  copies  of  real  phenomena.  Indicate  the  special 
way  in  which  we  will  use  the  word  "model" j i.e^^  for  us  if  the  artist  is 
painting  a portrait^  It  is  the  picture j not  the  lady^  that  is  the  model. 
Following  this^  remark  that  mathematical  models  are  characterized  by  the 
use  of  ideas  represented  by  mathematical  symbols  in  constructing  the 
models  rather  than  cla:;-.  painty  or  strictly  verbal  description. 

2-  ^ sample  of  material  on  modeling  which  might  be  included  in  the 

teacher- s manual 

The  purpose  of  this  topic  is  to  develop  the  idea  of  modeling  as  a 
means  by  which  mathematics  is  related  to  problems  which  arise  in  the  real 
world.  At  times  the  process  should  be  made  explicit  so  that  the  student 
can  see  the  following*  the  real  life  situation  translated  into  a mathe- 
matical model j the  mathematical  manipulation  within  the  mathematical 
model ^ the  obtaining  of  a result^  its  interpretation  back  in  the  life 
situation^  and  the  testing  of  the  validity  of  the  result  and  therefore 
of  the  adequacy  of  the  model.  This  process  should  be  en^jiasized  at  ap- 
propriate points  throughout  the  texts. 

The  word  model  is  not  strange  to  the  students.  Model  cars^  model 
airplanes jp  and  models  of  most  'objects  are  part  of  his  environment.  How- 
ever^ the  philosophical  connotaticns  associated  with  mathematical  model- 
ing— that  of  providing  an  Interaction  between  mathematics  and  reality-- 
is  likely  to  be  a new  chanel  of  thought  for  a seventh  grade  student, 

A general  discussion  with  the  class  focused  on  the  various  reasons 
for  conetzmiGting  models  could  direct  the  students*  attention  towards 
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such  practical  aspects  as  size;,  location^  ease  of  handling^  highlighting^ 
and  opportunity  for  further  study.  lb  is  suggested  that  encouragement 
be  given  to  the  student  to  think  up  synonyms  for  models^  such  as  picture, 
likeness,  illust2:'at ion,  image,  copy,  representation,  replica,  reflection, 
pattern,  resemblance,  and  facsimile.  In  addition  to  enhancing  the  idea 
of  modeling,  the  synonyms  give  rise  to  a conjecture  concerning  the  degree 
of  likeness  one  may  e^qpect  or  desire  in  a model.  Of  course  at  best  a 
model  is  somewhat  less  than  the  original-  However,  the  validity  of  a 
modfil  is  related  to  its  usefulness  or  how  well  it  does  what  it  was  in- 
tended to  doe 

It  is  intended  that  this  discussion  will  converge  on  models  of  real 
world  objects  or  situations  that  are  f emulated  by  mathematics.  At  this 
point  a problem  within  the  frame  of  reference  of  a seventh  grade  student 
should  be  offered  to  illustrate  the  facility  that  a mathematical  model 
offers  in  predicting  a solution. 
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APPENDIX  C 


Examples  of  Modeling  Suggested  During  our  Discussions 


1«  Find  the  volume  of  the  body  of  a man  six  feet  tall-  Suppose 
the  avei’age  thickness  of  his  head  is  T inches^  his  arms  3 inches^  his 
truck  10  inches^  his  legs  h inches- 

Possible  models  suggested  might  be: 


Model  1 


Model  2 


Model  3 


Test  the  accuracy  of  the  students^  models  by  submerging  them  in  wate 
and  calculating  the  change  in  height  of  the  water. 

2s  Measuring  the  earth  as  in  ”How  Far  is  it  From  Here  to  There? 
Mathematics  Teacher  (Feb.  I965).,  57^123-130,  by  I-  Fisher. 

3^  Reflection  example.  Idea:  begin  at  A,  touch  the  wall,  and 

arrive  at  B in  as  short  a time  as  possible. 
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Refraction  example*  Idea:  from  A to  line  L at  r ft/s’  3*  ^ 
and  walk  from  there  to  B at  w ft/sec.  To  what  point  on  line  L should  I 
head  in  order  to  reach  B in  the  shortest 


becond  time:  Use  the  problem  of  apparent  change  of  direction  of  a 

stick  iirimersed  in  water ^ in  some  other  mediiim* 

5^  Lemonade  stand. 

6*  Simple  linear  programing  problem^  perhaps  after  systems  of 
linear  equations* 

7.  An  automotive  plant  produces  one  kind  of  automobile  and  one  kind 
of  truck.  Each  car  uses  1-|-  tons  of  steely  and  each  truck  3 tons.  Each 
car  when  sold  brinr^-  $300  profit^  and  each  truck  $il-00.  The  total  number 
of  vehicles  that  the  plant  can  produce  in  a year  Is  half  a million.  The 
total  amount  of  steel  available  to  the  plant  is  975^000  tons.  How  many 
cars  and  how  many  trucks  should  be  scheduled  for  the  yearns  production 
to  maximize  the  total  profit? 

Instructions  to  the  teacher: 

a*  Draw  graphs  of  tons  of  steel  used  in  the  production  of  n cars^ 
then  n trucks.  Note  graphs  are  dots  on  line  segments  teminating  when 
n = 0 and  n = 500^000  (intersection  of  straight  line  segment  and  integers) 

b.  Draw  graph  (lattice  of  ordered  number  pairs  of  cars^  trucks)  of 
permitted  numbers  of  cars  and  trucks  satisfying  vehicle  capacity  restric- 
tion (constraint). 

c*  Draw  graph  of  number  pairs  of  permitted  production  satisfying 
steel  capacity  constraint. 

d.  Draw  intersection  of  the  two  sets  of  above  lattice  points.  This 
set  of  points  is  a set  satisfying  both  contrainta  (as  well  as  non- 
negativity  of  production). 
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trucks 


A 


B 


C 


oars 


e,  Note  that  this  set  is  a convex  set_,  an  important  notion  for  op- 
timization problems. 

f.  Investigate  various  points  on  "boundary**  of  lattice  region*  Cal- 
culate profits  as  one  moves  from  A to  A to  B to  C to  D. 


for  all  of  these  directions.  Note  also  increase  from  E to  F and  E to 
suggesting  nonoptimal  character  of  Interior  of  region, 

g.  Conclude  that  optimal  "mix"  of  production  is  represented  by  nim- 
ber  pair  associated  with  D. 

h.  Alternatively^  draw  the  lines  300C  + 400T  = P for  various  values 
of  P.  See  what  happens  as  P Increases,  For  what  value  of  P does  one 
of  these  lines  touch  ABDC  at  a simgle  point?  (Compare  with  the  appendix 
to  Grade  8^  Chapter  4^  the  isoperimetric  problem. ) 

8.  There  are  5 pickup  points--A^  and  E--for  taking  stu= 

dents  to  school  in  a certain  community  which  is  considering  the  construe- 
tion  of  a new  school  at  one  of  four  possible  sites-^a^  b^  and  d.  The 
table  of  distances  is  given  below. 


Note  that  profits  300  x (no.  of  cars)  + 400  x 
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to 

A 

B 

C 

D 

E 

a 

b 

G 

The  numbers  of  students  to  be  picked  up  at  Cj  and  E are  ^ 

^ ^ and  ^ respeotively^  It  is  desired  to  choose  the  site 

which  will  result  in  the  minimum  total  time  of  travel  to  and  from  school 
by  the  town's  student  population-  Which  site  is  chosen? 

Supply  the  data  according  to  some  real  situation  in  a community. 

Let  the  class  propose  similar  problems:  a new  housing  development 

and  bus  service  within  a certain  radius^  a to™  library  to  be  used  by 
townspeople  and  two  high  schools ^ etc. 

Let  the  students  collect  the  data.  Can  they  discover  the  general 
patteiTi  common  to  these  problems? 

9-  The  Tunnel.  See  Studies  in  lyfethematics ^ Vol.  XIj  by  George 
Polya^  Chapter  p.  1-4. 

This  is  a problem  In  applied  geometi^  which  could  be  well  used  to 
motivate  the  study  of  similar  triangles  or  used  after  the  topic  has  been 
studied. 

Look  also  at  the  remark  regarding  the  generalization  of  a problem^ 
page  39 « 

10.  Give  a student  a ruler  (preferably  a metal  tape  measure).  How 
many  objects  are  in  his  c las ss room  that  he  can  measure?  Write  a list 
with  the  names  of  the  objects  and^ -vdienever  possible^  attach  a number  to 
It  which  represents  its  measure.  Are  there  any  objects  that  are  not 
measurable?  Is  tbere  any  measure  other  than  the  tape  which  could  be 
used?  Now  go  (or  think  of  going)  outdoors.  What  objects  would  you  find? 
Which  can  be  measured  with  the  s^e  tape  measure? 
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Professor  Polya  gave  us  some  Ideas  on  . de-]  ing  in  mathematics  instruc- 
tion, He  spent  a short  period  with  us  ^ and  we  also  X';ent  to  his  lectures 
on  "Problem  Solving. " 

He  reminded  us  that  seventh  graders  are  very  young  and  that  problems 
introduced  at  that  age  must  be  appropriate  for  their  level,  ^toiey  won’t 
believe  what  they  don’t  understand^  and  they  should  not  believe  what  they 
don’t  understand,"  He  hoped  that  in  good  mathematics  education  this 
skeptical  attitude  is  encoui'aged^ 

In  class  a problem  led  to  the  solution  of  a system  of  three  linear 
equations.  He  tried  to  Indics/te  by  the  use  of  pieces  of  cardboard  the 
relation  of  the  planes  associated  with  the  equationsj  he  turned  to  the 
class  ^ "If  you  don't  know  this^  believe  It  I"  But  he  add-^'d  quickly^ 

"Please  believe  it  half  way’ " 

He  suggested  the  use  of  graph  papei'  in  making  models  of  solids.  The 
box  (you  don’t  have  to  use  a word  like  parallelepiped^  which  is  too  hard 
to  spell  and  to  pronounce)  is  the  basic  principle  for  drawing  many  ob- 
jects around  us.  It  should  be  used  by  teachers  also  so  that  their  draw^ 
ings  on  the  board  would  Improve* 

The  following  diagrams  illustrate  Professor  Polya's  ideas.  We  think 
that  problems  of  the  following  type  could  be  devised^ 

1.  Build  a toy  chest  for  a little  brother  (or  sister); 

2^  Build  a doghouse. 

3-  How  much  material  is  needed^  etc, ? 


APPENDIX  D 


Excerpts  and  Refersnces  about  Modeling 
Passed  on  with  the  Compliments  of  the  Modeling  Committee 


Excerpt  from,  the  CCMC  Report  of  CUPM  on  a Course  in  Applied  Nkthematics 

On  Applied  Mathematics 

At  the  heart  of  applied  mathematics  is  the  process  of  model  building. 
What  you  need  to  do  is  to  take  a situation  in  another  fleld--lt  doesn^t 
matter  whether  this  d.a  engineering  or  physics  or  economics  or  biology  or 
what  have  you--“Which  you  would  like  to  understand  bettei"  and  to  invent  a 
mathematical  model  that  will  (hopeful-Ly)  help  you  to  understand  that  situa-- 
tion.  You  then  proceed  to  analyze  this  mathematical  models  including  par- 
ticular numerical  examples  if  they  are  relevant^  and  finally  see  what  you 
have  learned  through  the  mathematical  model  about  the  original  "physical" 
situation^.  Now  a course  in  applied  mathematics  could  be  organized  around 
either  the  field  of  human  endeavor  to  v/-hieh  mathematics  is  being  applied 
or  around  the  mathematical  discipline  being  used  in  analyzing  the  model. 
("Theoretical  mechanics"  and  "methods  of  mathematical  physics"  are  exam- 
ples of  each  of  these  possibilities, ) Our  purpose  is  to  organize  Instead 
around  the  process  of  model  building  itself,  A sequence  of  situations 
from  various  fields  of  applications  could  be  chosen^  for  instance^  to  il- 
lustrate each  of  the  following  aspects  of  model  building, 

1-  A mathematical  model  of^  ^ situation  in  physics  must  be 

complicated  enough  so  that  it  honestly  represents  the  real  world  without 
omitting  any  essential  features  of  the  physical  situation  and  yet  be 
simple  enough  so  that  you  have  a fighting  chance  to  do  something  with  it 
mathematically.  Typically  these  two  don*t  meet  at  first  try^  and  it  is 
an  exciting  struggle  to  obtain  a sufficiently  simple  mathematical  model 
without  losing  the  essence  of  the  problem- 

2,  When  you  have  made  a mathematical  models  you  have  to  consider 
all  Its  consequences^  those  that  you  like  because  they  agree  with  your 
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pliysictk,!  intuition  about  tlic  problern  as  well  as  those  whose  physical  Im- 
plications come  as  a real  shocks  This  frequently  leads  to  a refinement 
of  the  model  as  well  as  to  ...ew  pii'oblems  that  need  to  be  formulated  and 
analyzed* 

3,  The  analysis  of  the  first  mathematical  fomulation  of^  say^  an 
engineering  situation  may  reveal  that  the  engineer  doesn't  really  Imow 
what  It  is  he  wants  to  undorstand^j  to  build^  or  optimize.  The  mathemati- 
cal model  serves  to  focus  on  the  question  that  actually  should  be  asked: 
\4hat  are  we  trying  to  optimize for  instance^  or  wlien  does  the  engineer 
wish  to  consider  two  mathematical  solutions  equivalent?  The  attempt  to 
build  a satisfactory  mathematical  model  forces  the  right  question  about 
the  original  situation  to  come  to  the  surface- 

h.  A model  is  always  an  approxim.at ion  to  reality  and  should  there- 
fore he  stable  with  respect  to  perturbations  In  the  less  certain  of  its 
mathematical  assumptions.  If  such  changes  in  the  assmnptions  cause  a 
major  upset  of  the  mathematical  conclusions^  then  the  conclusions  may  be 
physically  suspect^  for  we  often  cannot  be  completely  sure  of  the  preci- 
sion of  our  assumptions  a Attempts  to  obtain  stable  rather  than  unstable 
mathematical  models  are  a very  interesting  aspect  of  model  building. 


S'  Ibe  Goals  from  R-  C,  Buek^  s Article  "Goals  for  Mathematics  Instruction" 
Which  are  of  Particular  bmportance  in  Modeling 


Goal  1: 
Goal  2: 


Goal  3- 


Goal  6: 


To  provide  understanding  of  the  interaction  between  mathematics 
and  reality. 

To  convey  the  fact  that  mathematics^  like  everything  else^  is 
built  upon  intuitive  understandlngB  and  agreed  conventions  and 
that  these  are  net  eternally  fixed. 

To  demonstrate  that  mathematics  is  a human  activity  and  that 
its  history  is  marked  by  inventions^  discoveries^  guesses  both 
good  and  bad^  and  that  the  frontier  of  its  growth  is  covered 
by  Interesting  unanswered  questions - 

To  show  that  complex  things  are  sometimes  simple  and  simple  things 
arc  sometimes  complex  and  that  in  mathematics^  as  well  as  in  other 
fields^  it  pays  to  subject  a familiar  thing  to  detailed  study  and 
to  study  something  which  seems  hopelessly  intricate. 
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c. 


Dxgest  of  R«  S.  Burrington's  article  the  Bature  of  Applied  Matlie 

rnaticsf*  American  Mathematical  Monthly;  (April  19^-^‘9)  56^221-2^9. 

D.  A General  Sunmiar  i a at  1 on  of  Modeling 

V/hen  considering  problems  that  are  concerned  with  applying  raathe- 
matics  to  situation  in  the  real  worlds  one  is  often  confronted  with  the 
issues  in  a complex  envlroriment  full  of  distraction.  It  remains  to  de- 
velop a we 11 -organized  stinicture  so  that  the  essentials  of  the  problem 
can  be  viewed  vrith  less  confusion.  Tlie  delicacy  of  such  a task  lies  in 
the  followings 

1.  Removal  from  the  original  setting  of  only  the  barest  features 
of  the  problem.  This  requires  due  exajnination  of  the  original  setting  to 
gain  direction  in  deteinnining  that  which  is  fundamental-  The  result  of 
such  an  effort  is  a simplified^  idealized  concrete  or  physical  model  of 
the  original  problem. 

2.  This  idealized  model  is  to  be  made  the  subject  of  mathematical 
investigation  by  direct  bra.nslation  to  mathematical  teions^  i»e.^  an  iso- 
mo  ipshism.  Essentially  this  translation  is  a mathematical  model  of  the 
idealized  model  of  the  original  problem. 

3^  Through  manipulative  computation  a solution  is  obtained  for  the 
mat hemat leal  model. 

k.  The  solution  is  interpreted  in  terais  of  the  idealized  model. 

5«  Finally^  the  solution  is  interpreted  in  terms  of  the  original 

problem. 

The  validity  of  the  results  depends  upon  the  extent  to  which  the 
models  include  all  of  the  knoYn  Pertinent  facts-. 
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QRADE  7 - CHAPTER  1 


THE  STRUCTURE  OF  SPACE  = NOUMETRICAL  PROPERTIES 


Basic  Theme ; 

Most  of  our  knowledge  (certainly  our  scientific  knowledge)  refers 
to  or  is  set  in  the  framework  of  physical  space*  When  a child  begins 
to  crawl  he  discovers  geometrical  properties  of  space  by  pressing 
against  walls ^ by  patiently  putting  things  in  cupboards  and  Just  as 
patiently  taking  them  out^  by  finding  paths  which  take  him  back  to 
where  he  started ^ This  knowledge^  gained  concretely  and  intuitively 
over  the  years ^ is  formulated  and  structured  traditionally  in  tenth 
grade  geometry. 

In  this  chapter  we  are  studying  the  most  basic  threads  of  this 
knowledge  which  are  involved  in  our  conception  of  space.  We  do  not 
study  space  as  a void^  but  as  "filled"  with  figures  --  some  bounded^ 
some  unbounded.  The  particular  way  in  which  we  do  this  "filling"  or 
"structuring"  or  "modeling"  determines  the  nature  of  our  geometric 
theory.  We  do  it  by  conceiving  (or  imagining)  the  basic  figures  to  be 
1. inear:  points^  lines^  planes.  These  seem  the  simplest  and  most 

natural  ones  to  choose  --  they  are  suggested  by  familiar  objects  of  ex- 
perience^ dots  on  paper ^ fence  poles  or  stakes^  taut  cords ^ lines  of 
sight,  etc.,  etc.  These  concepts  certainly  can  be  realized  in  the 
physical  world  to  a very  high  degree  of  approximation  and  form  what  is 
possibly  the  most  important  and  useful  mathematical  model  the  human 
race  has  developed. 

In  later  chapters,  we  study  other,  more  subtle,  aspects  of  how  we 
conceive  (or  model)  space:  congruence  the  idea  that  figures  can  be 

copied  freely  ansrwhere  in  space|  measure  — the  application  of  real 
numbers  to  compare  figures  in  space  and  specify  their  sizes | simi- 
larity the  idea  that  figures  can  be  "blown  up"  (or  shrunk)  uniformly 
anywhere  in  space. 


coordinate 


One  very  important  outcome  of  our  stud^^  is  the  idea  of  a 
system  --  the  idea  that  points  in  space  can  be  given  ’’addresses''^  that 
they  can  be  labelled  in  a systematic  way  by  speeif^^ing  certain  real  num- 
bers which  tell  US  where  the  points  are-  This  plays  a double  role: 

(l)  it  enables  us  to  study  points  (and  figures  also)  by  means  of  their 
addresses^  the  numbers  that  label  and  locate  the  points;  (2)  It  enables 
us  to  take  numbers  and  plot  them  to  find  the  corresponding  points  and  so 
to  picture  and  study  numbers  and  num.erical  relations  by  means  of  our 
model  of  space. 

Purpose. 

To  review  the  nonmetfical  ('■qualitative'-)  properties  of  space  and 
the  associated  "linear'-  figures  (pointy  line^  plane^  segment^  and 

to  consolidate  and  extend  this  knowledge  as  a model  of  physical  space. 

Ba ckground i 

Honnietrlcal  geometry  was  begun  in  Grade  4^  Part  Chapter  5l  the 
ideas  have  been  used  in  Grades  5 und  b as  needed. 

1.  The  structuring  of  space  in  terms  of  pointy  llne^  plane ^ 

(a)  What  physical  objects  suggest  the  ideas  of  pointy  llne^ 
plane? 

(b)  How  do  we  conceive  points^  llne^  planes?  How  can  one  Inter- 
pret pointy  line^  plane  (say  in  classroom)?  Do  our  inter- 
pretations  correspond  exactly  to  our  concepts? 

(c)  How  are  the  Idea  of  point , llne^  plane  interpreted  by  people 

who  are  mathematics  practically?  scientists^  engi- 
neers^ surveyors^  map  makers^  carpenters^  people  lay 

foundations  for  buildings^  bridge  builders. 

Some  of  the  material  MJHS^  Vol.  1^  Part  Chapter  4^  pp.  105- 
112  can  be  used  here^  but  It  should  be  amplified  and  supple- 
mented . 

2.  Incidence  Properties:  how  points^  lines ^ planes  are  related  to 

each  other » 
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Chapter  k of  MJES^  Vol.  Part  is  a good  first  approximation* 
Throughout  the  treatment  reintroduce  and  reinforce  the  language 
of  Incidences  line  contains  polnt|  plane  contains  pointy  linej 
point  is  on  line^  etc* 

(a)  Determination  properties  of  points^  lines ^ planes^  and 
linearity  (flatness)  of  planes. 

Use  counterexamples  as  well  as  examples  in  studying  a pro- 
perty^ ’^two  points  determine  a line"  ask  whether 

two  points  determine  a ray  or  a circle.  Cylinders  and  cones 
are  good  counter-examples  for  the  linearity  of  a plane. 

(b)  Intersection  properties  of  lines ^ planes. 

(c)  Introduction  to  non-intersection  properties  of  lines ^ planes 
Parallelism  of  lines ^ of  planes^  of  lines  and  planes;  skew- 
ness of  lines . 

Examples  Find  illustrations  of  parallel  lines ^ parallel  planes^ 
etc,^  in  classroom* 

Note:  Be  sure  to  introduce  the  verb  "intersect"  as  well  as  the 

noun  "intersection"  as  in  the  phrase  --  "two  figures  inter 
sect" ^ 

3-  Separation  Properties 

MJHS^  Vol.  1^  Part  4-6^  7^  8^  10  is  a first  approximation  -= 
some  tightening  is  indicated  below. 

(a)  Betweenness  of  points;  the  definition  of  segment  (MJHS^  Vol* 
1^  Part  4-6)* 

(b)  Idea  of  ray^  half -line* 

Review  concept  of  ray  (Grade  4^  Part  I,  Chapter  5)  and  nota- 
tion. 

Give  exercises  in  recognizing  rays  and  specifying  them  by 
symbols  * 

Introduce  idea  of  opposite  rays. 
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Define  half=line  as  ray  .oh  enclnoint  deleted.  (Half=line 
A~B  is  AB  with  A deleted,)  Observe  (lightly)  that  a 
half-line  has  an  opposite  half -line  just  as  a ray  has  an 
opposite  ray. 

^ P^otlem  of  Terminology i Ray  and  half -line  are  examples  of 
” semi  “infinite  intervals*^  ^ the  first  closed^  the  second  open. 

The  term  ^’ray”  has  been  pre -emptied  in  elementary  mathematics  for 
the  closed  type.  In  many  ways  the  open  type  is  more  useful  (e.g^^ 
in  separation)  and  more  fundamental^^  particularly  ‘because  it  Is 
easier  to  adjoin  an  endpoint  (apply  set  union)  than  to  delete  it- 
But  this  very  useful  type  of  open  semi -Inf Inite  interval  is  stuck 
with  the  long  name  half -Line.  A simpler  terminology  mighu  be  ray 
(or  half -line)  for  the  open  type  and  closed  ray  (or  closed  half- 
line)  for  the  closed  type. 

(c)  Separation  of  line  by  point  Into  two  half-lines. 

Property?  Suppose  points  C are  on  line  i and  B 

is  between  A and  C , Then  B separates  £ into  half- 
line and  half -line  BC- 


Suggestions  for  class  discussion  and  exercises? 

1-  Does  a point  of  a segment  separate  a segment  into  two  figures?  If 
so^  can  you  specify  the  figures? 

2.  The  same  for  a ray. 


3*  The  same  for  a circle;  a plane;  a sphere. 

h»  Do  two  points  of  a line  separate  it  in  some  sense?  Clarify. 

5-  The  same  for  a segment. 

6.  The  same  for  a circle;  a plane;  a sphere. 

7*  Into  how  many  pieces  is  a line  separated  by  1 pointy  2 points^  3 
points^  7 points^  n points?  What  kind  of  pieces? 


The  same  for  a segment;  a ray;  a circle; 


a figure  eight. 
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9.  Suppose  A and  B are  points  of  a line  i.  Can  you  describe  the 
figures  into  which  A and  B separate  i?  The  same  for  a seg- 
ment . 

10.  The  same  where  three  points  B,  C are  given. 

11,  Make  some  separation  problems  of  your  own. 

(d)  The  concept  of  half -plane. 

We  begin  by  trying  to  give  some  ind_catlon  of  the  nature  of 
a half -plane  before  Btudylng  the  separation  of  a plane,  just 
as  we  had  the  idea  of  ray  (or  half -line)  before  we  studied 
the  separation  of  a line. 

Exploratory  Discussion* 

(l)  Given  an  endless,  wlggley  curve  w in  a plane  P,  we  have: 


B • *c  P 

a feeling  that  w has  two  sides , A and.  B appear  to  be  on 
opposite  sides  of  w,  B and  C on  the  same  side.  Can  you 
make  this  Idea  geometrically  clear?  How  could  you  use  geo- 
metric Ideas  that  we  know  to  test  that  A rnd  B are  on 
opposite  sides  of  L ] that  B and  C are  on  the  same  side 
of  L?  Will  your  test  work  for  D and  E,  A and  F,  G 
and  C? 
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(y)  Given  line  £ in  plane  P ve  feel  it  has  two  sides.  A and 
B appear  to  be  on  the  same  line  of  B and  C on  oppo- 

site sides. 


i 


• 0 

Can  you  now  find  a Blmple  test  that  A and  B are  on  the 
same  side  of  L and  B and  C on  opposite  sides?  Choose 
several  additional  points  and  apply  your  test. 

(3)  Given  line  i and  point  A not  on  £, 


Find  a point  which  is  on  the  opposite  side  of  £ from  A. 
Can  you  find  several?  How  many  are  there?  The  set  composed 
of  all  such  p6ints  is  called  a half-planej  £ is  the  edge 
or  boundary  of  the  half -plane.  Sometimes  we  say  the  half- 
plane  is  "opposite"  point  A. 
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(e)  Separation  of  plane  by  a line  into  two  half -planes. 

Property:  Suppose  line  L is  in  plane  P.  Let  B be 

points  of  P such  that  AB  intersects  Then  i sepa  = 

rates  P into  two  half --plaTieB  , 

note:  The  two  half -planes  may  be  described  as  the  half -planes 

with  edge  L that  are  opposite  A and  B respectively. 
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Exercises : 


(1)  Is  a plane  separated  by  a ray?  A segment?  A point?  A 
horseshoe  curve  Like  this  XJ  i a”T“  ? 

(2)  Into  how  many  parts  do  two  lines  sepai’ate  a plane?  (Or 
should  we  ask  for  Max  rand  Min  number  of  parts? 

(3)  Into  how  many  parts  do  th  ee  lines  separate  a plane?  (Ask 
for  Max^  and  Min?) 

(4)  Same  for  5?  6 lines. 

See  challenge  problem  at  the  end  of  section  (g)  below ^ 

(5)  Does  a half-plane  contain  a segnienti  a ray:  a line? 

(6)  Does  a half^plane  contain  a half=plane?  More  than  one? 

(f)  Separation  of  space  by  plane  into  two  half -spaces. 

Try  to  treat  half-space  like  half-plane  in  (d)j  without 
necessarily  repeating  the  discussion  on  the  wiggly  curve- 

Final-  definition:  Given  plane  F and  point  A not  in  P» 

The  set  of  all  points  X not  in  P such  that  AX  inter-- 
seets  P is  called  a half -plane  ^ Plane  P 1 its  boundary 
or  face^ 

Exercises  1 

(1)  Is  space  separated  by  a half -plane?  A line?  A ray?  A seg- 
ment? A .point?  An  open  box  (conceived  as  a surface)? 

(2)  Into  how  many  parts  do  two  planes  separate  space?  (Max^ 
Min?) 

(3)  Similarly  for  3^  4,  5 planes-  Compare  your  results  with 
Exercises  (2),  (3);  (4)  of  the  last  section. 

(4)  Does  a half -space  contain  a segment^  a ray^  a,^.line^  a tri- 
angle^ a half -plane ^ a plane? 
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(5)  Does  a half -space  contain  a half -space?  More  than  one? 

(g)  Angles  and  triangles  (MJHS^  Vol  Part  ^+=8);  between- 
ness of  rays. 

(i)  Follow  text  treatment  for  angles,  interior,  exterior, 
and  separation.  List  uhe  separation  theorem  as  a 
GeornetriG  Property, 

(il)  Introduce  betweenness  of  rays.  Exploratory  discussion 
should  motivate  definition:  is  between  oX  and 


Exe 

(1) 

(2) 

(з) 

(и) 

Exercises  II; 

(1)  Given  ^ABC.  Can  you  find  a point  in  -^'tE  interior?  A seg- 
ment?  A ray?  A Line? 

(2)  The  same  for  the  exterior  of  ZABC. 


oc 


if  OB  intersects  some  segment  that  Joins  a point 


of  OA  to  a poirit  of  OC  - 


?rcises  I; 


Suppose  OB  is  between 


and  OC 


sects  some  segment  PQ,  P on  QA,  Q on 


OB 


(see  figure 


above)  , Can  you  find  a segment  that  Joins  a point  of  OA 
a point  of  OC  which  does  not  meet  OB? 


— > — > 

Suppose  OB  is  between  OA  and  OC,  and 


OX 


is  between 


to 


and  OB,  What  betweenness  relations  for  rays  follow? 

Given  ZABC  draw  several  rays  that  are  between  BA  and  BC. 
Draw  several  more.  Can  you  imagine  all  such  rays?  What 
figure  do  they  seem  to  form  (cover)? 

Given  ZABC  in  plane  P.  Draw  several  rays  with  endpoint 
A in  plane  P that  are  not  between  BA  and  BC.  Exclude 
^ and  BC.  Draw  several  more*  Can  you  imagine  all  of 
them?  What  figure  do  they  seem  to  form? 
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(3)  Can  you  find  a ray  which  separates  the  interior  of  lABC  ln= 
to  two  parts?  If  so^,  describe  the  parts.  Can  you  find  an^ 
other?  A third?  npare  your  nnswers  with  your  classmates 
answers . 

(4)  The  same  for  a segment, 

(lii)  Sharpen  text  treatment  for  triangles^  Interior^  ex= 
terior  and  separation  * 

Exercises : 

(1)  Given  Find  a point  in  its  interior.  Can  you  find 

another?  Still  another?  Can  you  find  a segment  in  the  in- 
terior of  MBG?  Another  segment?  A ray?  A Line? 

(2)  The  same  for  the  exterior  of  MBC  = 

(3)  Can  you  find  a figure  that  separates  the  interior  of  MBC 
into  two  parts?  Describe  the  figure  and  the  parts.  Can  you 
find  another? 

(4)  The  same  for  the  exterior  of  AABC. 

(5)  According  to  the  rules  of  a game,  you  are  safe  only  whan 
you^re  in  the  interior  of  a large  triangle  whose  vertices  X, 
R and  T are  marked  by  poles  with  flags,  which  are  joined 
by  ropes  from  which  Lanterns  hang. 

(a)  A fog  comes  up  and  the  corner  at  T becomes  invisible- 
How  can  you  make  sure  that  you  are  safe? 


X 
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(b)  The  fog  thickens  and  t.he  corner  at  Y is  blacked  out. 
What  would  you  do  then? 

(c)  What  would  you  do  if  all  three  corners  become  invisible? 

(d)  Suppose  X Is  visible  = What  is  the  iL.ast  information 
you  must  know  in  order  to  be  safe? 

(6)  Given  MBC  draw  a segment  from  A to  a point  of  BC.  Draw 
several#  Try  to  imagine  all  of  themi  What  figure  do  they 
form? 

(7)  The  same  but  using  B and  AC. 

(8)  Compare  (6)  and  (?) . What  geometric  fact  (facts)  is  sug= 
gested? 

(9)  Given  ^BC.  Extend  its  to  form,  lines  AB^  BC^  AC# 

Into  how  many  regions  do  they  separate  the  plane?  Try  to 
describe  these  regions. 

(lO)  Challenge  Problem.  Given  n lines  in  a plane  in  general 

position  that  is^  each  line  intersects  every  other  llne^ 
and  no  three  of  the  lines  meet  in  a point , Into  how  many 
regions  do  the  lines  separate  the  plane?  Suggestions: 

(a)  Try  n = 1,  2,  3^  4, 

(b)  Make  a table  of  the  function  n R # where  R is 

n 

the  number  of  regions  for  n lines. 

(c)  Could  you  get  R3  from  R2*  R4  from  R3? 

Note:  The  corresponding  problem  in  space  is  more 

difficult  and  Is  the  basis  for  Polya* s film  "Let  Us 
Teach  Guessing". 

(h)  Curves;  simple  closed  curves. 

Give  some  interesting  examples  of  non-planar  curves  (spirals 
on  a cylinder^  the  path  of  a ship  (or  better,  an  airplane) 
that  travels  constantly  on  a N-E,  course,  etc.)  as  well  as 
planar  ones. 


(l)  Separation  of  it.s  plane  by  a planar  slmpie  ciosei  curve. 
Interior^  exterior  of  such  curvei  planar  regloni-:  . 

Include  in  discussion,  a ricn  set  of  examples  and  eou.nter“ 
examples  of  separation  of  surface  by  a simple  closed  curve;.* 

sphere;  torus  (surface  of  doughnut  or  inner  tube);  eeveral 
types  of  pasted  strip;  cylinder,  Moe'bius  strip,  and  other 

twisted  strips;  possibly  surface  of  pretzel.  Maybe  surraces 
of  solid  models  of  Letters,  e,g,,  A,  B,  D,  K,  etc.. 

It  may  be  desirable  to  motivate  separation  of  plane  (which 
may  at  first  seem  trivial  to  the  kids)  by  starting  with  some 
of  the  examples  at. /e , Note  that  the  plane  separation  pro- 
perty Isa  characteristic  property  of  planes  which  is  not 
shared  by  all  surfaces. 

Make  point  that  human  beings  don't  know  Innately  thai  space 
has  these  separation  properties  --  they  are  not  trivial,  they 
had  to  be  learned.  Consider  tiny  saucer-llke  bugs  who  live 
on  a huge  torus.  They  might  not  live  long  encugli  to  dis- 
cover that  their  space  was  not  separated  by  all  simple  closed 
curves  on  it.  (Note:  The  projective  plane  which  Is  a very 

respectable  mathematical  entity,  and  is  closely  related  to 
our  safe  Euclidean  world.  Is  neither  "separable''  nor 
"orlentable" , ) 

Exercises ; 

Possible  Challenge  Problem.  A child  wandered  off  from  his  parents 
In  a park  that  was  fenced,  but  had  several  gaues.  Guards  at  the 
gates  reported  he  had  passed  through  their  gates  as  follows; 

Gate  1 --  3 times 
Gate  2 --  7 times 
Gate  3 --  5 times 
Gate  4 --  7 times 

Where  would  you  look  for  the  child? 
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(1)  Given  a circle  and  its  interior.  Draw  a simple  path  (curve) 

which  joins  two  points  of  the  circle  and  lies  wholly  in  the 

interior  of  the  circle  (except  of  course  for  the  two  points) 

Does  the  path  separate  the  interior?  Test  several  paths, 

(2)  Similarly  for  a ring  bounded  by  two  circles , taking  a path 
that  joins  two  boundary  points  of  the  ring. 

(3)  Ge  nerali.^e  to  a planar  region  bounded  by  seYeral  curves. 

(4)  Given  a circular  cake^  what  is  the  maximum  portion  of  the 
cake  you  can  get  by  one  continuous  cut  with  a knife  through 
the  cake?  The  minimum? 

(5)  The  same  for  a cake  in  the  shape  of  a ring^  like  an  angle 
cake . 

(6)  Into  how  many  parts  is  a sphere  cut  by  a great  circle? 
(Explain  the  Idea  of  great  circle  if  necessary.) 

(7)  The  same  for  2^  3^  ^ great  circles, 

(8)  The  same  fox  2,  3^  5 great  elrcles  in  "general  posi= 

tlon" , that  is^  no  three  circles  intersect  in  one  point. 
(Compare  similar  problems  for  lines  separating  a plane  in 
Sections  (e)^  (g) 0 

(j)  Separation  of  space  by  a (simple)  closed  surface  (maybe  Just 
take  one  or  two  examples^  sphere^  box^  ellipsoid).  In- 

terior^ exterior  of  a closed  surface*  spatial  regions.  Maybe 
make  this  an  exploratory  exercise, 

4 • Convexity • 

Try  the  treatment  in  Geometry  Part  Ij  3-3^  selecting  exercises 

from.  Problem  Set  3“3l  look  over  Moise  and  Downs  "Geometry"  Problem 
Set  3-4. 
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Exercises  I: 


(1)  Is  a line  a convex  set?  A ray?  A half -line?  A segment? 

(2)  Similarly  for  a plane,  a half -plane,  an  angle,  an  angle  in- 
terior, a triangle  interior,  a triangle. 

(3)  Similarly  for  space,  a half -space. 

(4)  If  you  take  a point  away  from  a line  will  the  resulting 
figure  be  convex? 

(5)  The  same  for  a plane,  for  space. 

(6)  The  same  for  a ray,  a half -line,  a segment, 

(7)  Is  the  figure  composed  of  a line  and  a point  not  In  the  line 

convex?  Briefly  stated:  If  we  add  (or  adjoin)  a point  to  a 

line  is  the  resulting  figure  convex? 

(8)  The  same  for  a plane,  a ray,  a segment,  a half-line,  a half- 
plane , 

(9)  How  many  different  types  of  convex  sets  can  you  find  on  a 
line? 

(10)  The  same  for  a plane;  for  space. 

(11)  What  can  the  intersection  of  two  lines  be?  Two  segments | 
two  rays? 

(12)  What  can  the  intersection  of  two  triangular  regions  (union 
of  triangle  and  its  interior)  be?  Will  the  Intersection  be 
Gonvex? 

(13)  Suppose  set  A is  given.  When  you  take  a certain  point 
away  from  A,  the  resulting  set  is  convex.  Can  A be  con- 
vex? Must  A be  convex? 

Exercises  II; 

(1)  Given  two  points  P and  Q, 

(a)  Can  you  find  a convex  set  S that  contains  P and  Q? 
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(b)  Can  you  find  a "larger’'  one  (that  is,  one  that  contains 
S)  that  contains  P and  Q? 

(c)  Can  5^ou  find  a "smaller"  one  (that  Is,  one  that  is  con- 
tained in  S)  that  contains  P and  Q? 

(d)  Can  you  find  one  that  is  neither  "larger"  nor  "smaller" 
than  S? 

(e)  Is  there  a "largest"  convex  set  that  contains  P and 
Q (that  Is,  one  that  contains  all  the  others)?  Is 
there  a "least"  convex  set  that  contains  P and  Q? 

(f)  Is  there  a least  convex  set  that  contains  three  non- 
colllnear  points  P,  Q,  R? 

(g)  The  same  for  the  union  of  AB  and  point  C, 

(h)  The  same  for  four  coplanar  points  S- 

(i)  The  same  for  four  noncoplanar  points  S, 

(j)  The  same  for  the  union  of  AB  and  of  AB  and  C. 

Note  that  (j)  is  touchy  since  the  answer  depends  on  the 
parallel  postulate.  The  problem  still  seems  valuable  and 
can  be  approached  as  a limiting  form  of  (g)  for  larger  and 
larger  AB- 

Exercise . Is  the  union  of  two  convex  sets  convex?  Try  simple 
cases ^ triangular  regions^  segments^  convex  quadrilateral 

regions • 

Exercise.  Can  you  find  a figure  whose  union  with  a circular 
region  is  convex?  Can  you  find  a convex  one? 

Exercise . Have  teacher  sign  a waiver  If  this  is  used.  Suppose 
you're  standing  in  a room  and  you  can  shoot  anybody  in  the  room 
with  your  water  pistol.  Must  the  room  have  a convex  shape? 
Explain. 
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Orientation* 


(a)  Orientation  on  a line  or  on  parallel  lines. 

Given  points  — 1 ^“1 ^ on  line  £ 

D A B 0 E 

we  observe  that  the  ’’trip’'  from  A to  B and  the  ’'trip'' 
from  C to  E are  rightward]  the  ■■trlT^'^  from  C to  D is 
leftward . ¥e  say  the  sense  from  A to  B on  f is  the 
same  as  the  sense  from  C to  but  is  different  from  or 
opposite  to  the  sense  from  C to  D.  Briefly^  A--B  and 
C^E  have  the  same  sense  and  both  have  different  sense  from 
C-D.,  (The  notion  of  ordered  pair  of  points  (A^B)  or 
directed  segment  or  arrow  & are  implicit.) 

This  is  probably  best  approached  hy  discussing  a trip^  re== 
f erring  to  highway  m.arkers  US  1 Norths  US  1 Souths  etc^ 

Give  student  opportunity  to  coneTude  these  are  just  2 
"senses”  on  the  Line^  that  is^  we  can  find  two  pairs ^ say 
A^B  and  C^D  (see  figure  above) ^ such  that  every  pair  of 
points  of  the  line  has  the  same  sense  as  A-B  or  the  same 
sense  as  C-D.  Note  that  A^B  and  B=A  have  opposite 
senses.  Maybe  use  notation  A^B  instead  of  A-B? 

Extend  idea  to  pairs  of  points  on  parallel  lines. 


ERIC 
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Exercisea ; 


(1)  Same  finger  exercises  in  recognition  of  senses  of  pairs  in  a 
diagram. 

(2)  Suppose  B is  between  A and  C.  Wliat  can  you  conclude 
about,  the  senses  of  A-B,  B-C^  A-C? 

(3)  Given  three  points  A,  B,  C on  a line.  Can  you  find  a con- 
dition involving  sense  of  pairs  of  the  points  that  guarantees 
B is  between  A and  C? 

(4)  Suppose  A,  B,  Cj  D are  collinear  and  B is  between  A and 
C;  C is  between  B and  D,  What  can  you  conclude  about 
senses  of  pairs  of  these  points?  See  (2). 

(5)  Given  four  points  A,  B,  C,  D on  a line,  Wliat  must  you  know 
about  senses  of  pairs  of  the  points  in  order  to  conclude  that 
B is  between  A and  C and  C is  between  B and  D?  See 

(3). 

Discuss  rays  on  a line  and  bring  out  that  they  have  a natural 

^ 

orientation^  e,g.,  AB  is  rightward^  BC  leftward^  etc.  Try 
to  get  the  kids  to  develop  a criterion  for  two  rays  on  a line 
having  the  same  sense:  AB  and  CD  have  the  same  sense  if 
and  only  if  AB  contains  CD  or  CD  contains  A3. 


-H 1— — i 

CAB 

Discuss  rays  with  opposite  sense.  Relate  sense  of  rays  to 
sense  of  point  pairs.  Briefly  discuss  sense  of  rays  on 
parallel  lines . 


Indicate  that  there  is  no  natural  way  to  define 
point  pairs  on  two  interBecting  lines. 
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sense  of 


D 


¥e  might  he  tempted  to  say  A“B 


and  C“D  have  same  sense^ 


namely^  rightward^  hut  the  dotted  horizontal  line  suggests 
they  have  opposite  sense^  mmelyy  A=B  upward  and  C-D 
downward . 

(b)  Orientation  in  a plane. 

Try  treatment  along  lines  of  Prenowitz  and  Swain  "Congruence 
and  Motion  in  Geometry"^  Dp  C.  Heathy  pp.  31“32j  pp^  46=^7* 
Try  to  use  some  of  the  material  in  Problems  72-76^  po  48^ 
and  the  theorems^  49 « 

note?  Just  as  we  referred  to  sense  of  point  pairs^  it  may  he 


angles'-^  p 

Try  to  give  some  exercises  relating  sense  in  the  plane  to 
compass  directions  Wp  For  examples  If  you  face 

north  and  make  a quarter  turn  in  which  direction  will  you 
face?  If  you  face  north  and  make  a "three-quarter"  turn  and 
are  then  facing  east^  what  was  the  sense  of  the  turn?  If  you 

face  north  and  make'.  I3  s^iccessive  quarter  turns ^ all  with 

1 

the  same  sense,  how  will  you  be  facing?  This  can  be  modified 
for  a combination  of  quarter,  half  and  three-quarter  turns. 

If  you  faced  north,  closed  your  eyes,  and  turned  and  found 
yourself  facing  west,  what  kind  of  turn  could  you  have  made? 


a common  endpoint).  And,  of  course,  sense  of  "directed 
segments"  or  "arrows"  corresponds  to  sense  of  "directed 
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If  you  face  north  in  front  of  a mirror^  how  doss  your  image 
face?  If  you  thcsn  make  a quarter  turn  clockwise^  how  do  you 
face?  How  does  your  image  face?  What  kind  of  turn  did  your 
image  make? 

Note  that  you  can  compare  orientation  for  two  parallel  planes^ 
Just  as  for  parallel  lines. 

Exploratory  discussion . Make  many  wire  figures  to  indicate 
right  angles^  put  arrows  on  ends  labeled  1 and  2*  Put 
them  on  a table  and  ask  kids  to  try  to  get  them  to  fit  so 


2 


that  the  "P'-ends  coincide  by  sliding  and  turning  on  the 
table . When  this  is  donej  how  many  piles  are  there?  There 
should  be^  of  course^  Just  2 --  this  indicates  that  there 
are  Just  2 senses  in  the  plane*  Observe  that 


and 


cannot  be  gotten  to  fit  In  the  way  described. 

Repeat  the  procedure  using  bent  wires  to  represent  two  unequal 
segmente  that  meet  to  form  a right  angle  --  make  many  such 
figures  which  are  all  congruent.  Do  not  label  endpoints* 
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(c)  Orientation  in  Spacer 


Try  to  use  corkscrews  and  wood  screws  to  get  across  Idea  of 
right-handed  screw  --  try  to  get  a left*-handed  wood  screw  and 
drive  It  into  a piece  of  wood. 

Make  comparisons  of  right  and  left  hands,  gloves^  and  the 
difference  in  orientation  of  an  object  and  its  image  in  a 
mirror . 

Make  many  wire  models  of  three  mutually  perpendicular  rays^ 
with  arrcws  on  endpoints  labeled  2^  3 and  repeat  experi- 
ment of  (b)  for  2 rays. 

Compare  with  figures  formed  by  thumbs  index  finger  and 
middle  finger  of  right  hand  and  same  for  left  hand. 

Make  several  congruent  wire  models  of  3 mutually  segments 
of  different  lengths  and  repeat  experiment. 

Do  same  thing  using  paper  clips  bent  as  indicated: 


GRADE  7 - CHAPTER  2 


GRAPHS,  FUNCTIONS,  VARIABLES 


(it  is  appropriate  to  note  .hat  a chapter  with  this  title  would  be 
subjec’t  to  consldsz’sbls  crlticisin*  Hence^  a less  terrifying  ti-tle 
should  be  sought.) 

Background  Assumptions i 

The  student  is  familiar  with  the  positive  rationals  together  with 
addition^  subtraction^  multiplication^  and  division  of  positive  ra^ 
tionals . Negative  whole  numbers  have  been  introduced^  but  not  the  nega  = 
tive  rationals.  Coordinate  systems  in  the  plane  using  all  four  quad- 
rants are  known ^ but  with  Integer  coordinates . In  Chapter  1 the  geo= 
metrical  concepts  of  points^  lines ^ planes^  etc.^  have  been  introduced 
from  the  point  of  view  of  abstractions  of  physical  situations | hence^ 
a "modeling-*  . 

Rationale : 


Physical  situations  are  to  lead  to.  an  introduction  of  a coordi-^ 
nate  system  in  the  plane  as  a means  of  indicating  that  "local"  prob- 
lems often  require  more  than  the  "global**  geometric  properties  in  their 
solution.  Physical  situations  will  also  lead  to  graphs^  functions^  and 
graphs  of  functions.  The  situations  chosen  should  reflect  the  basic 
reason  for  obtaining  functions  and  their  graphs;  to  wit^  that  this  ana=" 
lysis  yields  information  of  a global  sort  not  apparent  from  local  ob- 
servationsa  Properties  of  the  function  --  as  an  entity  itself  — are 
dlscernable  and  can  be  used  in  a predictive  fashion.  Try  to  point  this 
out  over  and  over. 


We  propose  that  functions  be  introduced  early  and  used  where 
appropriate  without  belaboring  the  concept  as  a concept  ^ such  as  hap-* 
pened  with  sets. 
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G-aphlng  will  permit  review  of  the  multiplication  of 

ratio, iUls.  Moreover,  the  use  of  letters  to  represent  the 

of  a point  might  make-  the  transition  to  statements  r-  X — 

b d 


meaningful . 


positive 

coordinates 

an 


bd 


more 


Section  1-  Coordinates : 

1.1  A problem  should  introduce  the  student  to  the  need  for  "local" 
Information,  beyond  geometric  concepts,  for  the  analysis  of  a 
problem. 

Example i An  east-west  road  and  a north-south  road  intersect  In 
front  of  school.  The  English  teacher  lives  directly  east  of 
school  and  the  librarian  lives  directly  north  of  school.  If  both 
teachers  leave  home  at  eight  o'clock  in  their  cars  and  each 
travels  at  a constant  speed,  will  they  crash  at  the  schoolyard 
cornerV 

(Note;  Insufficient  Information  to  solve  the  problem  has  been 
done  on  purpose,  but  this  view  should  not  be  labored;  merely 
point  out  that  sometimes  this  does  happen.  In  the  meantime,  we 
know  that,  at  least,  we  need  a coordinate  system,) 

Now  turn  to  graphing  proper.  In  all  four  quadrants  with  Integer 
coordinates j with  rational  coordinates  in  the  first  quadrant. 

Here  the  treatment  In  Introduction  to  Secondary  School  Jfathe- 
n^at.ics  - Chapter  I9,  page  301ff  should  be  noted;  also  Grade  6, 
Chapter  5 (SMSG), 

The  emphasis  Is  a pedagogical  way  to  Involve  the  student.  Stu- 
dents enjoy  some  of  the  "games"  of  Grade  6,  such  as,  "what  ordered 
pairs  give  rise  to  points  forming  a letter  A?"  --  or  a triangle 
or  a square. 

Treat  lightly  the  one-to-one  correspondence  between  points  and 
ordered  pairs t Show  that  the  coordinates  for  a point  change  as 
the  coordinate  axes  change  --  both  translationally  and  in  scale. 


O 
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Use  (a^b)  or  (c,d)  or  (x,y)  to  denote  the  coordinates  of  a 
generic  point.  (This  should  be  an  unsophisticated  introduction 
of  variable  --no  definition  thereof . ) 

A typical  problem; 

(l)  Given  the  point  whose  coordinates  are  (c,d);  plot 
(c  + 2,d),  (c,d  + 2);  (c  - 1,  d),  (c,d  - l) ; (|,d); 
etc . 

1.2  Translation^  Reflection,  and  Symmetry, 

(See  Grade  6,  Part  1-  Grade  9j  Part  II) 

(a)  Grade  reflection  about  vertical  axis  (c,d)  ->  (-c,d) 

(This  could  be  done  from  the  point  of  view  of  "oppositing“ 
on  lines  parallel  to  the  number  llnel) 

(b)  Graph  reflection  about  horizontal  axis  (c,d)  (c,-d), 

("Opposlting"  again?',) 

Example;  Take  a point  (l,2)  and  reflect  about  all  axes; 
connect  the  points;  what  figure  results? 

( c)  Translations: 

First,  by  adding  2 to  each  horizontal  coordinate,  then,  by 
adding  1 to  each  vertical  coordinate.  Now,  one  might  try 
(c,d)  to  (c+2,d+l)  hut  this  could  be  too  difficult, 

(d)  Symmetry  - Intuitive  discussion  of  what  this  means, 

(e)  Invariance  of  area  under  translations  and  reflections. 

For  example,  use  this  to  "prove"  that  the  area  of  a triangle 
is  ~ hh  as  follows : 


Warning;  This  section  must  be  tied  together  with  the  geometry 
lone  eith«-r  previously  or  later. 

.s3  Graphs  which  lead  to  discovery  of  linear  functions. 

The  section  permits  considerable  practice  in  revlewi'ng  the  addi- 
tion and  subtraction  of  positive  ratlonals,  multiplication  of 
positive  nationals . Plotting  will  be  largely  in  the  first  qua- 
drant, but  the  student  will  be  encouraged  to  ''discover''  what  the 
extension  in  the  2nd,  3rd,  and  4th  quadrants  might  be.  This  could 
lead  to  the  student  wanting  (?)  to  define  2( -x) . 


Questions  What  are  the  conditions  on  (c,d)  such  that  (c,d)  is 
on  the  line? 

Example  2|  Plot  the  points:  (2  , 2 • 3) , (3  , 3 ‘ 3) , (1  , 1 » 3) , 

^3  ^ 3 5)^  ^Ib^^  " 

Observe  linear  nature  - draw  line. 

Question:  For  what  a is  (a, 5)  on  this  line?  Do  graphically i 

also  a “3  - 5 = 

Write  the  condition  of  (c,d)  such  that  (c,d)  Is  on  the  line. 


Observe  linear  nature  - draw  line. 


Question:  ! 
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,1  1 


+ 2)  , etc.. 


Example  I \ot  thu  polnosi  (1^1  j ^ > '2  ■*  £. 

Carry  out  same  procedures  as  above. 

O'.nar  examples  sr.all  be  used  so  that  the  student  lias  a feeling  for 
(x,mx  + b)  in  the  first  quadrant  for  various  m and  b.  Expand 

^ j-u  >,  avert  m = -1  althougli  we  cannot  use 

to  include  some  negative  aud  - 3 - 

other  negative  tn  yet. 


It  is  important  that  the  key  graphs  to  be  known  "cold”  are  (x,x) 
and  (x,-=x)  (or  y = x and  y = -x  If  this  form  is  preferable). 
Also  the  student  should  know  the  constant  function  (x,b)  and 
the  vertical  lines  (b^y)^ 

At  thiB  point  further  talk  about  the  "opposite  function"  is  both 
possible  and  desirable.  Hovever,  the  urltera  may  find  the  shift 
from  a linear  to  a planar  presentation  of  the  idea  might  be  con- 

fusing  to  the  student.  HANDLE  WITH  • 

The  writers  may  wish  to  try  at  this  time  a definition  of  ( 


GOOD  LUCK', 


It  is  essenLiai  that  ''function"  be  treated  some- 


Sectlon  2..  Function . 

Words  of  Warning  ° 

what  Informnlly  and  the  writers  should  have  In  mind  the  fact  that  the 
concept  of  "function''  will  contrl'bute  preciseness  and  'brevity  of  lan- 
guage throughout  the  texts  ^ 


Since  this  idea  has  not  been  attempted  at  this  level  heforej  many 
versions  will  probahly- be  necessary.  The  followi ug  is  one  version; 

2,1  Illustrations' 


These  llLustratlons  (exaniples)  are  to  show  that  the  students'  pre- 
vious experience  has  often  been  concerned  with  an  association  of 
objects  of  one  set  to  objects  of  another  set»  Indeed^  this  notion 
Is  so  pervasive  a notion  as  to  warrant  its  formulation  for  more 
intensive  study  in  Itself,  The  associations  will  be  represented 
in  many  ways.  We  shall  want  to  return  as  often  as  possible  to  our 
"rationale" . 

(a)  Sons  ^ Fathers  - an  easy,  natural  relationship 

Father  Son  - an  easy  relationship,  but  ambiguous  for  large 
families  I 

(b)  Persons  Weights  - Here  is  an  opportunity  to  point  out  that 
the  function  as  a whole  gives  Information  that  plece-by-plece 
data  does  not.  Student  might  suggest;  What  Is  maximum 
weight?  What  is  average?  Wtiat  is  range?  How  do  weights 
cluster  around  the  average? 

(c)  Person  ^Height  - Similar  comments  as  in  (b)  above.  How  do 
the  two  functions  correlate? 

(d)  Plane  figure  ->  Area 

(i)  Just  the  association  - easy  example  without  much  struc- 
ture. 


O 
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(ii)  Restrict  domain  to  regular  polygons  of  side  1.  Use 
cross -ruled  paper  to  estimate  area.  Here  one  can 
study  the  properties  of  the  graphs  shoving  rate  of 
grovth  as  the  number  of  sides  increases.  Is  it 
linear? 

(iii)  Restrict  domain  to  squares  of  side  a. 

(iv)  Back  to  (l)  --  Investigate  measure  properties s 


M(A  U B)  < M(A)  + M(B) 

M(A  U B)  = M(A)  + m(b)  if  A n B - 0 
A < B ^ M(A)  < M(B) 

(Thls^  of  course,  must  be  done  with  a light  intuitive 
touch,  but  it  emphasizes  our  rationale,) 

(e)  Pulse  Rate  - See  experiment  in  "Math,  through  Living  Things", 
While  we  cannot  at  this  stage  compute  percents,  we  can  take 
"first  differences"  and  so  construct  a new  function 
D(x)  = P(x  + l)  - P(x) . Ask  about  symmetry  of  the  pulse 
function  P. 


(f)  Stacking  and  Overlapping  Books  (Math,  through  Science, 
Part  l) 


Again  take  first  differences:  should  get  something  like  a 

harmonic  series . 

(g)  Translations  and  Reflections:  Take  the  ones  from  Section  1.2 

Use  pictures  to  illustrate. 


O 
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2.2  More  carefi;!  observation  of  function  as  ordered  pairs: 


In  this  discussion  the  main  emphasis  is  still  on  ’-association''  as 
key  ingredient  of  function.  However^  It  should  be  pointed  out 
that  you  really  don^t  "know”  a function  until  you  know  the  ordered 
pairs  which  constitute  the  association  or  function*  Thus^  we  can 
know  the  existence  of  a function  (such  as  the  daily  noon  tempera- 
ture  at  the  North  Pole)  without  knowing  the  function.  Whether  or 
not  a function  should  be  defined  to  be  a set  of  ordered  pairs  is 
still  an  open  question.  In  any  case^  we  should  not  make  a fetish 
out  of  this  representation  as  ordered  pairs. 

Give  counterexamples  to  show  that  not  every  relation  is  a func^ 
tion^  Gradparent  ^ grandchild  seems  natural. 

Give  a set  of  ordered  pairs  and  ask  the  class  to  guess  the  rule. 

Point  out  that  ordered  pairs  do  not  have  to  be  ordered  pai.rs  of 
numbers . 

Notations:  Show  mappings  - for  example  on  the  son-father  associa- 

tion! 
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Show  arrow  from  one  line  to  another: 


(x,  3x) 

0 i , 2 3 ^1-  a a+1 


^^Joe  — ^ Mr«  Jones 

F - for  fatherhood!  F : < Pete  Brown 

I John  Mr.  Wilson 


W - for  weight! 


M = for  multiplication! 


W 


"Joe  120 
^ Pete  1^0 
.John  110 


M“C^3c  (e>0) 


r - for  reflection  about  vertical  axes: 


Generically ^ 


r = (a_,b)  ( -a,h) 

f : X f(x) 


or  f ; X y 

(y  is  determined  from  x by  a rule)  and  reinforce  by  examples 


above , 


Section  3:  Graphs  of  Functions 

3.1  Review  graphs  of  Section  I.3  - now  recognize  as  functions,  tjee 
graphs  to  solve  equations  and  Inequalities.  'Try  3x  + 2 = x + 5 
by  graphing  f:x-^3x  + 2^g;x-^x  + 5 and  getting  point  of 
intersection. 

Check  result. 
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3.2 


Review  graphs  Qm 

(a)  height  and  >/elght  relations* 

Is  it  a function?  Average  weights  for  some  height  to  get  a 
function  if  necessary.  Any  conclusion? 

(b)  Pulse  rate: 

(c)  Area  of  square  of  side 

3.3  Coin  tossingi 

(a)  Have  each  class  member  toss  a coin  10  times  and  record 
(number  of  heads^  number  of  tails)  - x.  How  consider  the 
function  whose  value  at  x is  the  number  of  students  whose 
result  is  x« 

(b)  Same  data^  but  consider  the  function  whose  value  at  x is 
the  number  of  students  whose  result  is  lesr  than  or  equal  to 

How  is  this  obtained  from  (a)? 

(o)  Re-do  (a)^  normalizing  so  that  value  at  x is  the  fraction 
of  the  class  whose  result  is  Re-do  (b)  in  like  manner^ 

(The  Idea  behind  this  problem  Is  to  give  the  students  s 
"distribution”  function  which  can  lead  to  the  chapter  on 
Probability. ) 
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GRADE  7 - CHAPTER  3 
(The  "Positive  Version") 
THE  POSITIVE  RATIOWALS 


This  version  of  Chapter  3 iniplements  the  view  that  there  is  a lot 
to  Learn  about  positive  rationals  which  has  nothing  or  little  to  Ho 
with  their  "opposite  numbers"  and  Indeed  for  several  chapters  (measure, 
ratio,  and  similarity,  probability)  there  is  ].ittle  or  no  need  for 
them.  What  is  needed  in  these  chapters  Is  an  early  Introduction  of  the 
notion  of  a matheiiiatinal  (open)  sentence  and  a solution  for  the  same,. 

In  addition  some  review  is  needed  of  the  algorithms  for  the  addition 
and  multiplication  and  decimal  notation  for  positive  rationals.  Other 
new  topics  are  order,  density.  Inequalities  in  two  dimensions,  and 
percent , 

One  other  advantage  is  that  this  work  with  positive  rationals  as 
well  as  the  succeeding  mathematics  gives  the  student  a grean  deal  of 
added  mathematical  maturity  and  readiness  for  the  operations  with 
negative  numbers. 

Ba  ckground : 

Prom  Chapter  2t  Graphing  and  the  whole  set  of  rationals,  Froni 
Grade  6;  Arithmetic  operations  on  + and  x.  Also  the  concept  of 
rational  numbers  as  quotients  of  integers  (Grade  6,  Part  II,  p.  369) 
and  a minimal  introduction  of  solving  a x n = h (see  below). 

Section  1 , Sentences  and  their  solution  seta , 

A nice  introductory  treatment  occurs  In  ISSM,  Vol.  II,  Part  2, 
p.  279  which  could  be  taken  over  if  it  is  modified  to  work  also  with 
3^  = I2  as  well  as  x + 3 = 12*  Take  care  to  keep  all  equations  with 
positive  coefficients  and  positive  solutions.  Keep  inequalities 
positive. 
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Recall  from.  Grade  Part  p.  113  that  they  have  seen  ''Find  the 

2 

rational  number  n which  makes  (the)  sentence  ^ x n 1 true".  But 

- 2 4 , 

they  may  not  have  seen^  "Solve  3 ^ n = 2"  or  x n ^ although 

they  have  divided  rational  numbers  (Grade  6^  Part  p.,  307ff)  ^ Note^ 


Ibld^  pp.  340=345  that  In  an  "Exploration^'  section  they  consider 


2 

n X Y = 4 and  a pp. 
1-2  4 

solving  — X n = j , 
multiplication  as  in 


349“353  they  have  had  a brief  treatm:ent  for 

In  particular  the  notation  of  juxta position  for 
3x  ^ 12  will  have  to  be  introduced  p 


¥e  should  also  consider  the  remarks  of  Buck  about  our  use  of 

equations  and  inequalities  as  tools  for  inference , This  will  be  new  to 


the  student. 


Show  that  4x  ^ 8 if  and  only  if  2x  - 4^  or  4x  “ 8 If  and  only 
If  X ^ 2.  Or^  perhaps  the  chain  of  inferences  4x  = 8 Im^.  =ies  that 
4x-4:s;8  - 4 = 4 which  implies  that  4(x  = l)  = 4^  which  implies 
that  X - 1 = 1^  which  implies  that  x = 2>  and  converBely.  Various 
routes  to  the  conclusion  x = 2 should  be  encouraged  and  suggest  a 
game  for  the  students.  How  much  logic  should  be  Included  here  is  an 
open  question* 


NoWj  from  the  Grade 

6 background  ( 

see  also  ISSM^ 

Vol,  I, 

Part 

2, 

p^.  195”196)  the  students 

are  ready  to  s 

ee  that^  for  example  1 

4 

— is  the  solution  for  32^ 

, 4 

4 ; = means 

4 + 3 ; ^ + 3 

=■•  X means 

3x 

4 

i is  the  solution  for  2x 

. 1 

= 1 ] -r-  means 

1 + 2 1 1 + 2 

— X means 

2x 

= 1 

*3 

^ is  the  solution  for  4x 
4 

= 3 j means 

3 + 4 ; 3 ^ 4 

= X means 

4x 

= 3 

etc , 

After  some  more  examples 

try!  If  "b 

0, 

^ is  the  solution  for  bx  = a : = means  a+b|  a-^b=x  means  bx  = a 


as  a pattern 


Now  make  the  philosophical  point  that  the  rational 


k 

3 


is  the 


{defining! 

key  ?■  property  is  that  it  is  the  solution  of 

primary  j 

3x  = 4 . Repeat  with  special  examples  until  exhausted  and  then  with 
symbols  a and  b.  (We  should  also  do  Inequalities  here,  but  we  had 
better  wait  until  a later  section  when  we  have  discussed  the  result 
of  multiplying  or  dividing  an  Inequality  by  a positive  number.) 

Section  2.  Arithmetic  operations  from  the  point  of  view  of  equations. 

Here  is  a somewhat  fresh  approach  to  addition  and  multiplication 
of  rational  numbers  utilizing  their  properties  at,  solutions  of  equa- 
ls the  solution  of  3x  = 4 

is  the  solution  of  2y  = 1, 

~ + ^ should  be  the  solution  of  some  equation  of  the  form  bz  = a . 

If  3x  = 4 then  2 • 3x  = 2 ‘ 4 or  6x  ss  3 

If  2y  = 1 then  3.2y  = 3*l  or  6y  = 3. 

By  addition  we  conclude  that  6x  + 6y  = 8 + 3 or  that  6(x  + y)  - 11 

--  which  Is  an  equation  of  the  desired  form,  l.e.,  the  solution  of 
6z  = 11  which  is  ^ should  be  x + y,  or  ^ = ^ + i , Compare  with 

the  conventional  algorithm:  ^ + i=  4*—  *2  + 3 •— -2  = ^ + i ^ . 

32  3 3 6 6 6 

A similar,  but  easier,  trick  provides  the  algorithm  for  multiplication: 
From  3x  = 4 and  2y  = 1 we  get,  by  multiplication  (3x)(2y)  = 4 • 1 , 
or  6(xy)  =4,  or  | | • 

With  these  operations  at  our  disposal  proceed  to  solve  some  mathe- 
matical sentences. 


and 


h 1 
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Section  3,  Order  --  See  ISSM  Vol.  Part  2^  p.  2?6ff . 


This  is  a good  place  to  insert  some  story  problenis  to  help 
heighten  the  interest  in  ^^-^inparing  rational  numbers.  Here  are  a 
couple? 

1,  You  are  the  manager  of  a baseball  team.  You  need  a new  short- 
stop, You  can  trade  for  Willie  Much  or  Mickey  Little^  both  of 
whom  appear  to  be  equally  good  glove  men.  In  previous  play^ 

Willie  Much  has  come  to  bat  225  times  and  has  53  hits*  Mickey 
Little  has  come  to  bat  183  times  and  has  43  hits.  On  the  basis 
of  this  information^  which  would  you  choose?  (An  analysis  of  this 
information^  which  would  you  choose?  (An  analysis  of  this  problem 
might  well  include  whether  there  is  any  significant  difference  in 
these  players  anyway,) 


2* 


You  go  to  a picnic  and  are  Invited  to  Join  either  of  two  tables. 

At  Table  A there  are  now  sitting  T people  with  5 quarts  of 
ice  cream.  At  Table  B there  are  sitting  10  people  and  7 
quarts  of  ice  cream.  At  which  table  will  your  share  of  the  ice 
cream  1)6  the  greater?  (Be  careful^  if  you  compare  ^ ^ , 

you  haven't  counted- yourself  I ) Introduce  the  notation  a < h and 
its  equivalent  h > a.  (Point  out  that  the  "Mg  side  of  the  wedge 
Is  near  the  bigger  number".)  Verify  the  transitive  property: 
a < b and  b < c Implies  a < c.  Use  this  to  compare  ^ and 
6 . 5 1 1 7 6 

via  ^ ^ ^ ~ 2 ~ n'  ^ ' Compare  fractions  with  equal  de- 

nominators and  then  with  equal  numerators.  Derive  the  decision 

method  for  r-  < T < be).  Point  out  that  from  ad  < bo  we  can 
b d 

. a ^ c 

xnfer  — < — . 
b d 


Discuss  density:  a < b implies  a < 

lems  like: 

Find  three  numbers  between 


(a  + b) 
2 

2 , 
S’  and 


< b. 
3 

h * 


Consider  prob- 


1 11 

Discuss  the  function:  k . Show  that  a < h implies  — > — . 

X a b 

Show  that  the  ray  [l,os]  gets  squeezed  into  (0|l]. 
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Prove:  a < b if  and  only  if  a+c<b+c. 

a < b implies  ac  < be  and  if  c > 0 then  ac  < be. 

Mathematical  sentences  which  are  inequalities. 

Graphing  inequalities  in  one  and  two  dimenaions. 

Do  ones  of  the  form  a < x < b and  c < y < d^ 

and  {(x^y)  : x + y < 1 and  x > 0 and  y > 0}  ^ 

and  C(^^y)  : y > X > O)  , 


Section  h*  Decimals  ==  Compare  with  Grade  6^  Part  p.  59ff* 


Motivate  need  for  decimals  by  the  desire  to  have  an  easy  method 

for  comparing  rationals  ^ Return  to  problem  of  finding  several  numbers 
2 3 

between  “ and  jj-  • 


Expanded  notation^  using  positive  exponents  (ISSM^  Vol  Part  2^ 

309-31^) 

Extension  to  negative  exponents  ( ISSM,  Vol  II,  Part  2,  386“388) 
Scientific  Notation  (ISSM,  Vol  II,  Part  2,  Chapter  21,  379-39^) 
Rationals  as  Repeating  Decinials  (ISSM,  Vol  I,  Part  2,  325-33^) 


Section  5 • Percent , 

Practice  computations  of  the  form  ^^Find  afo  of  b"  . Point 
out  that  "of”  raeans  multiplication  here. 
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GRADE  7 - CHAPTER  3 
(Alternate  Version) 


THE  SET  OF  RATIONALS 


Background  Assumptions : 

L.  Students  have  the  complete  set  of  integers  at  their  disposal  and 
have  had  extensive  work  with  the  non-negative  rationals . 

P.  Operations  introduced  thus  far  are: 

' Addition^  subtraction^  multiplication^  division  for  non- 
negative  rationals . 

Addition  and  suhtraction  for  negative  integers. 

3*  Other  ideas  already  Introduced  included: 

Use  of  variahles  as  names  of  numbers. 

Informal  solution  of  sentences  (missing  addend,  etc.). 
Ordering  of  integers  and  positive  rationals. 

Use  of  multiplication  property  of  one  for  changing  form,  of  a 
fraction. 

Decimal  estlrriates  for  numbers  named  by  fractions. 

Simplifying  complex  fractions . 


Rationale: 

1.  The  negative  rationals  will  be  introduced  by  the  opposite  function 
in  order  to  complete  the  set  of  rationals  as  soon  as  possible.  The 
negative  rationals  have  been  left  "dangling"  since  the  student  was 
Introduced  to  the  negative  integers  in  Grades  5 and  6. 

2.  If  the  complete  set  of  arithmetic  operations  (addition,  subtrac- 
tion, division,  and  multiplication)  is  Introduced  early  for  the 
set  of  rationals,  these  skills  can  he  used  and  reinforced  through- 
out the  rest  of  Grades  7;  8,  and  9* 

O 

ERIC 


3 
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3*  The  rational  number  system  will  be  "endowed"  (informally)  with  the 
familiar  properties  that  the  student  has  been  working  with  in  the 
set  of  positive  nationals.  Special  note  will  be  made  of  the  fact 
that  every  rational  number  has  a unique  additive  inverse,  and  a 
unique  multiplicative  Inverse.  It  is  recoinmended  that  uniqueness 
not  be  proved  here,  only  a statement  that  it  can  be  proved,  and 
then  plan  to  prove  it  in  later  grades  when  the  discussion  of 
structure  becomes  more  formal. 

Purposes : 

1.  To  provide  a meaningful  review  of  operations  with  Integers  and 

positive  rationals,  and  extend  the  operations  of  +,  x,  -i-,  to 

the  negative  rationals  and  to  simple  expressions  containing  vari- 
ables . 

2,  To  review,  early  in  the  7th  year,  the  basic  properties  of  the  inte- 
gers and  the  positive  rationals  and  extend.  Informally,  these  pro- 
perties to  the  set  of  rationals. 

Section  1.  The  Opposite  Function . 

1.1  Opp:  X -X,  Tie  in  with  student's  knowledge  of  the  integers. 

(Refer  to  Chapter  2,  Graphing,  Function,  and  Variables).  There 

should  be  little  difficulty  convincing  the  student  of  the  exls- 

2 2 2 

tence  of  the  opposite  of  j such  that  3 ^ ^ (Use  re- 
flections about  the  origin  on  the  number  line  as  in  Grade  9,  First 
Course  in  Algebra,  Part  1.) 

lots  that  we  should  simply  point  out  again  that  the  " is  now 
being  used  to  Indicate  a new  unary  operation.  The  connection 
between  " opposite ng"  and  subtracting  should  be  made  clear  when 
appropriate, 

1.2  Establish  -(-x)  = x,  (See  p.  109,  PCA,  Part  l) 

This  will  be  handy  to  have  when  we  discuss  subtraction. 

Some  appropriate  exercises  are  In  the  above  reference. 
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Section  2.  Properties  of  Rational  lumbers . 


2.1  The  following  properties  ai^e  familiar  and  have  been  stated  for  the 
positive  ratlonals^  and  the  Integers.  We  will  assume  that  there 
exists  operations  of  addition  and  multiplication  such  that  the  old 
operations  defined  previously  for  some  of  the  rationals  still  hold 
(closure^  commutativity^  associativity^  multiplicative  identity^ 
additive  identity^  additive  inverse^  multiplicative  inverse^  dis- 
tributivity . ) This  section  can  provide  a light  review  or  arith-- 
nietic  operations  with  the  positive  rationale ^ combined  with  a 
light  reinforcement  of  the  structure  developed  so  far, 

2.2  In  this  section  some  attention  should  be  given  specifically  to  the 
fact  that  every  rational  number  has  an  additive  inverse,  (See  PCA^ 
Chapter  5) 

Note:  It  is  recommended  that  the  raised  dash^  3^  be  Intro- 

duced , This  is  awkward  notation  with  rational  numbers  in  fraction 
form^  and  the  symbol  is  dropped  soon  after  it  is  introduced.  It 
is  suggested  that  the  language  of  the  students  be  carefully  de-- 
veloped  so  that  he  reads  (“3)  as  the  ^’negative  of  3"  j ”the 
opposite  of  3^S  ”the  additive  inverse  of  3"*  The  student 
should  be  discouraged  in  the  beginning  from  reading  (-3)  as 
"minus  3"  or  "negative  3^'  * "Minus"  tends  to  confuse  the  issue 
with  the  operation  of  subtraction^  while  "negative"  tends  to 
become  confusing  when  variables  are  introduced. 

Section  3,  Absolute  Value  Function, 


3,2  Distance  between  a rational  number  and  0 on  the  number  line  is 
the  absolute  value  of  that  number*  (See  FCA^  pp,  113-117) 

This  will  be  helpful  in  establishing  the  "sign"  of  the  number 
which  is  the  result  of  an  addition. 


3,1  Definition  and  practice  with  definition,  f : x 
(See  FGA,  pp . II3-II6) 
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Section  Addition  and  Multiplication  of  Rational  Numters . 


1.1  Review  addition  of  Integers.  (See  FCA^  Part  pp . 121-129^  Also 
Grade  6^  Chapter  4^  pp.  193^236^  and  Math.  For  JHS^  Vol.  2^  Part  1^ 

pp.  12“2l) 

4.2  Addition  of  Rational  Hunibers  as  a natural  extension  of  the  addi- 
tion of  integers  as  done  on  the  numher  line  in  Grade  6. 

Review  addition  of  positive  rationals^  then  do  addition  of  all 
rationals . Point  out  that  with  absolute  value  we  can  now  dupli- 
cate "algebraically"  the  "arrow"  routine  on  the  number  line  which 
becomes  tedious  for  rational  number  addition. 

Discuss  the  additive  inverse  of  a rational  number^  graph  on  the 
number  line^  and  informally  convince  the  student  of  the  existence 
and  uniqueness , 

4.3  Multiplication  of  Rational  Numbers 

Develop  first  intuitively  as  in  Math.  For  JHS^  Vol.  2^  Part  1^ 
pp*  34"38*  Also  consider  using  rate  of  temperature  increase  or 
decrease^  or  increase  and  decrease  of  the  area  of  a rectangle. 

Also  use  graph  y - =2x  to  motivate  multiplication  of  negative 
rationals.  Use  absolute  value  ation.  (See  PGA_j  Part  1^  pp . 

146-147) 

Prove:  =a  « (“l)a  (pp.  155"156^  FCA^  Part  l)  for  all  rational 

numbers  a - 

Discuss  and  graph  on  the  number  line  the  multiplicative  inverse 
of  the  rational  numbers.  (See  pp.  l62-l64j  FCAj  Part  l)  The 
multiplicative  Inverses  of  -1^  and  1 should  have  particular 
attention . 

Note:  Throughout  all  of  these  discussions  rational  numbers  in 

fraction  form  should  be  represented  rather  than  — — ^ 

0. 

or  — . We  can  handle  these  situations  later. 
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Division  of  Rational  Numbers# 


Section  5# 

5#1  Definition  of  division#  "a  divided  by  b” ^ means  a times  the 
multiplicative  inverse  of  b 0^  (See  FCA^  Part  pp#  223= 

227) 

This  definition  should  cause  no  trouble  vlth  ~ or  since 

15  “I5 

we  will  have  established  in  the  previous  section  that  the  multi- 
piicatlve  inverse  of  -=15  is  - - 

5^2  Prove:  = = 1 for  all  rational  numbers  a ^ 0#  In  particular  we 

a 

i.ieed  - 1 to  simplify  com.plex  fractions  ^ (See  M^THS^  Yol^  2^ 

Part  p#  45  for  exercises^  and  FCA^  Part  1^  pp«  224=229 j also 

pp.  234-241) 

properties  of  the  fraction  form  of  the  rational  number.  (PCA, 
Part  1,  pp.  233 "235) 

Section  6.  Subtraction  of  Rational  Hlimbers . 

6.1  Review  subtraction  of  Integers  from  Grade  6. 

Definition;  a - b means  a + (-b).  Be  sure  to  make  clear  that 
here  we  have  a double  use  of  the  ” sign.  (See  PCA ^ Part  1, 

p.  210) 

Remind  students  of  the  statement  -(-x)  = x developed  in  Section 

1. 

Es'cabllsh  -(a  + b)  = (-a)  + (-b)„ 

6.2  Practice  in  subtraction  as  in  PDA^  Part  pp.  211-218. 

6.3  Subtraction  In  terms  of  distance  on  the  number  line  as  In  FCA^ 
Part  1,  pp.  219-222. 
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GRADE  7 - CHAPTER  3 1- 
(Alternate  Version  (continued)) 

THE  SET  OF  RATIONALS|  SOLUTION  OF  MATOMATICAL  SOTTENCES 

Background  Assumptions : 

1.  Multiplication^  addition^  division^  subtraction  or  rational 
numbers . 

2*  Ordering  of  integers  and  of  positive  ratlonals. 

Rationale i 

!•  This  chapter  vill  allow  the  student  to  use  his  newl^r-  acquired 
skills  in  operating  with  the  rationals  while  he  learns  a little 
about  the  process  of  finding  solution  sets  of  matheniatical  sen- 
tences . 

2,  Properties  of  order  and  equality  will  be  discussed  and  reviewed. 

Purposes : 

1*  To  prepare  for  a formal  approach  to  the  solution  of  equations  and 
inequalities . 

2#  To  review  decimal  notation  for  rational  numbers  and  to  discuss  the 
density  of  the  rationals . 

Section  1*  Decimal  names  for  Rational  Numbers , 

1.1  Expanded  notation  using  positive  exponents,  (ISSM^  Vol,  1^  Part 
2,  pp.  309-31i+) 

1.2  Extension  to  negative  exponents.  (ISSM^  Vol.  2.,  Part  2^  pp.  386- 

388) 

Scientific  notation  (ISSM,  Vol.  2^  Part  2,  Ch.  21,  pp.  379-39^) 


1.3 


1.4  Rationals  as  repeating  decimals.  ( ISSM^  Vol.  1^  Part  2,  pp.  325“ 
334) 


Section  2.  Ordering  the  nationals . 

2.1  Basic  properties  of  order.  (9H^  pp . I86-I96) 

Frotr:  notation:  a Td  is  the  same  as  b < a. 

"Comparison''  property  (9H,  p.  I91) 

Transitive  property  (9H,  p.  193) 

2.2  Addition  and  Multiplication  properties  of  Order. 

See  FCA^  Part  1,  pp.  187-190,  and  pp.  195-197. 

Proves  if  x ^ 0^  then  x“  > 0* 

2^3  Order  of  rationals^ 

Discuss  order  of  rationals  on  the  numher  line* 

2*4  Density  of  rationals* 

Section  Introducing  percent  * 

3-1  as  a function*  Define  io%  x ® Hence  the  synibol  ^ 

will  mean  ” multiply  by  "multiply  by  .01"* 

3*2  Practice  computation*  "Find  of  b"  ^ etc. 

Section  _4*  Solutions  of  Equations  and  Inequalities  * 

4*1  Restatement  of  properties  of  equality  and  order  as  In  FCA^  Part 
ppe  204“205* 

4*2  Solutions  of  equations  and  inequalities  of  the  form 

X + a = b^  ax  - b^  ax+b  = c^  and  ax  + bx  ^ 
and  Inequalities  of  similar  form* 

Informal  use  of  the  properties  of  rational  numbers^  properties  of 
equality^  and  properties  of  order.  The  notion  of  equivalent  sen- 
tences should  be  started  here^  but  not  developed  in  full. 
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Graphs  of  solution  sets  should  be  done  also. 

Applications  to  verbal  problems  and  simple  translations  required 
Ample  practice  with  rationale  in  fractional  and  decimal  form 
should  be  provided. 
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GRADE  7 - CHAPTER  4 
CONGRUENCE  (REPLICATION  OP  FIGURES) 


Background : 

Congruence  of  segments^  f les^  triangles^  copying^  etc.:  Grade  5> 

Part  Chapter  4.  Measure  of  Begments  and  angles:  Grade  4^  Part  II ^ 

Chapter  9l  Grade  5^  Part  II ^ Chapter  7* 

Purpose ; 

1.  Review  ahove  material. 

2.  Introduce  SAS  and  ASA  motivated  by  the  corresponding  copying  prob- 
lem (SSS  to  be  reviewed), 

3-  Give  practice  In  making  elementary  deductions  based  on  the  tri= 
angle  properties, 

4.  Begin  to  refine  the  vague  idea  that  "congruent  figures  can  be 

made  to  coincide"  by  introducing  specific  types  of  motionB  (slide^ 
turn,  flip), 

(a)  physically, 

(b)  intuitively, 

(c)  In  a grid  or  coordinate  framework. 

Rationale : 

We  continue  the  process  of  structuring  or  modeling  space,  begun 
in  Chapter  1.  We  conceive  space  not  merely  as  structured  in  terms  of 
the  points,  lines  and  planes  that  fill  up  every  part  of  it  but  as  being 
"homogeneous",  as  being  everywhere  the  same.  This  vague  language  indi- 
cates a key  property  of  Euclidean  geometry  (and  incidentally  of  the 
classical  non-Euclidean  geometries) : Figures  can  be  copied  freely  in 

space  * The  concept  of  replication  is  studied  formally  In  this  chapter 
for  triangles,  but  its  wider  application  Is  indicated  at  least  .. i- 
tively  by  exercises  in  which  other  types  of  figures  appear. 
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A related  concept:  Rulei’  and  compass  procedures  enable  us  to 

replicate  the  most  fundamental  figures^  particularly  triangles^  but 
they  yield  little  for  replication  of  figures  in  general.  For  this  pur- 
pose we  need  the  thread  of  motions  (or  isometries) . A motion  operates 
on  any  figure  to  produce  a congruent  figure.  We  start  to  weave  this 
idea  into  our  structure  by  introducing  three  types  of  isometry i trans- 
lation^ rotation^  reflection  ( in  a line?) ^ 


Outline 


1,  Congruence  of  segments,  of  angles. 

Review  and  refine,  emphasizing  that  two  segments  (or  two  angles) 
are  congruent  if  one  is  a copy  of  the  other.  Briefly  review  the 
concrete  process  for  copying  segments  and  angles  by  ruler  and 
compass . 

Connections  Between  Congruence  and 
Incidence  Properties 


Exercise 

1; 

Given  AB  = BC,  can  A, 

B, 

C be 

on  a line? 

Must 

Af  B,  C be  on  a line? 

Can 

A,  B, 

, C be  in  a 

plane?  Must  they  be  in 

a plane? 

Why? 

Exercise 

2: 

Similarly  for 

AB  S BC^ 

BC 

S CD. 

Exercise 

3: 

Similarly  for 

AB  = Ic, 

BC 

= W. 

Exercise 

h: 

Similarly  for 

AB  S BC ^ 

BC 

= CD, 

CD  = m . 

Exercise 

1’ 

Similarly  for 

AB  = BC, 

CD 

s da  . 

Exercise 

6: 

Suppose  AB  = 

CD  anfl  A 

C,  D 

are  on  one 

line . 

Must  AC  S BD? 

Can  it? 

When? 

Exercise 

7: 

Suppose  AB  i 

CD  and  AC  ^ 

BD.  Can  A,  B,  C, 

D be 

on  a line?  Must  they  be? 

Exercise 

8: 

Suppose  0,  A 

fixed  and 

OA 

‘ = ox. 

Where  can 

X lie? 
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Try  similar  problems  for  congruence  of  angles^  e.g*,  involving 
lAOB  = ZBOC  = ZCOA,  etc. 

2.  Division  of  segments  and  angles  into  two  congruent  parts. 

Define  midpoint  of  a line  segment  and  angle  bisector. 

Exe^rcisesi  A set  of  finger  exercises  similar  to  those  given 
in  Section  1, 

A set  of  paper  folding  exarGises  along  the  lines 
of  the  following* 

Give  5 triangles  to  be  used  as  patterns  (make 
them  rather  large) . They  might  be  an  acute  scalene 
triangle,  an  obtuse  scalene  triangle,  a right  scalene 
triangle,  an  obtuse  Isosceles  triangle,  and  an  equi- 
lateral triangle. 

Note  t They  are  not  familiar  with  this  terminology.  Just  give 
them  as  a "random"  set  of  triangles.  Label  each  triangle  by  a 
single  capital  letter  in  the  Interior  of  the  triangle 
(A,B,C,D,E). 

Directions ; 

(1)  Make  two  copies  of  each  of  these  (by  tracing,  or  by  ruler 
and  protractor  or  by  straight  edge  and  cortipasBes) . Label 
the  interior  of  each  copy  by  the  letter  Gorresponding  to  the 
given  figures  and  cut  the  triangles  out. 

(2)  A median  of  a triangle  is  a line  segments  that  joins  a vertex 

4 _ __ 

of  a triangle  to  the  midpoint  of  the  opposite  side.  How  many 

medians  does  a triangle  have?  Take  one  of  your  triangles 
that  is  labeled  A and  follow  these  steps* 

(a)  Fold  to  find  the  midpoint  on  one  side.  Do  not  fold  the 
whole  paper.  Just  pinch  the  paper  to  Indicate  the  mid- 
point . 

(b)  Now  fold  the  triangular  region  to  show  a median  of  the 
triangle. 
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(c)  Repeat  (a)  and  (b)  for  each  of  the  other  two  sides  of 
the  triangle. 


Wow  follow  these  three  steps  for  each  of  the  triangles 
labeled  B,  C,  and  E, 

(3)  An  angle  bisector  of  a triangle  . . . 

(continue  in  manner  of  (S)) 

Note ; Given  the  background  of  the  students ^ it  does  not  seem 
advisable  to  fold  the  altitudes  and  perpendicular  bisectors 
of  the  sides  at  this  time. 


3.  Addition  Property  for  Segments, 


Suppose  AB  = PQ^  BC  = QR,  B is  between  A and  C,  and  Q Is 
between  P and  R.  Then  AC  = pR.  (Note;  betweenness  was  intro- 


duced in  Chapter  1 » ) 

• j — — • H — 

A ' B C 


Motivated  (a)  by  using  sticks;  (b)  by  applying  compasses  to  test 
AC  = PR  in  a drawing. 

Exercise:  Suppose  AB  = PQ,  BC'  = QR.  How  are  AC  and  PR 


related? 


(Accept  answers  using  sticks  (pencils)^  drawings.) 

Another  version:  Suppose  AB  = PQ,  BC  = QR.  Must  AC  = PR? 

Can  AC  be  greater  than  PR?  less  than  PR? 


Query:  Maybe  last  problem  should  be  motivation  for  the  topic. 


Warning:  Additivity  Is  a simple  property  and  intuitively  very 

familiar;  It  Is  merely  one  part  of  the  geometrical  postulate 
"If  equals  are  added  to  equals^  the  sums  are  equal."  Don't  let  its 
essential  simplicity  get  lost  in  the  verbiage.  Maybe  refer  to  the 
underlying  idea  as  "addition  of  sticks" . 
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Exercise  1: 


(a) 


In  figure,  given  AB  = CD,  what  can  you  conclude? 

• I '• • 1 — • 

A B C ' D 


(b) 


B 


D 


Exercise  2:  In  figure,  given  AB  = FG,  what  can  you  conclude? 

m I • • m • -• — I — • 

A B C D E F G 

(Note:  make  CD  = DE  and  BC  = EF  in  the  diagram  but  do  not 

make  this  given  information  to  see  if  the  students  are  inferring 
more  than  betweenness  from  the  diagram.) 

Exercise  3_«  Similarly  given  AB  = BC,  BC  - CD,  CD  = DE. 

e 1 • I • 1 • > • 

A B C D E 

Exercise  4:  Similarly  given  AB  = CD. 


Exercise  5^  Similarly  given  QA  = OA’’,  AB  = A'B'  , BC  = B'C  . 

> III  » II  ■ I » I ♦ il-  • 

C B'  A'  0 A B C 

4.  Subtraction  Property  for  Segments, 


Suppose 

AC 

= PR,  AB  = PQ,  B is 

between  A 

and  C,  and  Q 

is  TDetween 

P and  R.  Then  BC  = 

QR. 

Treat 

lightly'. 

Exercise 

1: 

In  figure,  given  AC  ^ 

s BD 

what  i 

can  you  conclude? 

D A 

B 

V 

c 
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Exercise  2: 


What  can  you  conclude  from  (information  indicated  in) 
figure? 


r 

•- 

A 


D 


Exercise  3*  What  can  you  conclude* 


r 

#- 

A 


-A. 


D E 


Exercise  k: 


What  can  you  conclude? 


r 


A 


+ 


D 


E 


Exercise  5i 


The  same  for 

r ^ ~ 'sr 

m I — m m 

A B C 


Exercise  6:  The  same  for 


B'  A'  0 A B 


(Note I This  might  suggest  reflection  of  the  line  in  point  0. 
Will  the  students  see  it  as  the  same  exercise  as  Exercise  3?) 


5.  Addition  and  Subtraction  Property  for  Angles- 

Make  this  a parallel  development  to  Sections  3 and  4;  only  do  it 
in  one  section. 


Statement  of  Addition  Property  for  Angles . 

Suppose  ^ABC  = ZPQR,  ZCBD  = ZRQS,  BC  is  between  M and 
and  ofe  is  between  ^ and  qS  • Then  ZABD  = ZPQS, 

Treatnient  similar  to  Sections  3 and  4, 

Note;  Betweenness  of  rays  is  to  be  introduced  in  Chapter  1. 
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6. 


Vertical  Angles.. 


Try  to  use  definition  in  terms  of  opposite  ray.  Also  stress  other 
form  (see  MJHS,  Vol . 1,  p.  398). 

Query ^ Introduce  opposite  ray  in  Chapter  1 or  here? 

GeometriG  Property:  Two  vertical  angles  are  congruent- 

Motivation:  Construct  a pair  of  vertical  angles  on  cardboard^  cut 

out  the  angular  regions  and  try  to  make  them  flt-^  Use  scissors  or 
sticks  to  form  dynamic  models  of  vertical  angles* 

Give  practice  in  picking  out  pairs  of  vertical  angles* 


Example c Find  angle  vertical  to  a giv  n one*  How  many 
pairs  of  vertical  angles  are  formed? 


7^  The  Concept  of  Congruence* 


Review  the  concept  for  figures  in  general*  Find  examples  in 
classroom;  don-t  restrict  to  planar  figures*  Please  make 
examples  of  wire^  cardboard^  etc-  Include  some  reference  to 
modeling:  what  is  an  exact  copy;  under  mass  production  do  we  get 

exact  copies*  Might  refer  to  such  things  as  printing  presses^ 
boxes  of  screws^  printed  T-V-  circuits^  automobiles^  etc.  See 
also  the  chapter  on  Empirical  Validity  in  Geometry  In  Basic  Con- 
cepts of  Geometry  by  Prenowltz  and  Jordan  (publisher^  Blalsdell) . 


Exercises  Given  a set  of  figures 

P-  ^ ^ 


(a)  Find  pairs  -which  are  congruent. 

(b)  D1  scuss  how  to  make  them  coincide  hy  sllde^  turn^  flip. 

Include  in  this  exercise  examples  that  are  not  triangles,  some 
wire  models,  some  non-planar  cardboard,  figures,  etc. 


Note;  Posslhly  use  color  and  keep  examples  simple. 
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8.  Congruence  of  a Figure  with  Itself. 

Stress  identity  congruence  as  well  as  non-identity. 

Work  with  Isosceles  triangles^  equilateral  triangles,  rectangles, 
circles,  squares,  hearts  (cardloids  to  you'),  scalene  triangles, 
regular  polygons.  Include  some  unhounded  figures,  friezes,  etc., 
wall  paper  patterns;  tilings  of  a plane. 

jiruir  /'/'/'t 

Refer  to  axes  of  synmetryi  Illustrate  and  discuss  in  class: 
reflection  symmetry^  rotation  symmetry^  translation  symmetry. 

Exercises  in  finding  axes  of  symmetry. 

Exercise : Find  the  symmetries  of  each  of  the  letters  of  the 

alphabets  Perhaps  standardize  by  using  the  capital 
letters  on  a typewriter*  Students  could  even 'group 
the  letters  according  to  their  symmetries.  See  manu- 
script "Mathematics  of  the  Alphabet"  submitted  by 
Ranucci  to  SMSG  Panel  on  Supplementary  Publications . 

Exercise : List  the  motions  (symmetries)  of  a simple  figure^  e.g.^ 

equilateral  triangle^  rectangle^  square-  What  happens 
if  you  combine  two  of  these  motions^  that  is^  follow 
one  by  another? 

9.  Congruence  of  Triangles, 

Review  and  refine  deflnitioni  emphasize  correspondence  between 
sets  of  vertices*  Thus  MBC  i ^QR  means  AB^  BC^  AC^ 

ZABC,  . . . = QR,  PR^  ZPQR,  ...  . 

Practice  in  finding  corresponding  parts  when  certain  ones  are 
given. 
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The  SSS  Congruence  Property  of  Triangles , 


Use  a written  set  of  class  exercises  based  on  the  construction  of 


triangles  given  the  three  sides  (See  Grade  5^  Chapter  4,  pp . 194- 
195) . Have  students  compare  results  and  see  the  congruence  of  the 
triangles  obtained. 

State  and  discuss  the  SSS  congruence  property. 

Develop  the  construction  for  the  bisector  of  an  angle. 

Exercise  I What  can  be  deduced  from  the  given  figure? 


Exercise ; Similarly  these: 


Exercise ; Construct  the  three  angle  bisectors  of  several  given 
triangles , 

The  SAS  Congruence  Property  of  Triangles . 


Use  a written  set  of  class  exercises  based  on  the  construction  of 
triangles  given  two  sides  and  the  Included  angle.  Have  students 
compare  the  results  and  see  the  congruence  of  the  triangles 
obtained . 

State  and  discuss  the  SAS  Congruence  property. 


Exercise;  What  can  be  deduced  from  each  of  the  following  figures? 
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Deduced  Property;  If  two  sides  of  a triangle  are  congruent  then 
the  opposite  angles  are  congruent. 


12.  The  ASA  Congruence  Property  of  Triangl's . 

Use  a written  set  of  class  exercises  based  on  the  construction  of 
triangles  given  two  angles  and  the  included  side.  Have  students 
compare  their  results  and  see  the  congruence  of  the  triangles  ob- 
tained . 

State  and  discuss  the  ASA  Congruence  Property. 

Exercise ; What  can  be  deduced  from  the  given  figure? 

Include  some  where  the  aide  is  not  included; 


Deduced  Property:  If  two  angles  of  a triangle  are  congruent  then 

the  opposite  sides  are  congruent. 


13*  Motions  by  means  of  a Co-ordinate  system. 

13*1  Sliding  (translation) 

Discuss  sliding  as  a physical  process.  Slide  a wire  triangle  on 
a table  top.  Try  giving  different  directions  that  still  cause  a 
slide.  Build  up  to  the  "neatness"  of  co-ordlnatizlng  the  situa- 
tion. 


Exercises ; A series  of  problems  with  a given  finite  point  set  and 
a mapping  that  determines  a translation. 


Map 


A = (1,1).  E = (1,2),  C = (3,2) 
A->A’,  C-^C' 

(x,y)  (x  .+  3 ,y) 

(x,y)  (x  , y + 4) 


if 


(a) 

(h) 
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(c)  (x^y)  ^ (x  " 3 J y + 4) 

For  each  of  these ^ plot  C and  A*^  B' ^ C’. 

Draw  MBC  and  How  are  these  triangles  related? 

Have  the  students  orient  one  triangle  and  see  if  the  orientation 
(see  Chapter  1)  has  been  changed^ 

13^2  Turning  (rotation) 


Discuss  turning  as  a physical  process.  Turn  a wire  triaTigle  on 
a table  top®  Try  giving  different  directions  that  still  cause 
a turn 3 Emphasize  a fixed  point  for  each  turn. 

Exercises:  A series  of  prohlems  where  the  students  are  given  two 

finite  point  sets  that  are  related  by  a rotation* 

Have  them  plot  the  point  sets  and  draw  the  figures. 
Let  them  try  to  find  how  the  second  point  set  was 
derived  from  the  first. 

Example : 


(a) 

A' 

III 

H 

H 

, B'  = (-1,- 

c = 

(-3,-2) 

(1,1),  B = (1,2),-^- 
C = (3,2)  N 

~^(b) 

A' 

= (-1A), 

C'  = 

B'  = (-2,1) 
(-2,3) 

■(c) 

A' 

= 

B'  = (2,-1) 

C'  = 

(2,-3) 

For  each  of  these^  plot  C and  A^^  . 

Draw  ^BC  and  How  are  these  triangles  related? 


Have  the  students  check  to  see  if  the  sense  of  orientation  has 
changed e Have  students  Locate  fixed  points  of  each  turn. 

13*3  Flipping  (reflection). 


Discuss  flipping  as  a physical  process.  Flip  a wire  triangle  on 
a table  top.  Try  choosing  marQr  different  lines  for  the  axis  of 


■the  flips.  Discuss  the  possibility  of  doing  this  by  coordinatiz- 
ing  the  plane  In  a ”neat  "manner  (make  the  axis  a coordinate 
axis ) , 

Exercises ; Again  use  a series  of  problems  inhere  only  the 
vertices  are  actually  transformed  and  then  the 
figures  are  drawn: 

(a)  (x,y)  -»  (x^  -y)  j 

(b)  (x^y)  ( -xyy)  ■ 

(c)  (x^y)  (y,x)  j 

(d)  (x,y)  -*  ( -y^  -x)  . 

Note  the  change  In  orientation  under  this  transformation. 

Perhaps  give  a bralnbuster  which  invoLves  a slide  reflection. 
Possibly  include  a problern  where  axis  of  reflection  Is  x - 2. 
or  y - “6 . 
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GRADE  7 = CHAPTER  5 


OTIASURE 


Purpose : 


To  introduce  a metric  for  geometry  a To  review  and  extend  the 
concepts  of  linear  measure  and  angular  measure  end  extend  to  arc 
measure.  To  work  with  the  equivalence  of  polygonal  regions  ^*^ithln 
a plane  on  a non-numerical  basis  . 

Rationale : 

1-  To  begin  further  work  with  measure  concepts  eai^ly  in  the  7th  grade. 

2.  To  provide  the  tools  to  move  from  congruence  to  similarity. 

3-  To  begin  to  develop  the  interrelations  of  measure  and  congruence 
although  this  requires  the  real  numbers  for  its  full  development. 

4.  To  begin  the  Pythagorean  Property  for  use  In  several  other  chapters 
although  it  Is  hoped  that  this  property  will  be  re -investigated  as 
the  Students  develop  Irrational  numbers  and  the  algebraic  skills 
for  some  alternate  proofs  of  the  property = 

Background  t 

Extensive  work  with  linear  and  angular  measure  is  presently  done 
in  Grades  5 and  6.  The  terminology  of  nonmetric  geometry,  Conv-- 
gruenee  of  segments  and  polygonal  regions , They  have  NOT  had  irrational 
numbers  of  any  form  ( VS"  ^ ^ ^ etc,) 

Section  1 . Linear  Units  of  Measurement . 

1-1  Linear  Units  of  measurement 
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A careful  redevelopment  of  uhat  is  meant  by  linear  units  of  mea 
surement.  The  last  time  this  was  done  was  in  Grade  4,  Chapter  9- 
(It  was  reviewed  briefly  in  Grade  5,  Chapter  4,  pp.  407-409-) 

The  concept  needs  to  be  redeveloped  along  the  lines  of  MJHS  Vol.  1 
pp.  249-251,  260-274  or  ISSM  Vol.  2,  pp.  1-32-  However,  much  less 
detail  and  expansiveness  should  be  necessary  due  to  their  back- 
ground. Be  sure  to  use  the  congruence  concepts  developed  in 
Chapter  4.  Extend  the  concept  of  congruent  segments  to  the  idea 
that  congruent  segments  have  equal  measure.  Discuss  the  idea 
that  every  line  segment  has  a measure.  Tread  (but  lightly)  on 
the  idea  that  this  measure  often  Is  a number  familiar  to  them, 
but  that  the  measures  of  many  line  segments  are  numbers  which 
they  have  not  studied  yet.  Until  they  meet  these  numbers,  they 
can  only  give  such  measures  by  approximation. 


1.2  Applications  of  Linear  Units. 

Use  of  concept  developed  in  1.1.  See  the  same  reference  for 
niany  ideas . Add  such  things  as  the  amount  of  wire  needed  to  make 
a 3__lnch  cube,  etc.  Might  end  with  e "discovery"  exercise  for 
the  "perimeter"  of  a circle.  Use  some  additivity  of  segments  by 
measure  (see  last  chapter  for  additivity  using  congruence).  Per- 
haps some  WST  exercises  on  the  Archimldean  Property  (see  below). 

Consider  the  number  line  (with  or  without  negative  numbers): 


0 12  3 

172 

Somewhere  on  this  line  appears  a point  with  the  coordinate  • 

Even  though  we  cannot  place  it  on  the  number  line  as  we  have 
started  it  above,  let  us  think  about  it  on  the  line  and  answer 
some  questionB i 
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Continue  marking  off  congruent  unit  segments  from  zero 

and  label  the  points  they  determine  with  the  nunibers 

1^  2^  4^  5^  etc.  What  is  the  number  on  the  point 

172 

Just  before  ^ Just  after  it?  Which  is  closer? 

Start  again  with  a segment  of  half  the  length  of  the 
unit.  Step  It  off  on  the  number  line  and  mark  the 
successive  steps  1^  2^  3_j  etc,^  thus: 

Segment  ^ 0 12  3 4 5 

I 1 I 1 j — h- 

Unit  Segment  1012 

172 

What  1b  the  label  on  the  mark  Just  before  - , ? Just 

after  it?  Which  is  closer? 

Repeat  the  process  of  (b)  with  a segment  which  is  0.1 
the  size  of  the  unit.  Again^  with  a segment  0.01  the 
length;  and  then  0.001  the  l,ength. 

1«3  Linear  measure  and  circles. 

A brief  review  of  circles  and  segments  associated  with  circles 
(see  Grade  4,  Chapter  5 and  Grade  6^  Chapter  9)*  An  initial 
development  of  the  circumference  of  a circle  and  the  number  jr 
(see  MJHS  VoL.  1^  pp.  491-500  and  ISSM  Vol.  2^  pp.  iSl-lS?) . 

Exercise:  (Please  get  some  real  facts l) 

The  park  ranger  stated  that  this  etand  of  redwoods  has  an  average 
diameter  of  4.2  feat  when  measured  6 feet  from  the  ground* 

The  Colonel  Molotov  Tree  has  a diameter  of  8.3  feet  when  measured 
in  the  same  way.  Lots  of  modeling''  involved  here.  Might  have  them 
find  such  things  as:  the  average  circumference  of  the  trees;  the 

lengths  of  fences  (to  thwart  souvenier  hunters)  If  the  fences  are 
5 feet  from  the  trees;  the  lengths  of  semi -circular  walks  around 
the  trees ^ etc. 


(a) 


(b) 


Section  2*  Angular  and  A_t£  Meas>,.re . 

2#  I Angle  measure. 

This  has  been  carefully  developed  in  Grade  5^  Chapter  7 and  re- 
viewed slightly  in  Grade  6^  Chapter  3-  The  development  at  this 
time  is  essentially  review  but  important.  The  vocabulary  for 
angles  should  be  introduced  (acute^  right,  obtuse).  For  refer- 
ence^ see  MJHS  Vol.  1^  pp.  287-295  or  ISSM  Vol.  2^  pp . 75-79^ 
90-94. 

Use  some  additivity  of  angles  by  measure. 


2*2  The  sum  of  the  measures  of  the  angles  of  a triangle* 

This  has  been  Introduced  as  a property  in  Grade  6^  Chapter  3* 
It  is  needed  for  further  work  this  year  and  should  be  restated 
and  its  implications  more  carefully  Investigated. 


Exercises : 


(1)  An  obtuse  triangle  is  a triangle  with  one  obtuse  angle* 
What  can  you  say  about  the  masures  of  the  other  angles? 

(2)  If  the  vertex  angle  of  an  isosceles  triangle  is  83*^^ 
what  is  the  measure  of  each  of  the  other  angles? 

(3)  If  one  angle  of  an  isosceles  triangle  is  70^^  what  is 
the  measure  of  each  of  the  other  angles? 

(4)  If  one  angle  of  an  isosceles  triangle  is  104^,  what  is 
the  measure  of  each  of  the  other  angles? 


(5)  An  acute  triangle  is  a triangle  that  contains  three  acute 
angles*  Could  an  acute  triangle  have  two  angles  of  20° 
and  35°? 


If  one  angle  of  an  acute  triangle  is  15^^  what  can  you 
say  about  the  measure  of  each  of  the  other  angles? 
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(6) 


(7) 


A right  triangle  is  a triangle  that  contains  one  right 
angle*  Could  a right  triangle  contain  two  right  angles? 
Could  a right  triangle  con'  an  ohtuse  angle?  What  can 
you  say  about  the  other  two  angles  of  a right  triangle? 

(^•)  If  one  angle  of  a right  triangle  is  23°^  what  is  the 
measui'^e  of  each  of  the  other  angles? 

(9)  What  is  the  measure  of  each  of  the  angles  of  an  isosceles 
right  triangle?  An  equilateral  triangle? 

(10)  Find  x:  (Note:  they  do  not  have  linear  pairs  yet) 


( c) 


2,3  Arc  measure  and  central  angles. 

The  terminology  of  arc  and  central  angle  has  been  started  In  Grade 
6^  Chapter  9^  PP*  567-576  and  is  reviewed  in  IVLJHS  Yol^  1^  pp*  -48l  = 
486*  The  concept  of  an  arc  degree  is  new  and  might  be  developed 
in  .she  manner  of  MJHS  Vol-  1^  pp^  487-"495^  Be  sure  to  Introduce 
semi-circles^  quarter  circles^  ecc. 
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Exercise : 


500 


Teacher  suggestion  for  Sections  2,U  and  2-5* 

Make  a circle  nailhoard  hy  placing  nails  arcrand  a circle  every  10 
or  15  degrees . Use  zoibher  hands  or  string  to  help  the  students 
see  Inserlhed  angles  and  the  invariance  of  measure  under  certain 
conditions  = 

2,h  A triangle  inscribed  in  a semi-circle. 


This  section  might  he  a set  of  exploratory  exerclsea  of  this 
nature : 


Given:  ABC  inscrihed  In 

circle  0 with  0 
lying  on  AB^  £B  ^ 

Prohlem:  Find  the  measure  of  £Cm 


Solution: 


Repeat  this  haslc  prohlem  for  many  different  Try  to  get 

to  a student  statement  of  the  property:  A triangle  inscrihed  in 


a semi-circle  Is  a right  triangle. 
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2.5  Angles  inscribed  in  ''‘^ircles. 

Begin  with  a set  of  class  exercises  to  ^discove.,  ‘ the  measure  of 

an  inscribed  angle  In  terms  of  its  intercepted  arc. 

Example  Exercise : 

(1)  Draw  a circle  and  with  a protractor  draw  a central  angle  AOB 
such  that  AB  - 40°^ 

(2)  Choose  any  point  C on  the  circle  and  draw  ^ACB.  Measure 
ZACB  with  your  protractor. 

(3)  Choose  any  other  point  D on  the  olrcle  and  draw  ZADBs 
Measure  ZADB  with  your  protractor. 

(4)  Repeat  this  procedure  for  at  least  four  other  points  on  the 
circle  ^ 


Be  certain  to  crystalize  what  is  meant  by  "an  inscribed  angle." 

Property I The  measure  of  an  inscribed  angle  is  one-half  the  mea- 
sure of  its  intercepted  arc. 

Discuss  that  this  is  not  true  if  the  vertex  of  the  angle  does  not 
lie  on  the  circle. 


Exercises  t 


etc . 
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(2) 


Is  ZD?  Try  to  explain  why 

or  why  not , 

D 

(3j  ZABC  is  an  Inscribed  angle  and  ABC  is  a semi=circle  ^ 

What  is  the  measure  of  ZABC? 

(-4)  Draw  a circle  0 and  a diameter  RS  of  this  circle.  If 

A is  any  point  on  the  circle^  what  is  the  measure  of  ZRAS? 

(5)  Given:  circle  0 with 

diameter  AB 
AC  - 110° 

Find  the  measure  of  ZACO 
and  ZBOC  and  ZACB- 

(6)  Draw  a 2 inch  line  segment.  Take  a piece  of  cardboard  with 

a corner  (right  angle)  and  use  it  to  draw  as  many  right  tri- 
angles as  you  can  with  the  2 inch  segment  as  the  hypotenuse, 
(Note:  the  hypotenuse  of  a right  triangle  is  the  side  oppo= 

site  the  right  angle 0 

Example : 


on  a circle.) 


ERIC 
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Suggestloni 

The  prohlem  might  prof  y he  done  in  two  stages: 

(1)  Draw  the  right  trian._.-.=es  • What  do  you  observe?  (it 
gets  crowded  I ) 

(2)  Repeat  as  in  (l)  but  do  not  draw  the  right  triangles. 
Just  marte  the  position  of  the  third  vertex.  What  do 
you  observe?  (The  third  vertex  lues  on  a circle.) 


The  Pythagorean  Property  and  Applications^ 


The  background  limitations  here  are  formidable*  Howevei%  this 
topic  has  been  developed  in  MJHS  Vol^  2^  pp.  192-205  or  ISSM 
VoL,  2,  pp.  335-3U. 

In  each  of  these  references,  the  background  limitations  are 
essentially  the  same  as  for  this  chapter  so  the  developments 
might  well  be  comparable  if  these  have  been  successful-  Some 
additional  applications  are  listed  below  (the  references  contain 
many  good  ones,  too) . 


Exercises : 


(1)  Find  x: 


(a) 


(b) 


X 


O 

ERIC 
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(c) 


(2)  Find  x: 


Note : The  prohlem  2B  probably  cannot  be  solved  by  the 

students.  Yet  there  is  a unique  solution.  Might  some 
find  this  Interesting? 

(3)  A rectangle  is  a quadrilateral  with  four  right  angles.  If 
ABCD  is  a rectangle  and  AB  = CD  = T and  AD  = BC  = 2k, 
find  AC  and  BD. 

(4)  If  ABCD  is  a rectangle  and  AC  = 25  and  BC  = 15,  find 
the  perimeter  of  ABCD. 

Section  Equivalence  of  Polygonal  Regions ■ 

Some  definition  for  equivalence  must  be  given.  Keep  it  very 
simple.  Possibly  mention  the  relation  to  area  measurement^  but 
stress  the  idea  that  one  region  could  be  used  to  exactly  "cover" 
the  other. 

4.1  Equivalent  region  building. 

Intuitively  develop  feeling  of  a polygonal  region  In  a plane,  and 
discuss  what  is  meant  by  two  polygonal  regions  being  equi\’'alent 
but  not  necessarily  congruent. 
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Develop  'che  following  problem  carefully  in  the  written  text  so  that 
the  student  learns  the  rules  of  this  particular  set  up. 

Take  four  congruent  equilateral  triangular  regions.  Lay  them,  on 
your  paper  to  form  a polygonal  region  following  these  rules: 

(1)  No  triangular  regions  overlap. 

(2)  Each  triangular  region  has  a common  side  with  at  Least  one 
other  triangular  region. 

When  you  get  a polygonal  region,  draw  its  boundary  on  your  paper. 
Then,  try  to  find  another  polygonal  region  fprtned  by  the  same 
rules  that  Is  not  congruent  to  the  first  one.  They  should  get: 


These  are  the  only  three  such  non-congruent  regions  that  meet  the 
requirements.  Stress  that  the  regions  are  equivalent. 

Bxerclsee ; 

(1)  Repeat  the  example  problem  using  5 such  triangular  regions. 

(2)  Repeat  the  example  problem  using  4 congruent  square  regions. 

(3)  Repeat  the  example  problem  using  5 congruent  square  regions. 

Suggested  extensions  for  those  who  find  these  intriguing: 

(a)  use  6,  8,  ,,,  triangular  regions, 

(b)  use  6,  8,  ,,,  square  regions, 

(c)  use  some  number  of  regions  which  are  con- 

gruent regular  polygons  of  mor.  sides. 

Challenge  Problem: 

Use  6 congruent  square  regions  to  form  equl  '"alent  polygonal 
regions  in  the  plane  by  following  these  rules; 

(1)  No  square  regions  overlap. 


1 


O 


(2) 


Each  square  region  has  a common  side  with  at  least  one  other 
square  region « 


(3)  No  four  square  regions  have  a point  in  common, 

(4)  There  are  no  more  than  four  square  regions  "in  a row," 

This  is  the  challenge:  Find  all  such  non-congruent ^ equivalent 

polygonal  regions  (there  are  more  than  20)  and  find  a method 
of  convincing  yours  elf  that  there  are  no  more , 

Note : There  are  25  regions  that  fit  the  above  rules  (l  think) - 

Bonus : Exactly  12  of  your  above  regions  can  be  cut  out  and 
folded  along  the  comnion  sides  of  the  square  regions  to  get  a cube. 
Find  them, 

4,2  Decomposing  regular  polygons. 

Establish  uhe  intuitive  feeling  that  every  regular  polygon  has  a 
"center"  and  that  by  Joining  this  center  to  each  vertex^  the  regu- 
lar polygon  of  n sides  is  decomposed  into  n congruent  Isosceles 
triangles , 

Exercises  - Give  traceable  patterns  of  regular  polygons  with  the 


4,3  Forming  rectangular  regions. 

Discuss  the  "niceness"  of  measure  as  related  to  rectangular  re- 
gions (remind  them  of  approach  to  finding  areai  i.e.^  covering 
with  square  regions). 


centers  and  the  line  segments  Joining  each  vertex  to 
the  center  a Have  students  cut  these  out  and  arrange 
them  in  a line.  That  is^ 


See  if  they  recognize  that  the  equivalent  region  so 
formed  is  always  either  a parallelogram  or  a trape- 
zoid* See  if  they  can  generalize  to  a regular  poly- 
gon of  71  or  72  sides* 
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Exercises ; Decomposing  and  doubling  to  get  rectangles.  Use 

scissors,  encourage  tracing  regions,  think  freely. 


(5)  Same  Ideas  can  be  done  with  other  familiar  figures  and  with 
some  that  are  not  common  such  as  a cross . 

Note : Two  possible  Challenge  Sections . 

(1)  Decomposing  regions  with  various  goalsj  e.g.,  any  triangle  to 
a parallelogram.  Some  of  these  could  be  extremely  challenging 
and  certainly  non-trivial . 


(2)  Develop  some  of  these  same  equivalence  Ideas  for  spatial 


regions . 

Section  Greater  than  ( In  a_  geometric  sense;  for  segments  3 angles  3 

planar  regions  ^ spatial  regions  # 

Build  situations  where  one  set  is  a subset  of  another  set  of  the 
same  type . Some  exploratory  development  leading  toward  the  px"ln= 
ciple  that  the  measure  of  a subset  does  not  exceed  the  measure  of 
the  superset. 

Exercises : 

DAG 

I — I — I 


(1)  Segment  AD  is  a subset  of  CD. 


.s  a subset  of  the  interior  of  ZMV¥. 


(3) 


Polygonal  region  ABCDEFGHA  is  a subset  of  curvilinear 
region  ABCFIHA . 


ih) 


If  a sphere  is  inscribed  in  a cube^  the  spherical  region  is 
a subset  of  the  cubical  region. 
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GRADE  7 - CHAPTER  6 


RATIO  AND  SIMILARITY 


Purpose ; 

To  Introduce  the  Idea  of  not-necessarily_equlvalent -but-meti'ically^ 
related  flgurc-s  where  one  Is  a unlfo.rtiily  enlarged  copy  of  the  other-- 
similar  figures , To  extend  the  Idea  of  ratio  and  proportion.  To  relate 
the  concept  of  geometrically  similar  figures  to  the  more  common  usages 
in  which  the  similarity  may  not  be  exact.  To  generalize  isometry  trans- 
formations to  similarity  transformations , 


Rationale ; 


This  chapter  continues  the  process  of  structuring  or  modeling 
physical  suace  begun  in  Chapter  1 (Nonmetrical  Properties)  and  con- 
tinued in  Chapter  U (Congruence  and  Replication)  and  uses  the  metric 
properties  developed  In  Chapter  5 (Measure) . Experience  with  physical 
objects  suggests  a generalization  of  congruence  In  which  one  figure  is 
a magnified  "copy"  of  another.  This  notion  is  idealized  (modeled)  in 
the  concept  of  similar  figures  --a  figure  which  Is  a "uniform"  en- 
largement of  another.  The  general  definition  (barely  hi  t.e  'n  the 
chapter)  requires  that  the  figures  be  related  by  a 1-1  oo_  ..jndence 

which  multiplies  all  distances  by  a fixed  constant.  Such  correspon- 
dences, called  similarity  mappings,  form  a generalization  of  the  con- 
cept of  motion  (or  isometry). 


Ba ckground  Assxmptlons ; 

The  concept  of  congruence j congruence  of  angles;  some  sufficiency 
theorems  for  congruence  of  triangles  (SSS,  SAS,  ASA);  the  concept  of 
linear  measure;  planar  co-ordinate  systems. 
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Section  Magnification  and  Contraction ; 

This  section  is  to  be  exploratory  --  the  physical  examples 
and  finger  exercises  are  not  to  be  developed  or  discussed  at  great 
d’  th.  The  geometric  term  "similarity"  should  not  be  used.  The 
student  should  be  allowed  and  encouraged  to  range  widely  within 
his  experience  for  situations  where  some  relatively  pure  magnifica- 
tion or  contraction  has  occurred.  Rely  strongly  on  the  students' 
Intuitive  belief  that  line  segments  will  be  transformed  into  line 
segments . 

1.1  A discussion  of  blowing  balloons  (with  pictures  on  them) ^ project- 
ing a slide  (on  a surf'ce  perpendicular  to  the  projector),  seeing 
through  a telescope,  iiiicrosGope,  and  binoculars,  taking  a picture 
with  a camera . 

Exercises i A series  of  problems  IrYOlving  dilatation  from  a focal 


point  by  drawing  and  using  a numerical  property  (e.g«^ 
directions  "go  twice  as  far"  or  "go  half  as  far".) 
These  should  contain  some  pointwise  dilatations  for 
straights  (and  curves?)  and  some  closed  polygons. 


Students  may  be  working  In  two-  or  three -space 

t ask.  A sample  problem  in  detail  occurs  at  the 
end  of  this  outline  (Appendix  A), 


(1) 


(2)  (a) 


ERIC 


(3) 


(4) 


Might  include  a problem  using  focal  point  but  no  numeri- 
cal  property  to  show  change  in  shape-  For  example^  show  a 
completed  dilatation  that  was  done  Incorrectly  and  have 
students  explain  what  was  done  wrong  and  what  happened 


differently  as  a result. 


(5)  Question  for  thought:  do  you  see  your  pictures  in  these 

exercises  as  being  in  two-space  or  three-space? 


1.2  A continuation  of  the  above  ideas  by  introducing  a co-ordinate 

system  to  the  plane  and  using  the  origin  as  the  focal  point*  The 
written  discussion  might  develop  this  very  carefully  for  one  prob- 
lem* Nice  example  of  adopting  a model  for  neatness  and  clarity. 
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Exercises : A series  of  problems  involving  dilatation  by  use  of  co- 

ordinates and  a numerical  property  (e.g,,  directions 
"double  each  co-ordinate"  or  "halve  each  co-ordinate" ) ^ 
Be  sure  to  use  some  ratios  such  as  — for  rational 
number  practice  (but  only  on  positive  numbers  at  this 
point)  . A sample  problem  occurs  in  detail  at  the  end 
of  this  outline  (Appendix  B) . 


(L)  A = (1,-1),  B = (1,3) 
C = (2,1  . D = (4,2) 
Plot  anc3  draw  ABCD 


sC  D 

j 

/ 

1 

(2)  A = (1,3).  B = (-2,2) 


Plot  end  draw  ABC 


'double^ 


M = (2,-2),  N = (2,6) 
R - (4,4),  P = (8,4) 
Plot  and  draw  MNOP 


c = (0,-1) 


(2.6), 

F = (-4,4) 

G = (0,-2) 

Plot  and  draw  EFG 


(3) 


Might  Include  a problem  where  only  one  co-ordinate  is  doubled 
to  show  change  In  shape.  That  is,  double  just  the  y co- 


ordinate and  see  the  elongation. 


(4)  Might  give  two  point  sets  where  the  points  of  one  have  been 
reflected  in  the  origin  and  doubled  to  get  the  other.  Have 
students  graph  each  and  see  what  happens.  See  if  they  can 
discern  the  manner  In  which  the  second  point  set  was  derived 
frotn  the  first. 


(5)  Check  to  see  If  the  students  recognize  the  focal  points  by 
having  them  draw  rays  from  the  origin  through  +he  vertices 
for  a problem. 


O 

ERIC 
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(6)  Might  have  student-s  draw  sorne  corresponding  pairs  of  line 
segments  in  the  similar  figures  and  ^ry  to  compare  their 
relative  positions  and  sizes. 

Section  2^  The  Concept  of  Similarity 2 

Notes  This  section  is  still  not  definitive  but  is  a more  refined 
exploratl on . 

2.1  Begin  trying  "o  refine  the  relationship  of  the  figures  worked  with 
in  the  first  two  sections.  See  if  students  can  recognize  similar 
and  non^simllar  figures  and  verbalise  what  they  are  looking  for* 
Give  some  emphasis  to  what  is  not  sufficient  for  this  relationship.* 

Exercises 

(1)  George family  moved  into  a new  house  and  George  told  his 
frxends^  "My  new  bedroom  is  similar  to  the  old  one  except 
that  it  is  twice  as  big  and  has  three  windows  instead  of  two" - 
how  is  he  using  or  misusing  the  geometric  idea  of  similarity? 

(2)  Sarah  sald^  "All  people  are  similar ^ each  has  a head  and  two 
arms  and  two  legs" . How  was  she  using  the  word  "similar"? 

(3)  Is  what  a person  sees  with  corrective  eyeglasses  similar  to 
what  he  sees  without  his  glasses? 

(4)  A s clence  teacher  tells  his  class  that  a certain  apparatus 
involving  marbles  and  w^tres  is  s imilar  to  the  solar  system  = 

Is  It  similar  in  the  geometric  sense  of  the  word? 

(5)  Give  some  sets  of  figures  where  the  student  is  to  try  to 
find  similar  figures  and  explain  why  he  thinks  they  are 
similar^  Make  some  --^lose"  enough  to  get  arguments.  (Build 
the  idea  that  we  need  something  more  than  the  eye  or  our 
rulers . ) 
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(6)  Compare  any  two  x^ectangles  o they  necessarily  have  this 

similarity  relationship  we  are  looking  for?  (To  build  the 
iau.=..  that  angle  congruence  is  not  enoughs) 


(T)  Compare  two  equilateral  quadrilaterals  that  are  not  congruent 
o they  have  this  similarity  relationship?  (To  build  the 
idea  that  ''doubling''  sides  is  not  enough.) 


2.2  Further  refining  of  this  similarity  relationship  through  a compari- 
son to  congruence  (developed  in  Chapter  4)  and  equivalence  (de- 
veloped in  Chapter  5) • Develop  a need  for  properties  of  ratio  and 
proportion.  Begin  effort  to  get  a definitive  statement  of  this 
similarity  relationship. 

Exercises i 

(1)  Given  a square 

(a)  Make  a congruent  figure  and  explain  why  you  think  it  is 
congruent , 

(b)  Make  an  equivalent  figure  and  explain  why  you  think  it 
is  equivalent . 

(c)  Make  a similar  figure  and  explain  why  you  think  it  is 
similar. 

(2)  Repeat  c for  a triangle  and  some  other  shapes. 

(3)  Given:  two  triangles  ABC  and  RST 

AB  ^4^  BC  - 10^  AC  = 12^  RS  - 12. 

(a)  If  these  triangles  are  congruent^  do  you  know  the  length 
of  ST?  M? 
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(b) 

If 

fliSbe 

triangle 

s 

Eixe 

of 

RT? 

Given; 

two  triangles 

ABC 

AB  = 

k,  BC  = 

10, 

(a) 

If 

these 

triangle 

S 

are 

of 

AC? 

ST?  m? 

(b) 

If 

thes  e 

triangle 

s 

are 

of 

AC? 

ST?  OT? 

(5) 


Given"  t.wo  triangles  ABC  and  fiST 
AB  - 3j,  BC  = 4,  ST  = b 


(a) 

If 

these 

triangles 

are  congruent^  do  you  know  tl 

le  length 

of 

AC? 

ST?  RT? 

(b) 

If 

these 

triangles 

are  similar^  do  you  know  the 

length 

of 

AC? 

ST?  m? 

(6)  Some  exploratory  roBlenis  relative  to  sufficiency  situations j 

e.g., 

(a)  If  three  angles  of  one  triangle  are  congruent  to  three 
angles  of  another  triangle^  are  the  triangles  similar? 
Tfhy  or  uhy  not? 

(h)  If  four  angles  of  One  quadrilateral  are  congruent  to 
four  angles  of  another  quadrilateral^  are  the  quadri-- 
Laterals  similar?  Why  or  why  not? 

Section  3-  Ratio  and  Froportion^ 

3al  Develop  the  meaning  of  ratio  and  symhols  for  (rebuild  from  Grade 

Chapter  9>  but  along  the  lines  of  MJHS  Vola  1^  Chapter  9) ^ Stress 
different  names  for  the  same  ratio  (see  same  references).  Use  some 
non-numerical  ratios^  such  as  line  segments. 


ERIC 
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Exercises”  see  references 


3-2  Develop  proportiori  as  equal:’ ty  of  ratios. 


a c 

Property ; — = ^ ad 


be 


Prop  /ty:  o.d  be  ^ ^ if  b ^ 0.  d i 0 

D d r ? r 


Include  a sequence  of  equal  ratios  and  the  Idea  of  a constant  of 


proportionality , 


Example ; 

If  the  measure  of  MN 
(give  a value  for  k 

Exercises : See  Grade 

MJHS  Voi. 


AB  BC  AC 
“ HO  ““  MO  “ 

is  4^  the  measure  of 
i n s ome  problems  but  n c -- 

5^  Chapter  9 
Chapter  9 


Geometry^  pp^  36l~364 


AB  rs  , * - 
all)  , 


Section  _4.  Defining  Slmllari ty ^ 

4.1  Formalize  the  definition  of  similarity  for  convex  polygons 

(corresponding  angles  congruent  and  corresponding  sides  propor- 
tional) - 

Note : Do  not  stress  the  convex  restriction.  Broad  definition 

is  mainly  to  allow  sirnilari.ty  of  squares.  Discuss  problem  of 
defining  similarity  for  other  figures  (wiggly  linea^  simple 
closed  curves )o  Stress  correspondence  property. 


Exercises : 

(1)  Several  problems  where^  given  similar  figures^  the  student 
sets  up  the  correspondences . 

(2)  Some  exploration  of  types  of  figures  that  are  always  similar: 
pairs  of  isosceles  right  triangles^  equilateral  triangles^ 
30“60^90  triangles^  squares ^ (regular  tetrahedrons,  cubes?). 
Try  to  see  why  this  is  so  and  look  for  correspondences  In  more 
than  one  way^. 


(3)  Discover  the  similarity  of  any  two  circles  have  students 
try  to  explain  why. 

(4)  Problems  that  require  completing  the  proportions  for  similar 
figures  t 

If  AABC  ~ ^TR  then  ^ ™ 


Section  5,.  Sufficiency  Properties  for  Triangles  % 

5*1  Exploratory  work  in  class  everyhody  draw  a triangle  (using 

portractors)  with  certain  given  angles^  and  compare  with  neighbors ^ 
Perhaps  a written  set  of  class  exercises  that  will  lead  to  the  idea 
of  AA.A  similarity. 

Short  w^-itten  discussion  of  sufficiency  (relate  back  to  congruence 
properties) ^ 

Statement  of  the  AAA  similarity  property. 


Exercises : 


(l)  Find  similar  triangles  (a  few  short  deductive  sequences)^ 
and  state  the  proportional  sides ^ e,g.  ' . 


(2) 


Use  the  l80°  property  for  triangles  to  develop  AA 
similarity  property. 

More  finding  similar  triangles  and  stating  proportional 
sides  % 


(a) 


Op) 


( c) 


(3) 


(4)  What  is  sufficient  for  two  right  triangles  to  be  similar? 

(5)  What  is  siifficient  for  two  isosceles  triangles  to  be  similar? 

(6)  Is  there  a congruence  property  like  this  similarity  property? 
Why  or  why  not? 


(7)  Bra inbuster: 

(a)  Find  similar  triangles: 


(b)  Find  x: 


4 ^ 

X 3 

X 

r 

n\ 

5-2  Exploratory  exercises  in  class  for  SSS  to  be  done  ^'y  construc- 
tion or  with  sticks  (e.g.^  take  a triangle  -=  form  a new  triangle 
by  halving  lengths) , Again  a set  of  written  class  problems  might 
be  U-seful, 


Short  rehash  on  sufficiency  (perhaps  SSSS  for  quadrilaterals) « 
State  SSS  similarity  property.  Some  more  discussion  on  proper- 
ties that  contain  three  ratios  rather  than  two. 

Exercises : 


(1)  Are  these  triangles  similar?  If  so^  state  the  correspon- 


Given: 
MO  ^ 15 


AB  ^ 5j  AC  = 3^  CB  = 7 and 
, Are  there  similar  triangles? 


MN  1:^  21,  m = 9, 

Show  why  or  why  not  o 
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(3) 


(U)  Why  are  all  equilateral  triangles  similar? 

(5)  l3  the  proportiohaiity  of  two  pairs  of  sides  of  isosceles 
triangles  suffic  it  for  slmllarj-ty? 

(6)  Is  there  a congruence  property  like  this  similarity  property? 
Discuss  why  or  why  not. 


Exploratory  Exercises  in  Class  for  SAS  Similarity  Property; 
Statement  of  SAS  property  r similarity.  Bring  baci:  propor- 

S'* 

tlon  property  ad  s be  j if  b ^ 0^  d ^ 0. 

Exercises ? 

(,1)  Are  these  triangles  Blirillar?  IT  so^  Ehuore  Lhe  correspondence 
involved . 


(2)  In  triangles  ABC  and  BST^  A = T and  AC  ' TS  = AB  »RT. 

Are  there  similar  trlangleB?  If  so^  state  the  similarity. 

If  not,  discuss  ■"Jhat  Is  lacking. 

( ■’■)  Does  the  line  Joining  the  midpoints  of  t-wo  sides  of  a tri- 
angle form  a new  triangle  that  is  similar  to  the  original 
triangle?  Discuss  why  or  why  not. 

(4)  What  is  sufflolent  for  two  isoBueles  triangles  to  be  similar? 

(5)  Is  there  a congruence  property  like  this  similarity  property? 
Discuss  why  or  why  not» 

5o4  Add  corresponding  lines  to  two  similar  triangles  (such  as  medians, 
altitudes,  angle  bisectors,  midlines)  and  consider  how  they  are 
related.  Use  this  to  review  all  three  similarity  properties  and 
to  reinforce  the  concept  of  similarity  as  being  ratio -preserving 
.1  or  all  corresponding  Linear  parts . 
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(This  section  might  be  too  difficult,  but  it  is  worth  a try  after 
they  preceeding  work.) 


Exercises ; 


(1) 


A 


C 


0 


Given:  AABC  - iiMNO, 

What  can  you  deduce? 


AX 


and  MY  are  angle  bisectors . 


Given;  MBC  - BS  and  NT  medians, 

Ifhat  can  you  deduce? 


(3)  Might  sneak  in  some  questions  relative  to  ratios  of  areas 
for  two  similar  figures  (such  as  squares). 


Section  6 , Simile  city  Mappings . 

6.1  Find  the  similar  trlanglfes  implied  in  Section  1.1.  Go  back  to 
these  and  set  up  a mathematical  model  in  which  siinilar  triangles 
can  be  found.  Also  use  some  old  chestnuts  like  the  height  of  the 
flagpole,  the  tennis  serve,  the  river  width,  me  and  niy  shadow 
versus  the  tree  (these  are. not  "old"  to  them) . 

6.2  A thorough  discussion  of  local  maps  as  models  for  local  geography 
(not  stereographic  maps,  etc).  A careful  consideration  of  the 
limitations  of  the  maps  as  models  and  what  similarity  (in  the 
pure  geometric  sense)  can  be  assumed.  Thought  should  be  given  to 
hills  and  valleys,  river  paths,  highway  jogs,  etc.  and  how  these 
appear  on  the  map.  Teachers  should  be  encouraged  to  brlnj  in  some 
local  maps  so  the  students  can  compare  to  an  area  they  are  "blcycle- 
familiar"  with. 
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6o  Working  with  scale  drawing  and  blue  prints  (see  MJHSj  Vol.  2, 
pp.  384-389) • Add  some  discussion  of  ratios  of  non-equivalent 
hut  comparable  units  (e,g.j  1 foot  to  1 mile  is  net  1:1  but 
1:5280).  Careful  attention  to  how  exact  the  "similarities"  of 
blue  prints  and  scale  drawings  are. 

6.4  Katurai  place  for  some  right  angle  ti’lgonometry  --  maybe  just 
the  tangent. 
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GRADE  7 CHAPTER  6 
APPENDIX  A 


1.1  Sample  Problem  in  Detail; 


Note;  This  problem  would  probably  appear  in  the  latter  half  of 
the  problem  set.  However^  figures  might  generally  be  non  over- 


lapping. 

Given: 


Reproduce  the  given  figure  on  your  paper 
necessary) . 


tracing  if 


(b) 

Draw  QA,  OB,  OD, 

and 

(c) 

Measure  QA  with  a 

ruler 

and  select  a point 

R on 

(d) 

Measure  OB  with  a 

ruler 

and  select  a point 

S on 

(e) 

Measure  OC  with  a 

ruler 

and  select  a point 

T on 

(f) 

Measure  OD  with  a 

ruler 

and  select  a point 

U on 

(g) 

Draw  the  polygon  RSTU. 

OC. 

Multiply  the  length  by  = 
A such  that  OR  = ^ OA , 

3 

Multiply  the  length  by  — 

— ^ - 3 - 

OB  such  that  OS  = = OB. 

3 

Multiply  the  length  by  g- 
OC  such  that  OT  = OC. 

3 

Multiply  the  length  by  — 
OD  such  that  OU  = ^ OD, 


(h)  Give  some  explanation  of  how  ABCD  and  RSTU  are  re- 
lated. (Note;  not  to  be  Included  In  all  problems.) 
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GRADE  7 - CHAPTER  6 


APPENDIX  B 


1,2  Sample  Problem  in  Detail: 


Note:  This  'would  be  a problem  found  in  the  latter  half  of  the 

problem  set.  The  exact  terminology  and  symbols  are  dependent  on 
preceeding  development  ■, 


Given:  A co-ordinate  system  with  the  point  set  M (A,B,C,D,e} 

where  A = (l,2),  B = (2,3),  C = (3,3),  D = (3,-2), 

E = (1,0) , 

(a)  Make  a graph  of  M. 

(b)  Draw  the  polygon  ABCDEs 


(c)  Form  a second  point  set  N = {R,B,T,U,¥3  where 

(x,y)  ->  (lx,4y)  and  A -4  R,  B -4  S,  C -4  T,  D 0, 
E “4  w,  (That  Is,  the  co-ordinates  of  R,S,T,U,W  are 
respectively  four  times  those  of  A,B,C,D,E) 


(d)  Make  a graph  of  N on  the  same  co-ordinate  system, 

(Note I In  earlier  problemB,  R might  be  graphed  in  a 
second  co-ordinate  system  to  avoid  overlapping  figures,) 


(e) 

Draw  the  polygon  RSTUW, 

r(f) 

Give  some  explanation  of  how 

ABCDE  and 

RSTUW  are 

not  to 

related , 

be 

included  ^ 

(s) 

Draw  OR.  ot.  OT,  OU,  and 

—4 

OW  where 

0 Is  the 

on  all 

gin. 

problems 

-(h) 

What  do  you  seem  to  observe  about  these  rays? 

orl 
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GRADE  T - CHA^PTER  6 
APPENDIX  C 
NOTE  ON  PERCENTAGE 


After  the  concepts  of  ratio  and  proportion  are  developed  in  the 
early  part  of  the  chapter  in  connection  with  slmllBrity,  the  following 
treatment  may  be  used  to  develop  a comprehensive  view  of  percentage,, 

'^8 

Since  38^  = 08  = '^q  we  may  write  a percent  as  a ratio.  The 
following  problems  will  illustrate  how  we  may  now  work  with  ratios  as 
percents . 

Example  1:  A movie  theatre  has  96O  seats.  If  15%  of  these  seats 
are  in  the  reserved  section,  how  many  seats  are  In  the  reserved  section 

Let  n represent  the  number  of  seats  In  the  reserved  section., 


We  know  that  the 


seats 


15 

100  ’ 


ratio  of  reserved 


seats 


to  the  total  number  of 


Also,  the  ratio  of  reserved  seats  to  the  total  number  of 


seats 


n 

960  ■" 


Since 


15 

100 


and 


are  different  names  for  the  same  ratio,  then 
15 n_ 

100  " 960  ' 


Example  2:  The  enrollment  of  a school  Is  950  students.  Of  these 

228  are  freshmen.  What  percent  of  the  total  school  population  is  the 
number  of  freshmenf 

Let  n represent  the  number  of  percent  of  freshmen. 

We  know  that  represents  the  ratio  of  the  number  of  freshmen 

to  the  total  school  population, 


Also^ 

population 


the  ratio 


is 


228 

950 


of  the  number  of  freshmen  to  the  total  school 


Since 


have 


n 

100 


and 


228 

950 


are  different  names  for  the  same  ratio  we 


n _ 228 
100  " 950  “ 


Example  3f  A man  found  that  he  saved  ^788  one  year.  If  thle  was  8^ 
of  his  total  Income  for  the  yeahj  what  was  his  total  income? 


Let  n represent  the  man's  total  Income, 

We  know  that  represents  the  ratio  of  the  savings  to  total 

income. 


Also, 


8 

100 


represents  the  ratio  of  the  savings  to  total  Incomei 


768  ^ 8 
n ^ 100  ' 


The  above  three  problem  types  include  almost  all  significant 
problem  types  that  the  student  Is  likely  to  encounter  In  percentage. 

The  percentage  concept  and  its  applications  should  be  applied 
throughout , 

Some  applications  will  occur  in  (7~V'Il) , (8-'l)  , (8-IY)^  (8-Vl) , 
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GRADE  7 - CHAPTER.  8 


Background; 

Prom  Chapter  2:  OppoBite  function.  Opp:  x -x 

Chapter  3;  Addition  and  Suhtractlon  of  any  two  rationals, 
Percent 

Chapter  6;  Similar  triangles 
Objecblves : 

1.  Multiplication  of  any  two  rationals . 

2,  The  class  of  functions  f ; x -»  mx  for  all  rational  m, 

3*  Absolute  value  function. 


Rationale;  ¥BT|  hopefully  this  will  be  evident  from  the  ensuing 


outline , 

5.1  Review  of  negative  rationals  as 
a set  of  numbers.  Opposite  func- 
tion and  its  graph 

Opp(x)  = -X 
Opp;  X -X 

Observe  that  plotting  a number  of 
points  on  this  function,  we  seem  to 
obtain  a Btraight  line.  Essay  a 
proof  using  similar  triangles. 


5,2  Multiplication  of  a positive  rational  by  a negative  rational. 
(For  a similar  but  alternate  treatment  see  Appendix  to  Chapter 
3,  Alternate  version.) 
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A general  rationale  Is  exemplified  by  the  following: 

Let  us  consider  the  following  reoscnable  situation:  A man  who 

lives  on  ohe  west  side  of  town  starts  walking  eastv/ard^  along  the 
main  street  of  the  town^  at  the  rate  of  2 miles  per  hour»  At 
noon  he  reaches  the  very  center  of  town»  Tfatural  questions  are: 
Where  will  he  he  at  1 PM^  at  2 PM^  at  3 PM?  Wlierewas  he  at  11  AM^ 
at  10  AM?  If  he  started  at  9:30  AM, where  did  he  live? 

A natural  model^  the  number  line  suggests  Itself; 


9 : 30  10  am 

■ - U— 

WEST 


11  am 

-I— 


Noon 

1 

Center  of 
Town 


1 pm 


2 pm 


3 pm 
EAST 


1 I i ! \ S I » 

-3  -2^  -2-10  12  3 

A simple  application  of  the  law  that  says: 


Distance  traveled  in  miles  in  the  time  of  T hours  = Rate  in 
miles  per  hour  X Time  in  hours  traveled^  or  more  briefly^ 

D = R "T.  In  this  case  D « 2T  tells  us  that  at  1 PM  he  is 
2 m_iles  east  of  the  center  of  the  town,  at  2 PM  he  Is  4 
miles,  and  at  3 PM  he  is  6 miles  east  of  the  center  of  town. 


Another  model  for  way  of  representing 
distance  traveled  as  a functl.on , 

D : T 2T,  which  expresses  the 
association  of  time  traveled , with 
2T,  the  distance  in  miles  traveled 
in  T hours  at  the  rate  of  2 
miles  per  hour. 

Let  us  make  a graph  of  this  function. 
The  origin  corresponds  to  the  man's 
location  at  noon  the  center  of  town . 
We  shall  plot  several  points.  We 


our  situation  is  to  regard 
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133 


note  an  important  result:  The  points  appear  to  lie  on  a straight 

line If  we  draw  in  the  straight  line,  we  may  use  it  to  read  o±T 


other  values , 
say^  10  minutes 


Suppose  we  wish  to  see  how  far  our  man  has  gone  in 
or  ^ hours.  Our  graph  tells  us:  miles.  Of 


f 


course  we  can  check  this  ^ = 2 x ^ . The  graph  not  only  gives  us 
a picture  of  how  the  distance  traveled  changes  with  tlme^  hut  also 
permits  us  to  obtain  more  information  without  further  calculation. 


Now  Let  us  think  about  the  question 
"where  was  our  man  at  11  AM?"  Surely 
he  was  west  of  the  center  of  town^and 
indeed  since  11  AM  Is  1 hour  before 
noon^  he  was  2 miles  west  of  the 
center  of  town.  On  the  model  which 
expresses  our  function  D : T 2T 
this  suggests  that  the  time  11  AM 
should  be  represented  by  (-1) 

(l  hour  before  noon)  and  the  distance 
from  the  center  of  town  is  2 miles 
west  or  -2.  Thus  we  plot  the  point 
(-1,-2)  to  represent  the  information 
that  1 hour  before  noon  he  was  2 
itlles  west  of  the  center  of  town.  In 
the  sarae  way  the  point  (-2,-1)  de- 
notes the  fact  that  2 hours  before  noon  (lO  AM  is  represented  by 
the  negative  number  -2)  our  man  was  1 miles  west  of  the  center 
of  town  (4  miles  west  Is  represented  by  the  negative  number  -4). 

In  the  same  way  (-3^“^)  would  denote  the  fact  that  at  9 AM  he 
was  6 miles  west  of  the  center  of  town.  Of  course,  he  began  his 
walk  at  i9i30  AM,  so  (-3,-6)  d.oes  not  represent  an  attained  posi- 
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tlon . 


Now  we  ODserve  that  the  points  (-2^-4)  and  lie  on  the 

extension  of  the  line  we  have  drawn.  (An  argument  via  similar  tri- 
angles could  be  given  here.)  And  so,  by  extending  the  line,  we 
could  obtain  further  information  without  further  calculation.  Thus 
we  find  that  the  point  , -5>)  lies  on  this  line.  The  point 

e 1 

(.  2.^-5)  corresponds  to  the  fact  that  or  2 ^ hours  before 

noon  (9:30  AM),  our  man  was  5 miles  west  of  the  center  of  town. 
And,  of  course,  we  can  check  that,  since  in  2 ^ hours  he  can 

walk  2 i X 2 = 5 miles,*  thus  he  must  have  started  5 miles  west 
of  the  center  of  town. 

But  now  what  of  all  this?  By  using  negative  numbers  to  represent 
titries  before  noon  and  miles  west  of  the  center  of  town  In  our 
distance  function  D : T 2T,  we  conclude  that  2(-l)  = -2  and 
2{-2)  = -4  and  2( - |)  = -5^ 

Let  us  now  consider  some  other  examples  of  multiplication.  Sup- 
pose the  man  had  been  crawling  at  ~ miles  per  hour.  What  then? 
...  We  plot  several  points.  Again  we  find  that  they  lie  on  a 
straight  line. 


” Carry  On" 


Extend  to 


5.3  Graphs  of  multiplication  by  a positive  rational  number. 

1 7 

From  the  D = RT  example  go  to  multiplication  by  3,  g j and 

generalize  to  multiplication  by  ni(m  > O)  . First  do  for  mx  for 
positive  X and  then  extend  line  Into  Third  Quadrant » Plot  lots 
of  points  and  obtain  a little  drill  in  the  multiplication  of 
ratlonals.  Denote  numbers  both  by  fractions  and  by  decimals ^ 

Multiplication  by  m(m  > l) 

by  l(m  - 1)  (the  identity  function) 

by  m(m  < 1) 


ERIC 
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Ex" encJon  xiix-o  Thli'd  Quadrant- 


Obtain  rule;  If  a > 0 and  b > 0 then  a(-b)  «=  -(ab)  = b(-a). 


,4  Mult-lpll cation  of  a positive  by  a negative  and  the  distributive 
law  j 

From  the  distributive  laws  Since  ab  — > a(-b)  = a(b  + (-b))  = a » 0 

= 0 

Then  a(-b)  = -(ab) 


Sonie  space  should  be  given  here  to  the  mathematical  philosophy  of 
what  laws  a system  of  numbers  should  obey  and  the  fact  that  the 
i7ules  we  have  for  multiplication  are  merely  definitions^  albeit 
ones  which  were  suggested  In  a natural  way » 


5„5  Multiplication  by  a negative  rational. 

How  that  we  have  multiplication  of  a positive  by  a negative  we 
can  consider  the  function  f ; x — » (-2)x  when  x Is  positive. 

Plot  points  of  this  foimi!  (x  ^ -2x)  when  x is  positive.  This 
leads  to  a line  In  the  Fourth  Quadrant,  Many  of  the  steps  in  the 
previous  sections  can  be  repeated. 

Point  out  that  the  opposite  function  is  also  multiplication  by  -1. 
Extend  line  for  x -»  -2x  into  Fourth  Quadrant. 

Obtain  Rules  If  a > 0 and  b > 0 then  (-a)(-b)=  ab. 

Use  distributive  law  to  show  agreement  of  this  result.  Point  out 
that  this  derivation  yields  rule: 
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For  ?ill  rationals,  (-a)(-b)  = ab  and  (-a)b  = -(ab)  . Check 
all  cases  with  the  previously  graphed,  functions . (A  discussion 
of  hov;  many  cases  will  arise  is  an  interesting  combinatorial 
problem » ) 

Establish  commutativity  of  multiplication  for  the  rationals. 

5.6  Addition  and  subtraction  revisited.  Use  -a  = (-l)a  » 

Example ; 

-2  - 3 = -2  + (-3)  = (-1)2  + (-1)3  = (-1)(2  + 3)  = (-1)5  = -?  . 


5.7  More  on  Opposite  function 


-(-2,-3)  = (-l)(-2,-3)  = (-l)(-5)  = !5 


Opp,  (x  - 1);  its  graph 


5,8  Absolute  value  fun^tloni  their  graphs. 


5.9  Applications. 


Any  you  can  think  of,  but  certainly  percent  decrease  problems . 


5.10  Graphing  x ax  + b|  the  role  of  the  parameters  a and  b. 


Discuss  the  cases ^ 
(1)  a = 0 

(3) 

a = 1, 

b 

< 0 

(2)  a = 1,  b > 0 

(4) 

a > 0, 

b 

> 0 

(5)  a > 0,  b < 0 (7)  a < 0,  b < 0 

(6)  a < 0,  b > 0 

Slope  and  intercept* 
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GRADE  7 " CHAPTER  8 
(Alternate  Version) 

(To  accornpany  Alternate  Versions"  of  Chapters  3^  ^ 
GMPHS  OF  LINEAR  FUNCTIONS!  VARIATION 


Backgrounds 

1.  Addition^  suhtraction^  multiplication  and  division  of  rational  of 
rational  numbers  p 

2.  An  introduction  to  "percent"  function^  the  opposite  function^  the 
absolute  value  function^ 

3^  Coordinates^  graphs  of  linear  functions  in  the  first  quadrants 
4#  Solutions  of  mathematical  eehtences* 

Ratio  and  Similarity 


Rationale : 


This  chapter  will  extend  the  concepts  of  functions  and  graphing 
presented  in  Chapter  2,  The  operations  with  rational  mmibers  will  be 
available  from  Chapter  3 along  with  beginning  techniques  for  solution 
of  mathematical  sentences.  Ratio  and  Similarity  also  provide  a realis-' 
tic  background  for  the  discussion  of  slope  and  conaurrency# 


Purpose t 


1.  To  provide  some  understanding  of  and  some  skill  In  graphing  func- 
tions of  the  form  f : x rax  + bp 


2p  To  provide  a strong  graphical  background  for  the  solutions  of  sys- 
tems of  sentences  by  Linear  Combination# 


To  provide  a background  of  Variation  as  a function^  graphical 
presentation  and  applications. 


re- 


3 


Graphs  of  Functions ;; 


Section 


1,1  Review  briefly  the  reuLangular  coordinate  systern  and  association 
of  points  with  their  coordinates . 


1.2  Graphs  of  Functions  with  restricted  domains. 

Example  1"  Graph  the  following  four  functions  on  the  sarne  coordl= 
nate  axes  I 

(1)  S ; X ^ 2x  , 0 < X < 2 

(2)  2<x<4 

(3)  0 ; X — > 2x  ~ Qji  h < X < 6 

(k)  G “ X 2x  - 14,  7 < X < 9 
Example  2:  Graph  phe  folio-wing  function; 

T " s ^ s , 0 < s (tie  in  Area  Function) 


Example  _3;  Graph  the  following  function; 


K ; X 


-1,  0 < X < 2 

1,  -2  < X < 0 


2,  4 < X < 6 

Example  j4;  Graph  the  following  function; 


A ; X 


Section  2»  Slope  and  Intercept i ; 

2.1  ReTlew  graphing  of  linear  functions  in  first  quadrant, 

2.2  Experimentally  develop  concept  of  slope. 

Example ; Draw  the  graphs  of  the  following  functions  on  the  same 
coordinate  axes, 

S ; X -»  3x 
L : X ->  3x  + 1 
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0 : X — > 3^  3 

P : X 3x  - ^4- 
E •,  X -»  3x  + 5 


Ask  students  to  select  two  arbitrary  points  on  each  line  (probably 
a ].attlce  points  to  start  wltb)  and  then  write  the  ratio  of  the 
difference  of  the  y coordinates  to  the  difference  of  the  x 
coordinates  for  each  pair  of  points.  (Select  additional  points 
and  repeat  process) . Have  students  Identify  the  coordinates  of 
the  points  where  these  lines  cross  the  x and  y-axef. 

Example:  Continue  the  same  process  with  several  sets  of  functions 

f : X — > fflx  + b where  m and  b assuirie  many  different  rational 
values . 

2.3  From  the  students  work  in  Section  2.2  abstract  a simple  notion  of 
slope  In  terms  of  the  change  in  the  y and  x coordinates  of 
points  on  the  graph  of  a linear  function  and  the  notion  of  the 
y-lntercept . 

2.4  Discuss  c].opes  of  linear  functions  f : y ->■  a and  lines  parallel 
to  the  vertical  axis,  (WST)  Discuss  slopes  of  parallel  lines  and 
intersecting  lines. 

Prove  * 3 points  are  colllnear  If  the  slopes  of  segments  deter- 

mined by  them  are  the  same. 

Section  3.*  A ploser  Look  at  Slope . 


Discuss  the 

cases 

f 

2 X 

^ inx  + 

b 

(1) 

m 

= 0 

(2) 

m 

- 1 

and  rri 

= 

b > 0 

(3) 

m 

> 0 

where 

b 

> 0 

(4) 

m 

< 0 

where 

b 

> 0 

(^) 

m 

= 1 

and  m 

-1 

where 

b < 0 

(6)  rri  > 0 where  b < 0 

(7)  :t]  < 0 'v^here  b < 0 

3p2  Discuss  (WST)  the  idea  of  increasing  and  deereaslng  linear 
functions . 

3^3  Discuss^  in  particular^  f * x mx  in  terms  of  m being  a 
”multipller’“^  as  in  the  function  for  distance^  rate  and  time 


d I t ^ rt  . 

How  the  graph  of  this  function 
changes  when  r is  doubled, 
halved^  increased  by  2^  etc.^ 
can  be  investigated  * 

Another  examples 

Consider  the  function  A t w iw 


Section  Variations 
4^1  Direct  variation 

k o2  Inverse  variation 


(See  Vol.  2^  Part  2,  pp.  392=4ll) 

d i X kx  with  applications  and  graphs . 


4.1 3 Other  kinds  of  variation  S 


Kx 


S d 9 


Section  Discuss  solutions  of  equations  1 i.^es 

3x  + 2 = 5x  - 3 ty  graplilng 

f : X 3 x + 2 

g I X -»  5x  - 3 


Section  6.  Scale  drawings  as  ^ function  with  applications » 
(See  refo  ahoveo) 

1 


X "» 


X . etc. 


1000 

(Tie  in  with  Chapters  on  Measure^  Rates  and  Similarity) 
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GRADE  7 - CHAPTER  8 
(Alternate  version) 
APPENDIX 


Subtitle:  A simple  minded  motivated  approach  to  the  multiplication  of 

negative  numbers . 

We  -wish  to  define  multiplication  for  all  rational  numbers-  When 
this  is  done^  and  their  basic  properties  investigated  "we  shall  have 
developed  a mathematical  system  which  is  sufficiently  strong  to  solve 
a wide  variety  of  useful  problems . In  Barlier  sections  we  have  seen 
that  we  could  add  and  subtract  any  two  rational  numbers  to  good  ad- 
vantage^ although  the  rules  for  doing  so  were  rather  complicated.  We 
may  expect  that  the  rules  for  multiplication  are  also  corriplicated^.  It 
is  a pleasant  relief  to  loam  that  they  are  not  quite  as  bad  as  the 
ones  for  addition.  One  might  feel  that  if  mathermticlans  were  worth  . 
their  salt  they  would  devise  ways  of  doing  these  arithmetic  operations 
more  easily.,  but  it  turns  out  that  if  we  want  to  define  addition  and 
multiplication  so  tha":  the  nice  properties  we  found  for  the  positive 
nurabers  are  satisfied  there  is  really  only  one  way  to  do  this.  This 
important  theorem  we  shall  not  prove  here.  Rather^  we  shall  spend  our 
time  trying  to  show  the  naturalness  of  our  definitions . There  is  no 
need  for  secrecy^  as  far  as  the  definitions  themselves  go.  We  shall 
define  multiplication  so  that 

(-a)b  “ -(ah)  ^ a(-b)  and  (-a)(-b)  = ah. 

Thus  (-2)3  = (-^3)2  “ -6  and  (-2)  (-3)  ^ 6- 

Fortunately  these  definitions  can  be  interpreted  physicallyj  in- 
deed the  need  for  these  mathematical  manipulations  arises  in  all  sorts 
of  mathematical  appllcationB  and  we  should  want  our  definitions  to  re- 
flect this.  We  shall  consider  an  example^  albeit  a somewhat  artificial 
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one  in  an  attempt  to  give  a natural  motivation  for  our  mathematical 
def initiono 


Example  1;  The  Weather  Bureau  reports  that  it  is  now  0 degrees 
P'ahrenheit  (O^P")  and  that  for  several  hours  the  temperature  has  been 
steadily  rising  at  the  rate  of  2^  per  hour^  They  forecast  that  this 
rise  w:^ll  continue  throughout  the  day^  Assuming  this  forecast  to  be 
correct^  a number  of  natural  questions  arise:  What  will  the  tempera^ 

ture  be  one  hour  from  now^  2 hours  from  noW;  3 hours  from  now?  What 
was  the  temperature  one  hour  before  now^  2 hours  before  now?  If  the 
minimiim  temperature  occ.  rred  2 i hours  before  now^  what  was  it? 

The  answers  to  these  questions  are  intuitively  easy:  One  hour 

from  now  the  temperature  will  be  2^  above  sero^  2 hours  from  now 
the  temperature  will  be  4^  above  zero  and  3 hours  from  now  the 
temperature  will  be  6°  above  zero=  How  about  before  now?  Since  the 
temperature  is  rising^  It  must  have  been  colder  one  hour  ago.  Indeed^ 
since  the  change  in  the  temperature  is  a rise  of  2^  an  hour^  it  must 
be  that  one  hour  before  now  the  temperature  was  2^  below  zero^  or 
2^.  Similarly^  two  hours  ago  the  temperature  was  =4^  and  2 g-  hours 
ago  It  was  “5^*  Let  us  represent  this  data  in  a table: 

Time  Temperature  in  degrees 

Now  J 

1 hour  from  now  2 

2 hours  from  now  4 

3 hours  from  now  6 


1 hour  before  now  =2 

2 hours  before  now  -4 

2 i hrs^  before  now 


It  is  clear  that  the  top  half  of  our  table  is  constructed  by  miiltlplylng 
the  number  of  hours  from  now  by  the  rate  ab  which  the  temperature  is 
increasing . In  symbols s Temp  = 2 ^Tlme^  or  In  a more  abbreviated  form^ 
if  we  let  F stand  for  the  temperature  in  degrees  Fahrenheit  and  T 
for  the  time  passed  in  hours  we  have  a formulas  F 2T» 


The  important,  observation  to  make  in  tliis:  We  can  stj.il  use  this 

rule  for  determining  the  bottom  half  of  the  table  if  we  make  two  other 
interpretations.  To  begin  v?ith^  let  us  use  a negative  number  to  repre 
sent  time  before  now.  Thus  we  denote,  one  hour  ago  as  -1,  2 hours 
b fore  now  we  denote  as  -2,  and  so  on.  Remember,  the  temperature  Is 
rising  at  the  rate  of  2°  per  hour  and  we  have  interpreted  this  as  a 
positive  2,  Thus  if  the  rule  F = 2T  is  to  hold  here  it  must  be 
that  2(-l)  = -2.  That  is  we  must  define 

2(-l)  = -2 

and  similarly  that  2(-2)  = =4  and  2( -2  =)  = -5-  More  generally  we 
will  want  to  define 

If  b > 0 then  2(-b)  = -(2b). 

Under  this  definition  the  formula  F = 2T  holds  for  all  of  the  table. 

The  rule  F = 2T  is  an  indication  that  once  again,  a function  is 
at  work  in  the  background.  The  function  is  the  association  of  time, 

T,  with  the  temperature  at  time  T. 

T 2T 

The  association  works  as  follows: 


-(hours  from  now) 
-3  - 

(time)  T — L— ! 


( now ) 
-1  0 


■(hours  from  now) 


(below  zero) 

'f 


/ 


L i 


4 

X 


X 


J, 


\ 


F = 2T 

+( above  zero) 


0 


± 


4 


X 


( Temp ) F 

Degrees  Fahrenheit 


Draw  in  some  more  arrows  to  show  how  the  numbers  are  associated  by  the 
function . 


If  we  plot  the  pairs  (T,2T)  the  graph  of 
the  function  T 2T  loohs  like  this . You 
should  plot  some  other  points  of  the  graph 
of  this  function,  especially  choose  rational 
values  for  T between  0 and  4, 


T 

2T 

(-!,£ 

1/2 

1 

3/4 

3/2 

(-2,2* (-2) 

2/3 

4/3 

5/4 

5/2 

(=2i 

This  graph  gives  us  in  essence  a 
picture  of  multiplication  by  2, 

It  is  irtiportant  to  note  that  in 
the  first  quadrant  the  points  lie 
on  a line . 

Let  us  draw  in  the  suggested 
line.  If  we  extend  this  line  into 
the  third  quadrant  we  find  that  the 
points  (-1,-2),  (-2,-4),  (-2  , -5) 

lie  on  this  line.  Thus,  once  more, 
we  agree  that  the  line  should  picture 
multiplication  by  2,  that  Is,  the 
points  on  the  whole  line  should  be 
of  the  form  (T,2T)  and  we  are 
forced  to  define 


2(-1)  = -2,  etc=, 
and  In  general 

If  b > 0 then  2(-b)  = -.C2b)  , 

In  the  rule  2(-b)  = -(2b)  what  happens  if  we  let  b equal  -1? 
(-b)  becomes  (-(-l))  =1.  And  so  2(-b)  equals  2.  Now  what  about 
-(2b)  if  b equals  -1?  Is  it  true  that  2 = -[2(-l)]?  Now 


O 
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= -2  t.y  what  we  have  just  learned^  and  so  the  question  heconies^ 
does  2 = --(-2)?  This  answer  is  of  course  YES.  Thus^  hy  very  similar 
arguments  for  the  general  case^  2(-'b)  = =(21)  for  all  positive^ 

zero^  or  negative. 

Not  let  us  consider  a second  and  colder  example: 

Example  2:  The  Weather  Bureau  reports  that  it  is  now  0^  P and  that 

the  temperature  Is  steadily  falling  (decreasing)  at  the  rate  of  2^  F 
an  hour . 


Again  we  can  ask  the  "natural"  questions:  What  will  the  tempera- 

ture be  one  hour  from  now^  2 hours  from  now^j  3 hours  from  now;  what 
was  it  one  hour  before  now^  2 hours  before  now^  2 i hours  before  now? 

Again  the  answers  are  easy  to  determine  and  we  list  our  results  in 
a table  just  as  before. 


Time 

Now 

1 hour  from  now 

2 hours  from  now 

3 hours  from  now 


Temperature  in  degrees 


0 

=2  (2  degrees  below  zero) 

-6 


1 hour  before  now  2 (2  degrees  above  zero) 

2 hours  before  now  4 

2 = hrs  before  now  5 

Our  arguments  for  these  calculations  are  similar  to  the  ones  in 
Example  1 except  that  In  this  problem  it  is  getting  colder^  tempera- 
ture decreases-  Can  we  use  the  rule  P = 2T?  NO  I And  we  shouldn-t 
expect  that  rule  to  work  since  "+2"  was  used  to  represent  an  in- 
crease In  temperature.  Therefore  it  is  natural  to  use  (-2)  to  de- 
note a decreasing  rate  of  changing  temperature.  Thus  our  rule  should 
now  become 

F = (-2)1. 

If  this  is  our  rule,  then  it  tells  us  that  one  hour  from  now  the 
relation  -2  = (-2)1  should  hold.  The  rule  should  give  us  for  the 


relation  holding  two  hours  from  now  that  -k  = (-2)  *2^  and  3 hours 
from  now  that  -6  - (-2)3-  In  general,  a hours  from  now  -(2a)  = (-2)a. 
Thus  we  are  Led  "to  “bhe  genera L ruLe  for  niui'tipLicaLlon 

If  1 > 0 then  (-2)1  = -(2b). 

Wow  what  about  the  rule  P = (-2)t  = -(2T)  for  the  bottom  half 
of  the  table?  One  hour  before  now  the  teirperature  was  2°  above  zero 
(+2) , Again  we  must  interpret  time  before  now  as  a negative  numberi  one 
hour  before  now  is  represented  by  -1.  And  if  owr  rule  P = (-2)t  is 
to  hold  for  this  case  it  must  be  that 

2 = (-2)(-l). 

If  we  make  this  definition  then  the  rule  P = ( -2)T  will  hold.  Simi- 
larly, we  define  (-2)  (-2)  = U and  (-2)  (-2  g-)  = 5»  In  general  we 
have 

If  b > 0 then  (-2)(-b)  = 2b. 

With  this  definition  the  rule  P = ( -2)T  holds  for  the  entire  table 
given  in  Example  2 . 

Again  this  rule  means  that  a function  is  at  work.  The  function 
associates  T -»  (-2)t  and  it  can  be  displayed  as  follows; 


now  + 


As  before  let  us  plot  some 
points  corresponding  to  the 
entries  in  the  table , Again 


(-2,(-2)'(-2)=(-2,4) 

s 


F , T ^ =?T 


they  appear  to  lie  on  a 
straight  line  in  the  next 
figure.  The  points  corres= 
ponding  to  entries  from  the 
top  half  of  the  table  appear 
in  the  fourth  quadrant;  the 
poin'’'""  corresponding  to 


(-l,(-2)-(-l)=(-l,2)  . 

i I > i , 


_J i i i 


-1  ) 


(2,-4)=(2,(-2}'2 


entries  from  the  bottom  half 


Our 

rules  thus  far  are: 

1. 

2(-b)  = -(2b) 

2. 

(-2)b  = -(2b) 

if  b > 0 

3. 

(-2)(-b)  = 2b 

If  b > 0 
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Pne  ruiaj  1 and  2 res'emole  each  other  and  speaking  loosely^  they  say 
that  we  can  5^1  de  a ' min-as  sign'  fiorri  one  factor  to  another,  or  take 
It  'outt'de'  the  parenthesis « 

¥e  can  in  fact  show  that  2 and  3 hold  for  all  positive  or 

negative  --  or  aero..  For  exarriple^  in  3 using  a negative 

numbver  for  say  b - “3^  (and  thus  -b  3)  ( *2)  (3)  - 2( -3) 


a nd 

thus  by  I we 

can 

conclude 

T.hat  (2)  (3)  = -(2 

3)  , But 

tms  IS  Just- 

the 

result  of  2 

when 

b 3^ 

Thus  we  can  see  that 

3 holds 

for  b - 

a n ,d 

almllarly  v/e 

can 

see  that 

3 holds  for  all  b. 

In  Just 

the  same  way 

we 

can  show  thaT 

2 hclos  f or  a 

11  b. 

Now  it  must  be  easy  to  see  that  In  either  of  our  examples^  if  we 
had  changed  the  rate  of  temperature  rise  or  fall  the  resulting  rules 
for  multiplication  would  nave  been  the  same  a That  is^  the  actual  value 
''2''  had  nothi ng  to  do  with  the  real  part  of  our  reasonings  However  It 
is  still  informative  to  sketch  the  development  from  the  function  and 
graphing  point  of  view 9 and  to  see  the  effect  of  multiplication  by 
vax’i  ous  numbers.  For  example^  let  ub  replace  ‘2  by  h ° 

Let  us  consider  the  function  x ^ 

Plot  aoxTifi  points  in  the  first  quadrant  and  then  draw  tha  line ^ 
extending  i.t  into  the  third  quadrants  How  plot  some  points  which 
should  fail  into  the  third  quadrant..  Do  they  fall  on  the  line?  How 
read  some  point  from  the  line.  If  your  point  Is^  say^  (c^d^'  is 
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Compare  the  graphs  of  the  functions  x 2.x,  x x,  and 
X (^)x-,  It  may  be  helpful  to  plot  all  three  graphs  on  the  same 
figure „ 

Wow  consider  the  function  x ^ -(^)x.  Plot  points  and  see 
whether  they  seem  to  fall  on  a line.  They  should i Carry  out  the 
same  investigations  as  with  the  previous  example. 


• _ 

J ^ L_h, I l_J L 


When,  you  are  done  compare  the  graphs  of  the  functions 

X ->  -2x  X -*  -X  and  x -(~)x  , 

A general  query;  If  a > 1^  where  will  the  graph  of  x ax  lie 
In  comparison  with  x ->  x , What  if  0 < a < 1? 

If  a < -1  compare  the  graphs  of  x ax  and  x -»  -x. 

If  -1  < a < 0 compare  the  graphs  of  x — » ax  and  x -»  -x. 

From  these  examples  and  their  obvious  extensions  to  all  rational 
numbers  we  obtain  the  following  rules  as  the  basis  of  multipllcatloii 
on  the  set  of  all  rational  number. 

1 . a ( -b ) = - ( ab ) 

2.  C-a)b  ■”  -(ab) 

3=  (=a)(-b)  = ab 


Another  possible  explanation  of  these  rules  lies  in  an  application 
of  the  distributive  law..  If  the  distributive  law  is  to  hold  for  our 
numbers  then  we  can  argue  as  follows i 

0 = 2-0  = 2(1  + (-1))  =2.1  + 2(-l)  = 2 + 2(-l). 

Since  0=2+  2(-l)  It  is  clear  that  we  must  have  2(-l)  = -2. 
Similarly,  since  0 = 0*1  = (2  + (=2))  -1  = 2.1  + ( -2)  » 1 = 2 + (-2)  -1 
It  Is  clear  that  (-2)  » 1 = -2.  Knowing  these  two  results  we  have 

0 = -2  . 0 = (-2)(1  + (-1))  = (-2)  . 1 + (-2)(-l) , 

Now  since  (-2)  - 1 = -2  we  have  that  0 = -2  + (-2)(-l),  Thus 
(-2)(-l)  = 2, 

We  can  of  course  perform  these  arguments  more  generally  by  replac- 
ing 2 by  a and  1 by  b to  obtain  derivations  of  the  three  rules 
above  from  the  distributive  law  applied  to  negative  numbers  * 

Perhaps  a more  important  observation  for  us  is  that  similar  ealcu-- 
lations  provide  a proof  of  the  distributive  law  for  all  rational  num- 
bers^ if  we  have  defined  our  multiplication  already  by  the  three  rules 
above  s 

Finally  there  is  a nice  interpretation  of  these  laws  in  terms 
of  area  ^ The  area  of  rectangle 
PQPS  is  TdCA  + (-a)).  On  the 
other  hand  it  is 

Area  of  PVTS  - Area  of  QVTR 
or 

bA  - ba  0 

Hence  b(A  + (-a))  ^ bA  - ba • 

But  from  distrlbutlvlty  again  we 
have 

b(A  + (-a))  = bA  + b(-a) . 

Hence  b(-a)  = -(ba) . 


A 
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GRADE  7 - CHAPTER  9 


SOLUTIONS  OP  SYSTEMS  OF  EQUATIONS  AND  INEQUALITIES 


Ba.:  kg  round  Assumptions  * 

1.  Rational  num'bers  with  the  four  fundamental  operations. 

2.  Graphing  of  linear  functions. 

3.  Familiarity  with  terms  half -line,  half -plane,  intersection  of 
lines,  etc. 

it.  Solution  of  simple  equations  and  simple  verhal  prohlems . 

5„  Set  language,  including  "union”  and  "intersection". 

Ra+ lonale ; 

Introduce  a prohlem  for  which  it  is  convenient  to  use  two  vari- 
ahles  and  write  two  equations,  as  motivation  for  the  solution  of  sys- 
tems of  equations . Graphic  solution  is  deYeloped,  then  a need  Is 
created  for  an  algebraic  solution  to  de,ii  .'1th  prohlems  whose  solu- 
tions are  not  Integral.  For  this  purpoc"'  the  "comparison"  method  is 
introduced . 

Systems  leading  to  parallel  or  to  coincident  lines  will  he  con- 
sidered. Graphs  of  simple  inequalitlea  will  he  discussed,  as  a hack- 
ground  for  later  work  in  linear  programming . 

Purpose : 

1.  To  extend  the  student's  knowledge  of  graphs  to  enahle  him  to 
solve  certain  types  of  prohlenis . 

2.  To  show  how  algehralc  nxethods  can  sometimes  he  of  help  in 
getting  a mors  exact  result  than  is  possible  through  graphs. 
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3.1  To  consider  intuitively  systems  for  which  the  solution  set  is 
either  0 or  an  infinite  set^  thus  leading  to  parallelism  in 
a later  chapter o 

4«  To  develop  better  understanding  of  simple  Inequalities  through 
graphing  their  solution  sets  In  the  coordinate  plane ^ 

5®  To  reinforce  concepts  of  union  and  intersection  of  sets^ 
Procedure  t 

Section  1«  Solving  systems  of  equations i 

Isl  Introduce  a simple  problem  which  is  more  easily  solved  by 

writing  two  equations  than  by  confining  oneself  to  a single 
equation^ 

Problems  Mary  bought  3 notebooks  and  5 pencils  and  paid 

70  cents j John  bought  2 notebooks  and  10  pencils^ 
of  the  same  kinds ^ and  paid  8o  cents o What  was  the 
price  of  one  notebook? 

Point  out  that  if  notebooks  cost  x cents  each^  and  pencils 
cost  y cents  each^  we  can  write  the  two  sentences 

3x  + 5y  = TO 
2x  + lOy  = 80  « 

Now  we  need  to  discuss  what  this  means  in  terms  of  the  solu- 
tion leing  an  ordered  pair  that  satisfies  both  equatlons| 
the  intersection  of  the  solution  sets= 

lfl2  To  graph  the  equations  and  thus  find  the  intersections  of  the 
graphs^  it  is  convenient  to  write  the  "y--form”  of  each  -- 
in  each  case  we  write  a imle  for  a function  which  assigns  to 
each  X a value  for  y which  gives  a point  (x^y)  on  the 
line  a Thus  we  haves 


1.3  We  graph  the  two  equations  (see  9E,  pp.  789-792)  and  find  that 
they  Inte-sect  at  (15,5)-  Thus  the  price  of  one  notebook  is 
15  cents , 

1.4  Here  point  out  that^  since  at  the  intersection  the  ordered 
pair  Is  the  same  for  each  equation^  we  could  have  bypassed  the 
graph  and  moved  from  the  two  equations  in  1,2  to  the  equation 
In  one  variable 


Solving  algebraically  leads  us  to  the  solution  15^  and  thus 
to  15  cents  as  the  price  of  a notebook. 

1.5  Following  some  practice  on  equations  with  integral  solutions j 
lead  into  ones  whose  solutions  are  not  integral,  to  emphasize 
the  need  for  the  algebraic  method. 

Section  2.  Systems  which  do  not  have  unique  solutions . 

2,1  Have  a student  graph  such  a system  as 


Look  for  Intersection  and  observe  none.  Students  will  probably 
see  that  the  lines  have  samft  ‘Slope  --  promise  discussion  of 
parallel  lines  in  a later  chapter. 

2.2  Look  at  algebraic  solution  of  the  system  above; 


J y = 3x  + 2 

I y = 3x  - 5 


3x  + 2 - 3x  - 5 


Note  that  Its  solution  set  is  0 « 
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2*3  Now  give  him  one  like 

f2x  + 3y  = 6 

\ 4x  + 6y  = 12 

to  graph.  In  putting  mto  the  y-form,  he  gets  the  same  equation 
for  hoth^  hence  only  one  line.  Here  slopes  and  y-intercept  are 
correspondingly  equal . 

2.4  Point  out  algetraic  solution  gives  equation 

2 2 
-|x  + 2-  ^|x+2 

which  is  true  for  all  values  of  x.  Solution  set  is  line 
2 

y “ X + 2. 

3 

Section  _3*  Graphs  of  InequLu  ities  ° (P.  pp.  4l8  = 421|  9H^  ppa  ^52- 

760) 

3.1  Discuss  graph  of  x > 2 as  answer  to  question  "where  are  all  of 
the  points  which  represent 

y 

ordered  pairs  such  that  the 
first  coordinate  is  greater 
rhan  Here  point  out 

that  a half^plane  is  Involved^  ^ 

and  discuss  how  to  indicate  it 
by  shading j and  that  the  line 
X ” 2 should  be  a dash  line  to 

indicate  that  It  is  not  included  = ^ 

3^2  Show  that  the  graph  of  x > 2 Is 
the  union  of  the  half -plane  x > 2 
and  the  line  x = 2 . Then  provide 

O 

practice  on  others  of  this  sort  - 
such  as  y < 3^  y > ^ etc* 


-152- 


_f3  i 


X 


3^3  What  about  graph  of  y>x^  y<x^  y>  2x?^  etc.?  Discuss 

these  in  terms  of  hall -planes  liith  edge  y = y = 2x,  etc. 

3.4  Consider  graphs  which  are  "strips'*  - y 

-^3  < X < 5- 

(Note^  if  above  notation  has  not 
been  used  before^  here  Is  the  place 
to  talk  about  it  as  abbreviation 
for  : 

“3  < X and  X < for 

X > -3  and  X < 5 * ) 

3^5  Graphs  of  inequalities  involving  absolute  value ^ Compare  graphs 
in  plane  of 

bl  = 3^ 
tl  > 3, 

and  I X I < 3 * 


Section  _4.  Sy stems  of  inequalities : (9H^  pp^  820-821) 

4^1  Discuss  intersection  of  half -planes^  etc. 


f X < 2 

[y  > -2, 

Point  out  "doubly  shaded"  area 
as  the  graph  of  "x  < 2 and 
y > -2!' . 


y 
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k .2  Consider  other  systems  , such  as 


J y < X 
X > -2 

and 


<5 

< y < 5 
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GRADE  7 “ CHAPTER  10 


DECIMALS  I SQUARE  ROOTS;  REAL  NUMBER  LINE 


Background : 

Expanded  notation  for  decimal^  using  integral  exponents. 

2^  A rational  number  ~ can  be  expressed  as  a repeating  (or 
terminating)  Infinite  decimalj  approximation  of  a rational 
number  to  specified  number  of  diglns. 

3-  Points  for  rational  numbers  on  the  number  line. 

k,  Pythagorean  Theorem, 

5*  Unique  factorization  property* 

6,  Properties  of  the  rational  number  system^  especially  density* 

7*  Operations  with  rational  numbers^  using  decimal  notation * 

Note®  While  thfl s background  is  assumed^  review  will  surely  be  called 
for. 

Purpose ; 

To  develop  belief  in  the  existence  of  irrational  numbers^  using 
geometric  and  arithmetic  approaches* 

To  develop  ability  to  approximate  square  roots . 

To  examine  the  properties  of  the  real  number  system. 

Procedure : 

Section  1*  Motivation  for  Irrational  numbers ; 

1,1  Recall  of  familiar  set  s of  numbers®  counting  numbers^  whole 

numbers^  non-negative  ratlonals^  integers^  ratlonals*  Properties 
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of  each  set  shared  with  previous  sets^  properties  not  shared  with 
previous  sets . 

1.2  Use  of  Pythagoream  Theorem  to  find  length  of  one  side  of  a right 
triangle^  given  the  lengths  of  the  other  two  sides  , 

(a)  All  lengths  counting  numbers:  3^  8^  10|  5^  12,  13; 

Use, of  unique  factorization  property  to  find  square  roots  of 
numbers  which  are  perfect  squares : V^576  } 7225  ^ 

(b)  All  lengths  rational:  ^ , '2 , |- j 2^ 

7 ^ where  a and  b are  perfect  squares. 

(c)  One  length  irrational:  3^  2^  vTb*® 

What  about  VTJ?  It  is  the  length  of  a segment^  but  what 
kind  of  number  Is  It?  A counting  number?  A rational  number? 

Section  2^  Intuitive  argument  for  the  theorem:  If  n Is  a counting 

number  and  is  a rational  number^  then  v7i  is  an 

integer  * 

Exercises  similar  to  those  in  1.2(c) ^ in  which  square  roots 
are  to  be  described  by  inequalities!  e.g.^  75  is  a number 
between  2 and  3 which  is  not  a rational  number^ 


Section  3.^  Decimals  which  name  rational  numbers : 

3«1  Recall  of  ~ definition  for  rational  number. 

D 

Use  of  division  algorithm  to  find  decimal  namei  argument  that  the 
decimal  will  have  a repeating  block  of  no  more  that  b = 1 
digits.  (ISSM  Vol,  1,  p.  525.) 

3»2  Given  a repeating  decimal^  find  the  ^ name  for  the  number* 
(ISSM,  Vol.  2,  p.  366,;MJHS,  Vol.  2,  p.  2^0,) 

3.3  Generalization  that  every  repeating  decimal  names  a rational 
number . 


O 

ERIC 


etc . 
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3-4  Repeating  decimals  in  which  the  repeating  block  is  0 (terminat- 
ing) . 

(a)  Review  of  expanded  notation. 

2 3 

0.5670  = 0 + 5(^)  + 6(~  ) + 7(^  ) + o 

i3 

= 0 + 567  (^  ) + 0 
567 

(2  • 5)^ 

= 567 

(e3  *53) 

(b)  Theorem:  The  decimal  for  — (if  a and  b are  relatively 
prime)  will  have  a repeating  block  0 If  b has  only  2-s 
or  5^s  or  both  as  prime  factors. 

Use  of  theorem  to  determine  whether  decimal  for  a given  ^ 

b 

will  terminate^  and^  if  sOj  the  number  of  digits  before  the 
repeating  block  0 begins.  (MJHS  ¥o1*  2^  p.  25I.) 

Section  Decimals  which  name  irrational  numbers : 

4.1  Possibility  of  designing  patterns  for  infinite  decimals  which  do 

not  repeat.  Such  decimals  are  names  of  irrational  numbers ^ 
.1010010001,,.  (ISSM  Yol.  2,  p,  370.) 

h.2  Recall  from  Section  2 that  square  roots  of  most  counting  numbers 
are  not  rational^  i.e.^  irrational. 

Procedure  for  approximating  square  roots  of  counting  numbers  by 
Iteration  method.  (JHSM  Vol.  2,  p.  262.) 

Question:  Should  a flow  chart  be  attempted? 

Section  5-  The  real  number  line: 

5.1  Location  of  points  for  rational  numbers. 
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(a)  Using  fraction  names  separate  each  unit  segment  into  the 
number  of  congruent  parts  named  by  the  denominator  and  count 
off  the  number  of  those  parts  indicated  by  the  numerator. 

(b)  Using  decimal  name]  show  successively  smaller  intervals 
which  contain  the  point. 


.51  is  on  the  segment  with  endpoints  .5 

and 

.6 

and 

.52 

.515 

and 

.516 

Include  such  cases  as  *9^ 


5^2  Location  of  points  for  irrational  numbers. 

(a)  Location  of  points  for  square  roots  of  counting  numbers. 

Use  diagonals  of  rectangles  with  vertex  at  the  origin  to 
locate  points  for  -1/3^  etc. 

Use  additive  property  of  segments  on  a line  to  locate  points 
for  such  numbers  as  (1/2  + -/3)  and  3^^  Also  locate 
points  for  negatives.  (ISSM  Vol.  2^  p.  357 j MJHS  Vol«  2, 

p.  257.) 

(b)  Location  of  points  for  non-repeating  infinite  decimals s 
as  in  Section  5=l(b)^  show  successively  smaller  intervals 
which  contain  the  point.  (iSSM  Yol^  2^  p.  360*) 

5 0 Real  number  line  as  union  of  set  of  points  corresponding  to 

rational  numbers  and  set  of  points  corresponding  to  irrational 
numbers . 

Section  6«  Density  of  the  real  numbers : 

6^1  Density  of  rational  numbers - 

2 3 

Name  a rational  number  between  j 4* 

Name  a rational  number  between  .1  and  .10. 
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6.2  Density  of  irrational  numbers. 

Name  an  irrational  number  between  .101001000...  and  .101101110. 
Name  an  irrational  number  between  and  -/s. 

6.3  Density  of  real  numbers. 

Name  a rational  number  between  .101001000...  and,  .101101110... 
Name  an  Irrational  number  between  .1  and  .10. 


-159- 

1.G4: 


GRADE  7 - CHAPTER  10 


APPENDIX 

WHAT,  ANOTHER  PROOF  THAT  IS  IRRATIONAL? 


If  there  is  any  novelty  in  this  proof  it  Is  that  it  does  not 
appear  to  use  the  unique  factorization  theorem.  We  give  a proof  for 
the  special  case  which  does  not  appear  to  have  a generalization 

to  i/u^  even  if  n is  not  a perfect  square L 

The  proof  does  assume  a farnillarity  with  odd  and  even  Integers 
and  these  facts s 


1.  The  product  of  two  odd  integers  is  an  odd  integer » 

2.  The  product  of  two  integers^  one  of  which  is  even  is  even. 

In  fact,  if  this  proof  should  be  presented  to  Tth  graders,  it 
might  he  well  to  make  a table  of  all  cases: 


A 

B 

A ><  B 

odd 

odd 

odd 

even 

odd 

even 

odd 

even 

even 

even 

even 

even 

A 


such 


And  now  the  proof: 

Let  us  suppose  that  we  could  discover  a rational  number 

2 ^ 

A A~  2 2 c 

that  ^ = vQ.  This  would,  of  course,  mean  that  ^ -2B 

B ^ 

Since  A and  B are  Integers,  we  may  ask  two  simple  questions;  Is 

A even  or  odd?  Is  B even  or  odd? 
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First  we  askj*  can 


be  odd?  If  this  were  possible^  then 


wouXd  be  odd  and  so  = 2B‘  states  that  an  odd  number  is  equal  to  an 

even  number  which  is  impossible.  Thus ^ our  first  conclusion  Is 


If  A /B  - 1/2  then  A even. 


Now  what  about  B?  Can 
2 £ 

is  odd  and  we  have  A ^ 2B  ? 


I ^ Qdd?  If  this  were  possible  then  B 
Now^  remember  we  now  know  that  A is 


eveni  let  us  say  A 


2a  and  so  A 
2 

£a'  = B 


- 4s 

2 


and  BO 


2 2 

Again  this  states  that  an  odd  numher  (B  ) equals  an  even  number  2a  . 
Hence  we  have  our  second  conclusion,  which  we  combine  with  our  first 


conclusion: 


If  a/b  = that 


is  even  and  B is  even* 


Finally^  we  are  ready  for  the  coup  de  grace L 

Can  1/2  be  rational?  We  claim  not*  Suppose  we  could^  from  all 

the  fractions  = such  that  '==•/£*  select  the  one  in  which  x is 
■ y 

the  smallest  possible  positive  Integer.  Suppose  we  write  that  fraction 
as  — * We  are  now  in  deep  trouble  because  we  have  assumed 


A 


and  yet  our  conclusion  above  states  that  A and  B are  both  even* 

A 

Since  this  Is  so^  we  may  divide  both  A and  B by  2;  say  ^ - a 


B A 

and  ^ = b . Thus , — 

positive  integer  than 


and  so 


1-^ 


and  yet  a ts  a smaller 


But  this  contradicts  our  choice  of  A I 


Thus^  any  assumption  that  vS  is  rational  inescapably  leads  us 
to  a contradiction.  Our  only  consistent  conclusion  is  that  there  can 
be  no  rational  number  whose  square  is  2 - 


^=l6l^ 

IGG 


GRADE  7 - CHAPTER  11 


PARALLELISM 


Background: 

Many  of  the  ideas  of  parallelism  have  keen  discussed  prior  to 
this  chapter^  and  even  more  of  them  are  rather  intuitively  simple  for 
students.  But  there  is  a need  to  suranarize^  every  so  oft^nj  ideas 
that  are  scattered  about  in  previous  intuitions  and  in  previous  logi= 
cal  presentations.  This  is  the  first  of  such  summaries  which  concerns 
itself  with  parallelism^  Each  future  summary  wlll^  of  course^  extend 
end  deepen  these  ideas. 

We  are  assuming  some  understanding  of  points^  lines ^ and  planes  in 
2 and  3 dimensions.  Such  ideas  as  intersection  and  intersecting  as 
set  and  relation  respectively  are  needed*  also  the  ideas  of  incidences 
point  is  on  line^  line  contains  pointy  point  is  in  plane ^ plane  con- 
tains pointy  line  is  in  plane ^ plane  contains  line^ 

There  must  have  been  some  discussion  of  2 dimensional  graphs 
and  of  linear  equations^  but  not  much  use  Is.  made  of  these  in  this 
chapter.  We  will  need  the  meaning  of  polygon^  regular  polygon^  side^ 
angle  of  polygon^  tetrahedron^  edge^  face  and  vertex  of  tetrahedron^ 
and  measure  of  segment^  angle ^ area  and  volume « 

Purpose: 

The  purposes  of  the  chapter  are  as  follows: 

1^  To  strengthen^  and  sometimes  to  define^  the  concepts  of  parallel 
and  skew  relationships  in  2 and  3 dimensions. 

2.  To  illustrate  the  concepts  of  parallelism  for  the  basic  1 and 
2 dimensional  figures. 
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3-  To  associate  2 and  3 dimensional  concepts  as  often  and  as  fully 
as  possible  at  this  level  of  mathematics. 

k.  To  interconnect  concepts  of  similarity  hose  of  parallelism 

in  simple  ways  as  related  to  parall.el  lines  and  planes, 

5*  To  connect  synthetic  concepts  of  parallelism  with  analytic 
geometry  for  lines  parallel  to  the  coordi^nate  axes  only . 

6*  To  study  the  transversal  figures  in  2 and  3 dimensions 

noting  especially  the  relationships  between  congruent  angles  and 
parallel  lines . 

To  develop  slightly  some  ideas  of  proof  with  respect  to  parallelo- 
grams and  rhombuses  and  to  use  such  an  approach  to  review  congruent 
triangles • 

8.  To  consider  parallel  nets  of  lines  and  planes  * 

Rationale : 

Parallelism  at  this  point  of  the  curriculum^  followed  by  perpendi- 
cularity (at  the  beginning  of  Grade  8)^  sununarizes  two  of  the  fundai^ 
mental  ideas  of  geometry^  affine  and  metric.  These  chapters  llluBtrate 
how  many^  Individual  ideas  come  together  into  larger^  more  general  and 
more  ahstract  concepts . 

Also^  these  concepts  are  needed  to  help  clarify  such  later  con- 
cepts as  linear  equations  In  two  dimensions^  and  much  later  in  three 
dimensions I the  concept  of  translation  which  relates  to  both  transfor- 
rnation  and  vector | and  to  locus  prohlenis^  trigonometry  and  complex 
numbers.  Once  parallelism  is  introduced  we  can  present  formally  such 
figures  as  parallelograms^  rhombuses  and  trapezoids  and  the  theorems 
which  concern  the  measures  of  their  sides  and  angles  and  of  their 
areas-  Parallel  planes  permit  discussion  of  prisms  and  later  of 
cylinders • 


-163- 

168 


Section  1*  Parallel  one “dimensional  objects ; 


1.1  Line  parallel  to  a line  defined  as  two  lines  in  the  same  plane 
which  do  not  intersect. 

1.2  Skew  lines  introduced  to  reinforce  the  need  for  "in  a plane" 
being  in  the  definition, 

1.3  Extension  of  parallelism  to  rays  and  segments;  use  idea  of 
"carrying  line"  or^  if  you  prefer,  "line  containing  segment", 
"line  containing  ray", 

1*4  Network  or  grid  of  equidistant  parallel  lines  in  plane;  use  both 
perpendicular  sets  and  non-perpendicular  sets;  also  use  exer- 
ciseE  in  which  the  units  are  the  same  on  the  two  axes  and  other 
exerciseB  in  which  the  units  are  not  the  same. 

Typical  Exercises i 

1.  Draw  the  following  figures s 

(a)  In  2-space,  two  lines  parallel  to  a fixed  line.  Can  these 
two  new  lines  intersect  in  Just  one  point? 

(b)  In  B-'Space,  two  lines  parallel  to  a fixed  line.  Can  these 
two  lines  intersect  in  just  one  point? 

(c)  In  2-space,  two  lines  each  parallel  to  a given  line  through 
a point  not  on  that  line . 

(d)  In  3-spaee,  two  lines  each  parallel  to  ayglvan  line  through 
a point  not  on  that  line. 

Notice  that  "draw"  is  used  to  mean  sketch  or  create  without  the 
exact  instruments  of  straight-edge  and  compasses.  The  latter 
Job  is  always  referred  to  as  "construct". 

The  exercises  above  can  play  a valuable  role  in  providing  a place 
to  discuss  the  place  of  "model"  in  geometry.  ¥e  are  trying  to 
lead  the  student  to  accept  the  parallel  property  (or  postulate) 
later  in  his  life^  Can  we  do  this  by  implying  that  this  geometry 
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we  are  now  developing  is  one  model  for  the  universe  they  live  in^ 
for  many  purposes  the  best  models  but  not  the  only  model,  Prob^ 
ably  other^  non-Euclidean  models  should  not  be  mentioned  at  all^ 
but  just  some  leaving  open  of  the  door  for  the  study  of  such  geo- 
metries later  without,  at  that  time^  creating  a feeling  that  we 
have  destroyed  all  the  geometry  previously  taught  and  accepted. 

2.  Work  with  regular  polygons  similar  to  this. 

(a)  Consider  the  following  regular  hexagon  and  its  diagonals: 


F F 


(b)  Consider  the  following 


Is  there  a side  parallel  to  AB? 
Is  there  a diagonal  parallel  to 
Is  there  a side  parallel  to  AD? 
Is  there  a diagonal  parallel  to 
Is  there  a side  parallel  to  CE? 
Is  there  a diagonal  parallel  to 
regular  pentagon: 


AB? 

a3? 

CE? 


B 


Is  there  a diagonal  parallel  to  AB? 
Is  there  a side  parallel  to  AB? 

Is  there  a diagonal  parallel  to  AD? 
Is  there  a side  parallel  to  AD? 


{e)  For  which  regular  polygons  will  there  be  a side  parallel  to  a 
side?  a side  parallel  to  a diagonal?  a diagonal  parallel  to 


a diagonal? 

3-  Draw  a diagram  of  a cube  and  letter  the  edges  from  a to 

Start  by  considering  a and  b^  then  a and  then  a and 

d^  etc.^  and  complete  this  table: 


ERIC 
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X 

intersects 

y 

X 

is 

parallel 

to 

y 

X 

is 

skew 

to 

y 

a 

intersects 

b 

a 

is 

parallel 

to  ■ 

d 

a 

is 

skew 

to 

g 

a 

intersects 

d 

a 

intersects 

e 

a 

is 

parallel 

to 

1 

a 

is 

skew 

to 

h 

a 

Intersects 

f 

b 

intersects 

c 

etc . 

etc . 

etc  • 

Note:  There  are  6a  state- 

ments to  classify. 


k*  Two  segments  "at  random". 

A boy  starts  to  invent  a game  In  which  he  holds  a straw  in  each 
hand  and  drops  them  simultaneously  onto  a table  top  from  a height 
of  at  least  one  foot.  If  the  straws  croBS  each  other  he  wins  a 
point.  Two  boys  then  play  in  turn  but  find  that  the  game  leads 
to  some  difficulties  which  need  to  be  resolved: 

(1)  Does  "cross"  mean  "intersect"  or  must  a point  of  one  straw 
be  between  the  endpoints  of  the  other  straw? 

(2)  Did  you  really  mean  the  segments  were  Intersecting  or  that 
the  lines  containing  them  were?  What  happens  to  the  game  if 
you  choose  the  latter  meaning? 

(3)  What  happens  to  the  game  if  one  straw  may  be  thrown  and  then 
the  other?  What  Is  the  combination  of  skill  and  luck  which 
is  involved? 


-166- 


171 


(4) 


Let  us  actually  perform  the  game  and  make  some  tables  to 
estimate  probability.  Would  the  game  be  the  same  If  the  two 

straws  were  different  lengths?  If  there  were  two  straws  of 

each  of  the  two  different  lengths?  or  10  straws  of  each 
of  these  two  lengths?  or  10  straws  all  the  same  length? 
What  do  3^ou  mean  by  probability  in  these  examples^  anyhow? 

(5)  Discuss  the  relationship  between  the  game  and  the  mathema- 
tical model  of  the  segments « It  will  soon  become  evident 
that  the  rules  of  the  game  evolve  as  one  tries  to  pi it^ 

and  that  the  geometric  model  by  segments  or  lines  is  a good 

way  to  discuss  what  you  want  to  agree  upon  for  the  rules  * 

If  one  felt  like  it^  one  could  mention  that  this  is  also  the 
way  that  geometry  itself  dev'='loped^  the  agreements  that 
people  made^  the  procedures  which  are  used  developed  through 
centuries  as  people  did  geometry.  This  might  avoid  the  im- 
pression that  someone  wrote  geometry  from  page  one  on  as  a 
great  work  of  art  and  we  still  study  it*  In  this  sense  our 
game  with  straws  could  be  a model  for  geometry* 

However^  it  must  be  admitted  that  the  other  direction  was  the  rea- 
son for  inventing  the  game*  Line  segments  '*at  random”  in  a plane 
is  a mathematical  model  of  the  game  we  aj  s trying  to  invent* 

5,  M Line  a is  parallel  to  PQ 


you  say 


and  intersects  side  JV[P  of 
ifMPQ  at  its  midpoint  • What 
does  it 


Suppose 


P 


Section  2 


Parallel  t vo  - cl  1 me  ns  1 one  1 01,1  ects  ; 


2,1  Plane  parallel  to  a plane  (imitate  Section  1.1). 

2 2 Discuss  absence  of  "skew"  planes, 

2.3  Line  parallel  to  a planei  defined  as  non-intersecting. 

2.4  Extend  concept  so  that  any  two  objects  in  the  following  list  are 

defined  as  parallel:  line,  segment,  ray,  plane,  half-plane|  all 

by  means  of  carrying  lines  and  planes . 

2.5  Two  parallel  lines  (rays,  segments)  determine  a plane. 

2.6  Equations  of  lines  parallel  to  coordinate  axes;  inequalities  for 
strips  and  2 -space  intervals. 


Typical  Exercises : 

1.  A very  useful  type  of  exercise  for  this  part  of  geometry  Is  the 
always -sometimes -never’  exez’clse.  The  following  example  will 
Illustrate  a little  of  what  can  he  done  with  It; 


It  is  assumed  that  geometric  obJeGts  are  given  with  the  relations 
among  them  stated  In  the  hypothesis  of  each  problem  below.  With 


the  hypothesis  of  the  problem  decide  whether  the  fact  given  in  the 


conclusion  will  always  be  true,  sometlmeB  be  true  or  never  be  true 
Encircle  the  letter  to  indicate  your  decision  with  the  following 
meanings ; 

A The  conclusion  Is  always  tr-ae . 

S The  conclusion  is  sometimes  true, 

U The  statement  is  never  true. 

ASM  (1)  Hypothesis : Two  planes  are  parallel. 

Conclusion:  A line  in  one  of  these  planes  Is  parallel 

to  the  other . 


A S N (2) 


Hypothesis:  Two  lines  are  parallel. 

Conclusion;  A plane  eontalnlng  one  of  these  lines  is 
parallel  to  the  other. 


O 

ERIC 
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ASH  (3)  Hypothesis: 

A lii s is  parallel  to  a plane# 

Conclusion: 

A plane  containing  the  line  is  parallel 
to  the  plane  # 

A S N (4)  Hypothesis: 

A line  Intersects  a plane.. 

Conclusion: 

A plane  containing  the  line  is  parallel 
to  the  plane  # 

ASH  (5)  Hypothesis: 

A line  intersects  a plane  # 

Conclusion : 

A plane  containing  the  line  intersects 
the  plane  # 

ASH  (6)  Hypothesis: 

Two  parallel  lines  are  each  paz’allel  to 
a plane . 

Conclusion: 

The  plane  containing  the  lines  is  parallel 
to  the  plane , 

A S N (7)  Hypothesis: 

"^wo  intersecting  lines  are  parallel  to  a 
plane  # 

Conclusion : 

The  plane  containing  these  lines  is 
parallel  to  the  plane . 

A S N (8)  Hypothesis: 

Two  planes  are  each  parallel  to  a line ^ 

Conclusion : 

The  planes  are  parallel  to  each  other. 

ASH  (9)  Hypothesis: 

Two  lines  are  each  parallel  to  a plane ^ 

Conclusion : 

The  lines  are  parallel  to  each  other. 

ASM  (lO)  Hypothesis:  A line  is  parallel  to  one  of  two  parallel 

plaiies  s 

Conclusion:  The  line  is  parallel  to  the  other  plane = 

Consider  a circle  in  a plane  and  a line  intersecting  the  plane » 
Now  consider  the  set  of  all  lines  which  contain  a point  of  the 
circle  and  are  also  parallel  to  the  fixed  line#  Finally^  con- 
sider a second  plane  parallel  to  the  first  plane.  What  Is  the 
set  of  segrnents  between  these  two  planes?  Draw  a sketch  of  this 
situation#  Try  with  triangle | with  quadrilateral# 


Use  pai.t-  j 'IS  oT  pi"  I Bnis  ^ exerciBes  to  go  from  easy  to  hard^  first 
examples  to  supply  some  patterns  and  later  examples  to  ask  for  the 
students  to  make  their  own*  Here  are  some  typical  ones  to  discuss 
with  a class: 

(a)  Supply  pattern  of  box* 

(b)  Supply  pattern  for  doubly -oblique  rectangular  prism, 

(c)  Ask  for  pattern  for  singly-obllque  prism* 

(d)  '■"ive  pattern  of  regular  pentagonal  prism. 

(e)  Ask  for  pattern  for  regular  hexagonal  prism. 


4. 

What 

is 

the 

gra  ph 

of 

X 

2 

In 

1=  space?  in  2=space? 

5. 

What 

is 

the 

graph 

of 

L 

< 

X 

< 3 

in  1-space?  in  2-space? 

6, 

What 

is 

the 

graph 

of 

1 

X 

lA 

and  5 < y < 10  in  2 -space? 

7. 

What 

is 

the 

graph 

of 

X 

> 

() 

in 

1-space?  in  2-space?  What  is 

the  graph  of 

‘ X > 

0 

and 

y 

> 0 

in  2=Bpace? 

Section  3^.  Transversals  i 

3*1  Review;  Defs  of  vertical  angles^  adjacent  angles^  linear  pair^ 
cornplementary  angles  supplementary  angles  j and  facts  about 
them; 

(1)  Vertical  angles  congruent. 

(2)  Complements  of  eoiigruent  angles  are  congx’uenti 
supplements  of  congruent  angles  are  congruent . 

(3)  Linear  pair  is  supplementary!  converse  not  necessarily 
true . 

3-2  Defs;  transversal  lines  to  two  lines  in  2-*space^  In  3"Spaee! 
to  two  planes  in  3"Space. 

3-3  Defs;  transversal  planes  to  lines  and  planes  in  3 “Space. 

3,4  Defi  dihedral  angles. 
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3 -.5  Def s ; in  2-space  and  3 = space“  corresponding  angles^  alternate 
Interior  angles- 

3.6  Parallel  property:  Through  point  not  on  line^  one  and  only  one 

parallel  line  exists  « 

(There  was  some  doubt  in  the  group  about  the  wisdom  of  studying  the 
parallel  property  at  this  time . Students  have  already  much  intuition 
about  this  property^  but  need  it  be  stated  in  the  text.  Others  in  the 
group  thought  it  wise  to  spell  out  the  fact  and  that  it  was  time  to  do 
so.  TIo  one  meant  that  we  would  introduce  a tight  deductive  system 
beginning  with  this  postulate  at  this  time.  That  is  one  reason  we  use 
the  word  property*^  rather  than  ” postulate’^  . ) 

3.7  Properties  in  2-space  and  in  3^^P^ce: 

(1)  parallel  ^ congruent  angles 

(2)  congruent  angles  parallel 

These  apply  to  both  corresponding  and  to  alternate  interior  angles 
3^8  Construction;  Line  parallel  to  line  through  fixed  point. 


3.9  Def s ; parallelograni^  rhombus^  trapezoid  ; not  extended  to  3^space 
also  rectangle  and  square  not  used  formally^  but  saved  fpr  later 


"Probably  defined  with  only  one  pair  of  sides  parallel" . 

3.10  Prove  some  theorems  about  quadrilaterals  as  example  of  deductive 
sequence.  See  below  for  suggestions # 

3.11  Ask  for  some  constructiox^s  and  discuss  sufficient  data, 

3.12  Segment  parallel  to  side  of  a trianglej  ratio  of  segments^  ratio 


discussion  of  perpendicularity  in  Grade  6^ 


of  areas , 


'yplcal  Bxercises  : 

1.  More  ASM  problems^  for  example*  (Remind  we  are  always  in 
3-space • ) 

ASM  (l)  Hypothesis?  A line  intersects  one  of  two  parallel 

lines 

Conclusion:  The  line  intersects  the  other  parallel 


line  o 

A S M (2)  Hypothesis*  A line  intersects  one  of  two  parallel 

planes . 

Conclusion:  The  line  intersects  the  other  parallel 

plane , 


A S M (3)  Hypothesis: 
V Conclusion: 


ASH  (4)  Hypothesie: 


Conclusion : 


A plane  intersects  one  of  two  parallel 
planes  ^ 

This  plane  intersects  the  other  parallel 
plane  * 

A plane  Intersects  one  of  two  parallel 
lin^s  * 

The  plane  Intersects  the  other  parallel 
line 


2.  Ask  students  to  invent  definitions  for  some  concepts  before 

teacher  or  book  presents  them:  dihedral  angle^  vertical  dihedral 

angles^  adjacent  dihedral  angles^  linear  pair  of  dihedral  angles^ 
complementary  dihedral  angles^  supplementary  dihedral  angles^ 
betweenness  for  half  planes , 

3.  Suggestions  for  theorems  to  be  proved  in  deductive  sequence: 

(a)  Diagonal  of  parallelograni  creates  two  congruent  triangles, 

(b)  Opposite  sides  of  parallelogram  are  congruent. 

(c)  If  opposite  sides  of  quadrilateral  are  congruent j then 
figure  is  parallelogram. 
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(d)  Diagonals  of  parallelogram  bisect  each  other, 

(e)  If  diagonals  of  quadrilateral  bisect  each  other ^ then 
figure  is  a parallelogram. 

This  about  all . These  will  serve  to  review  and  keep  alive  the 
ideas  of  congruent  triangles.  Also^  save  for  Grade  3 these- 

(f)  Diagonals  of  rhombus  are  perpendicular, 

(g)  Proof  for  sum  of  angles  of  triangle  is  l8o, 

4.  Require  constructions  from  given  data  and  careful  paragraph 

describing  what  has  been  done.  Note  the  need  of  distinguishing 
and  discussing  problems  which  have  insufficient  data  and  thus 
lead  to  more  than  one  solution^  problems  which  have  contradictory 
data,  and  problems  which  have  a unique  solution.  Here  are  some 
typical  examples  I 

(a)  Rhombus,  given  a side  and  an  angle. 

(b)  Parallelogram,  given  two  sides  (which?). 

(c)  Rhombus,  given  two  diagonals  end  one  side, 

(d)  Trapezoid,  given  one  side,  one  diagonal,  and  one  angle. 

A few  problems  to  show  the  direction  of  development  and  the  slope  of  the 
Incline  of  difficulty  might  illustrate  what  is  meant  here,c  Let  us  ex- 
pand the  meahihg:  ;of  item  (b)  on  the  preceding  list- 

(1)  Can  you  have  a parallelogram  with  two  adjacent  sides  congruent 
to  these  segments: 

A — B C D 

If  so,  construct  such  a parallelogram. 

(2)  Can  you  have  more  than  one  parallelogram  with  tha  data  given  in 
problem  (1)?  If  so,  construct  a parallelogram  of  this  sort  which 
is  not  congruent  to  that  which  you  constructed  for  (l). 
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(3) 


(4) 


Can  you  have  a parallelogram  with  two  adjacent  sides  congruent  to 
the.  segments  below,  and  the  angle  between  these  sides  congruent  to 


If  so^  construct  such  a parallelogram* 


G 


Can  you  have  more  than  one  parallelogram  with  the  data  given  in 
problem  (3)'«  If  so^  construct  a parallelogram  of  this  sort  which 
is  not  congruent  to  the  one  you  constructed  for  (3)- 


5^ 


6 . 


7* 


Construct  a figure  similar  to  a given  figure  starting  with  the 
following:  rhombus^  parallelogram^  trapezoid, 

A 


DE  I I BC,  Ad  = 3,  DE  = 2 
DB  = Find  BC 

(Easier  ones  at  firsts  of  course.) 


(a)  Find  the  area  of  ^DE  and  area  of  AABC , 

(b)  Find  area  of  trapezoid  DEBC, 

(c)  What  is  the  ratio  of  the  areas  of  MDE  and  6ABC? 
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Section  Tr  a a a versa  1 s to  thi°ee  or  more  lines  and  planes: 

i^*l  Three  or  more  coplanar  parallel  lines  and  transversal  lines. 

4.2  Three  parallel  lines  and  transversal  planes. 

4.3  Three  parallel  planes  and  transversal  lines | also  transversal 
planes . 

4.4  Intuitive  understanding  of  segments  at  off  by  and  on  such 
transversal  lines . 

4.5  Median  of  trapezoid  and  relationship  to  diagonals. 

4.6  Show  connection  between  nets  of  parallel  lines  and  pax’allel 
planes  to  coordinate  systems  in  2 and  3 dimensions:  do  not 
restrict  to  perpendicular  sets  of  lines  and  planes. 

Typical  Exercises: 

Show  how  to  divide  segment  into  7 (ot  any  number  of  parts)  con= 
gruent  segments  by  edge  of  ruled  sheet  ot  paper , 


2..  Median  of  trapezoid 

bisects  each  diagonal , 


3^  E is  midpointi  F is  midpoint. 


Ay 


E 


B 


Should  we  give  hits  of  dotted 
lines? 

Develop  this  problemi  do  not 
Just  throw  it  at  them. 


Proven  AG  = CiH  = HC 


D 


ERIC 


CONTmTS  OP  GRADE  8 


Sequence  A 


Chapt-er  1 5 


Perpendicularity 


Section  1:  Perpendicularity  of  One=dimensional  Objects 

1.1  Right  angle  and  perpendicular  lines 
lo2  Extension  to  line^  i'ay^  segment  by  concepts  of 
"carrying  line" 


lo3  Construction  of  perpendicular  line  through  fixed  point 
1«4  Construction  of  bisector  of  segment 

1^5  Locus  in  plane  of  points  equidistant  from  two  fixed  point 
1.6  Proof  concerning  diagonals  of  rhombus 


Section  2: 


Perpendicularity  of  Two-dimensional  Objects 


2*1  Dihedral  angles 

2.2  Extension  of  perpendicularity  from  planes  to  half- 
planes  by  concept  of  "carrying  plane" 

2.3  Locus  in  3 -space  of  points  equidistant  from  two  fixed 


points 

2.4  Definition  of  line  perpendicular  to  plane 

2.5  Perpendicular  skew  lines 

2*6  Line  perpendicular  to  two  lines  at  some  point-  determi- 
nation of  plane 

2*7  Mutually  perpendicular  lines ^ same  for  planes 

2*8  Plane  through  fixed  pointy  perpendicular  to  fixed  line 


Chapter 
Section  la 
lal 


Coordinate  Systems  = Distance 
One  Dimensional  Coordinate  System 
Coordinate  on  a line 


Section 


1- 2  Distance  between  two  points  on  a line 

1*3  Algebraic  description  of  subsets  of  the  line 
2.  Two  Dimensional  Coordinate  System 

2- 1  Coordinates  in  the  plane 

2b2  Distance  between  two  points  in  the  plane 
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2*3  Algebraic  description  of  subsets  of  the  plane 
Section  3.  Three  Dimensional  Coordinate  System 

3.1  Coordinates  in  Space 

3.2  Distance  between  two  points  in  space 

3*3  Algebraic  description  of  subsets  of  space 
Section  4.  Polar  Coordinate  System 

Chapter  3 * Displacements 
Section  1.  Physical  Quantities 

1.1  Quantities 

1.2  Operations  (review) 

Section  2,  Vector  Quantites 
Section  3 - Vectors 

3.1  Activities 
3-2  Equality 

3^3  Opposite  of  a vector 
3*4  Addition  of  vectors 
3*5  Zero  vector 

3*6  Commutative  principle  for  vector  addition 
3.7  Associative  principle  for  vector  addition 
3 08  Summary  of  properties  of  addition 
3-9  Solution  of  vector  equations 
Section  4*  Multiplication  of  a Vector  by  a Nuiaber 
4r,l  Developing  meaning  of  multiplication 

4.2  Multiplication  and  parallelism 
Section  5*  Translation 

Section  6s  Decomposition 

6.1  Decomposing  in  terms  of  two  vectors 

6.2  naming  vectors 

Section  7*  Extension  to  Vectors  in  3^Space 
Section  8^  Applications 
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Chapter  _4  " E^x^oblem  Analysis  { Strategies ) 

Section  1:  Tianslation  of  Phrases 

1^1  Mathematical  phrases  to  English  phrases 
1...2  Class  discussion 

Ir. 3 Characteristics  of  translations  of  English  phrases 
1«4  Exercises 

1.5  English  phrases  to  mathematlcel  phrases 

1.6  Class  discussion 

1.7  Characteristics  of  translations  of  mathematical  phrases 
lo8  Exercises 

Section  2?.  Translation  of  Sentences 

2.1  Mathematical  sentences  to  English  sentences 

2.2  Class  discussion 

2.3  The  translation  process 

2«4  Characteristics  of  translations  to  English  sentences 
2 <.5  Sentences  involving  restricted  domain 

2.6  Exercises 

2.7  English  sentences  to  mathematical  eentences 
2 08  Class  discussion 

2«9  Exercises 

Section  3"  Problem  Analysis  and  Strategies 

3<j1  Basic  attitudes  toward  problem  analysis 
3<^2  Organization  techniques  (a  first  strategy) 

3^3  Example  of  first  strategy  at  work 
3^4  A second  strategy 
3^3  Exercises 

3^6  Organizing  information  with  drawings  or  diagrams 
3»7  Exercises 

3«8  Organizing  information  in  tabular  form 

3-9  Exercises 

3«10  Estimation  process 

3*»11  Exercises 

3-12  Problem  analysis  based  on  analogy 
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Chapter  5* 
Section  1: 

2: 

3: 

h: 

5: 


N\jjTiher  Theory 

Even  and  Odd  Integers 

Informal  Discussion  of  Statements  and  Prc of 

Factors^  Divisibility^  Tests  for  Divisibility^  and  the 

Division  Algoritlim 

Prime  numbers^  Sieve  of  Eratosthenes^  Prime  Factorization 
The  Euclidean  Algorithm  and  the  GCD 


Chapter  6 : The  Real  Numbers  Revisited  - Radicals 


Section 

Section 


Section 


Section 


Motivation 

2:  Review  of  Pacts  about  the  Real  Number  system 

2.1  Notation  for  real  numbers 
3*  Roots  of  Numbers 

3-il  Square  roots 

3.2  Definition  of  the  n-th  root  of  a 

1 /2  1 /h 

3-3  (possibly)  Introduce  K ' ^ x ^ ^ etc, 

kt  Computat-^"  on  with  Radicals 

4,1  Use  of  factorization  to  find  roots 


4*2  Irrational  square  roots 

4.3  Product  of  square  roots 

4.4  Square  roots  of  rational  numbers 

Section  5;  Review  of  Real  Number  Properties  and  the  Number  Line 

5.1  Properties  of  the  real  number  system 


5-2  Real  numbers  and  the  number  line 


Chapter  7 : Truth  Sets  of  Mathematical  Sentences 

Section  1:  Addition  and  Multiplication .Properties  of  Equality  and 


Inequality 

1.1  Concept  of  equivalent  sentences 

1.2  Addition  property  of  equality 

1.3  Multiplication  property  of  equality 

1.4  Addition  and  multiplication  properties  of  inequalities 

1.5  Applications  to  verbal  problems 
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Section  2: 


Chapter 

Section 


Section 


Section 


Section 


Permissihle  Operations  for  Equivalent  Sentences 

2.1  Addition  and  multiplication 

2 2 

2.2  If  a = then  a = b j converse  not  true 

k. 3  Use  of  "ab  = 0 if  and  only  if  a **  0 or  b;=  0" 

2.,h  Restrictions  on  denominators  containing  verlables 

2.5  Squaring  both  sides  of  an  equation 

8 * Quadratie  Polynomials  as  Functions 

1:  Graph  of  the  Quadratic  Function 

2 2 

l. 1  Graphs  of  f ' .:x  and  f i x ^ 

1.2  Graph  of  f : x ux^ 

2 

1 . 3 Graph  of  f : x ax  + k 

2 

Graph  of  f : x -^a(x  - h) 

p 

1.5  Graph  of  f:x~»a(x-h)  +Ts 

1.6  Point  out  need  to  factor  quadratic  polynomials 

2:  Factoring  Polynomials 

2.1  Meaning  of  "over  the  integers"^  etc# 

2 #2  Type  ah  + ac  = a(h  -t  c) 

2.3  Type  ax  + ay  + hx  + by  — (a  tb)(x  +y) 

2.4  Perfect  squares 

2.5  Difference  of  squares 

. _ 2 

2.6  Type  x + hx  + Cj  hy  completing  the  square 

2 

. .7  Type  ax  + hx  + hy  completing  the  square^  and  hy 

Inspection 

3:  Solving  Quadratic  Equations 

3*1  Same  as  "finding  zero  of  function" 

3.2  Solution  hy  factoring^  including  completing  the  square 
3*3  Formula  as  a short  cut 

2 

ki  Writing  the  General  Quadratic  in  Form  a(x  - h) ” t k 
4#1  Completing  the  square  to  get  the  form 

4 #2  Use  the  graph  of  a single  quadratic  function  to  solve  many 
related  quadratic  equations 
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Chapter 

Section 


Chapter 

Section 


Section 


Section 


Section 


£:  Probability 

1:  Dependent  and  Independent  Events 

2:  Conditional  Probability  - Bayes*  Theorem  (WST) 

3;  Expectation 

4:  Variation^  Standard  Deviation 

5:  Normal  Distribution!  Physical  Observations 

10:  Parallels  and  Fei'pend  1 cula r s 

1:  Regions 

1.1  Separation  of  a plane  by  parallel  lines 

1.2  Separation  of  a plane  Vy  n parallel  lines  and  m other 
perpendicular  to  thorn 

1.3  Extension  to  3=space  with  parallel  and  perpendicular 
planes 

2:  Combining  Parallel  and  Perpendicular  Relations 

2.1  Line  perpendicular  to  one  of  two  parallel  lines  (planes) 

2.2  Two  lines  perpendicular  to  the  same  line  (plane) 

2.3  Plane  perpendicular  to  one  of  two  parallel  lines  (planes) 

2.4  Two  planes  perpendicular  to  same  line  (plane) 

2.5  Relation  of  parallel  and  perpendicular  with  respect  to 
reflexive^  symmetric^  transitive  relations 

3:  Distance  between  Parallel  Lines  and  Parallel  Planes 

3.1  (Review)  Distance  between  two  points 

3.2  Distance  froiii  a point  to  a set  of  points 
3*3  Distance  between  two  sets  of  points 

3.4  Altitude  of  parallelogram^  of  trapezoid 

3.5  Equations  and  inequalities  for  planes  parallel  to  co- 
ordinate planes . 

4:  The  Quadrilateral  Properties 

4*1  Review  properties  of  sides ^ diagonals^  angles  of  figures 

4.2  Informal  approach  to  "necessary  and  sufficient" 


Section 


Section 


Chapter 

Section 

Section 

Section 

S o ct  1 o n 
Section 
Section 


Chapter 

Section 


5“  Symmetries 

5„I  Symmetry  in  a line  (in  2-space  and  in  3-space) 
p.2  Symmetry  in  a point  (in  2-space  and  in  3-space) 

5.3  Sytrmietry  in  a plane  (in  3“space) 

5=4  Symmetries  of  triangles 

5«5  Symmetries  of  recnangles 

5=6  Symmetries  of  a circle 

5=7  Symmetries  of  3-dimenslonal  figures 

6"  Angle -Sum  Proofs 

6=1  The  parallel  property 

6.2  Angle  measure  sum  for  triangles 

6.3  Angle  measure  sum  for  convex  polygons 

11;  Properties  and  Mensuration  Of  Geometric  Figures 
1:  Motivation  of  Numerical  Measure  for  Areas 

2;  Arbitrary  Unit  versus  Standard  Unit 

2.1  Selection  of  unit 

2.2  Metric  system 

3s  Assigning  Measures  to  Segments  and  to  Regions 

3.1  Formulas  for  perimeters  and  areas 

3.2  Measure  and  Congruence 

4:  Properties  of  Regular  Polygons 

5t  Models  of  Solids 
6;  The  Sphere 

6.1  Surface  of  the  sphere 

6.2  VolUiae  of  the  sphere 

12:  Spatial  Perception  and  Locus 

1:  Relationships  bet-ween  two  (or  more)  Given  Point  Sets 

2:  Using  a Set  of  Points  to  Evolve  Another  Set  of  Points 

3;  Sets  of  Points  Meeting  Given  Conditions 


Chapter  13 : 
Section  I; 

1-1 

1.2 

Section ' 2 : 
2-1 
2.2 

2.3 

Section 

3.1 

3.2 

Section  4: 
Section  5: 

5.1 

5.2 

5.3 


Systems  of  Equations  in  Two  Variables 
Solution  Sets  of  Systems  of  Equations  and  Inequalities 
Review  definition  of  solution  set  of  equation  or  in- 
equality 

Define  solution  set  for  system  of  equations  or  inequalities 

Equivalent  EquationBi  Equivalent  Systems 

Definition  of  equivalent  as  "having  same  solution  set" 

Replacement  of  an  equation  in  a system  by  an  equivalent 

equation  r-  ^ults  in  an  equivalent  system 

Linear  comb^-.nation  method  of  solution 

Systems  of  Liraar  Equations 

Review  of  graphical  solution 

Graphical  interpretation  of  linear  combination  method 
Graphical  Solution  of  Systems  of  Inequalities 
Applications 

Word  problems  needing  two  variables 
Use  of  mathematical  models 
Introduction  to  linear  programming 


GRADE  8 - CHAPTER  1 


PERPENDI  CULARIT'Y 


Background i 

Many  of  the  ideas  of  perpendicularity  of  lines  are  already  known 
to  the  student  at  this  time^  but  the  careful  extension  of  this  con= 
cept  to  perpend icular  rays  and  segments  is  probably  new^  I'he  concept 
of  dihedral  angle  has  been  used  and  discussed^  but  it  Is  here  extended 
to  define  perpendicular  planes^  The  further  extension  to  perpendicu= 
lar  half  planes  and  of  line  perpendicular  to  plane  are  quite  new  but 
are  illustrated  by  familiar  facts  about  cubes , 

Simple  constructions  have  been  introduced  to  copy  segments  and 
angles  and  to  bisect  an  angle^  but  here  the  constructions  of  line  per- 
pendicular to  line  and  point  bisecting  segnient  are  introduced  and 
proved  - 

It  is  hoped  that  the  idea  of  locus  is  not  new^  but  its  application 
to  perpendicular  bisecting  line  and  perpendicular  bisecting  plane  of  a 
segment  Is  formalized ^ 

The  rhombus  and  square  are  known  so  their  perpendicular  diagonals 
should  not  need  much  time  to  Introduce, 

Purpose  ° 

The  purposes  of  tnls  chapter  are  as  follows i 

1,  To  strengthen j and  sometimes  to  define^  the  concept  of  perpendicu- 
lar relations  in  2 and  3 dimensions  * 

2o  To  illustrate  the  concept  of  perpendicularity  for  1 and  2 
dimensional  f Igures - 

3«  To  associate  2 and  3 dimensional  concepts  as  often  and  as 
fully  as  possible  at  this  level  of  mathematics. 


4^  To  introduce  some  new  constructions  with  straight  edge  and  com= 
passes  and  to  review  old  constructions  in  harder  problerris . 

9.  To  illustrate  ^he  idea  of  locus  in  perpendicular  bisecting  lines 
and  planes  without  trying  to  teach  the  general  idea  of  locus . 

6.  To  provide  much  Inductive  work  with  perpendicularity  in  3 
dimensions^  but  no  proof. 

7.  To  introduce  3 mutually  perpendicular  lines  and  3 mutually 
perpendicular  planes  as  preparation  for  coordinate  geometry  in 
3--space  ^ 

Rationale : 

Parallelism  has  been  introduced  by  itself  in  a former  chapter. 
Now  another  basic  relationship  among  lines  and  planes  in  2 and  3“ 
space  is  isolated  from  other  relationships . It  is  both  a summary  and 
an  extension  of  ideas  about  perpendicularity. 

The  discussion  of  the  Interrelationships  between  the  concepts  of 
parallelism  and  perpendicularity  are  summarised  in  a later  chapter. 
Thus  we  have  Just  one  more  example  of  the  planned  spiral  approach  in 
the  curriculum.  Many  of  the  properties  of  the  triangle  and  quadri- 
lateral are  being  introduced  all  along  the  way  to  prepare  for  sum- 
maries of  such  facts  later.  It  is  clear  that  some  ideas  are  intro- 
duced in  the  present  chapter  to  prepare  for  coordinates  In  3“SP®ce 
In  the  chapter  which  follows  immediately.  Some  future  topics  which 
will  use  the  ideas  of  perpendicularity  are  these:  mensuration  of 

geometric  figures^  transformations ^ and  tangency. 

Section  Perpendicularity  of  one -dimensional  objects : 

1.1  Right  angle  as  degree  measure  90|  perpendicular  lines  as  con- 
taining a right  angle, 

1.2  Extend  perpendicular  to  other  one-dimensional  objects  (llne^  ^ay^ 
segment  in  all  combinations)  by  concept  of  carrying  line|  note 
that  perpendicular  does  not  imply  Intersect. 


1.3 


Construction:  line  through  fixed  point  perpendicular  to  fixed 

line  (whether  point  is  on  line  or  not) | proof  by  congruent  tri= 
angles . 

1«4  Construction:  bisector  of  segnient;  proof  by  congruent  triangles - 

1.5  Locus  in  a planej  points  equidistant  froiri  two  fixed  points. 

1.6  Prove:  Each  diagonal  of  a rhombus  is  the  perpendicular  bisector 
of  the  other  diagonal;  therefore  true  for  square;  but  not  true 
for  non=square  rectangle. 

Typical  Exercises : 


ZAOC  is  a right  angle;  £BOL 
a right  angle;  mZAOB  = 30.  What 
is  mZCOD? 


2. 


D 


Ao 


E 


F 


Given  that  AB"  J_  53"  : A^  B and 
F are  collinear;  D and  E 

are  collinear;  and  order  and 
separation  as  indicated  by  the 
figure . 


Answer  these  questions:  Encircle  either  T or  F to  indicate 

that  the  fact  is  true  or  false: 


T 

F 

(1) 

AB  Intereects 

CE 

T 

F 

(2) 

AB  J_  OD 

T 

F 

(3) 

AB  Intersects 

CD 

T 

F 

(4) 

Kb  intersects 

CE 

T 

F 

(5) 

AB  Intersects 

CD 

T 

F 

(6) 

AB  i CT 
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et-c . 


T P (7) 

AB  intersects  c5 

T P (8) 

BP  J_  DC 

More 

" 3N  questions  similar 

to  these: 

(a) 

Hypothesis i 

Object  0 J_  Object  \|; 

Conclusion: 

Object  0 

interscrcts 

Object 

(b) 

Hypothesis : 

Object  0 

interBects 

Obj  ect 

Conclusion: 

Object  0 Object 

(c) 

Hypothesis : 

lABC  Is  a 

right  angle 

9 

Conclusion: 

^ J_  W 

(d) 

Hypothesis : 

ZABC  is  a 

right  angle 

$ 

Conclusion: 

M _L  bF 

(e) 

Hypotlioais : 

m X BC" 

Conclusion : 

ZABC  is  a 

right  angle 

a 

4,  Use  the  following  exercise  to  prepare  for  Section  I.3  above: 
If  PA  = PB  and  QA  = QB^  then  PQ  Xb * Assiime  all  points 
mentioned  are  eollinear, 

5.  The  same  hypothesis  given  in  Exercise  4 could  prepare  for 
Section  1.4  above  by  proving  that  PQ  bisects  AB. 

6,  Prove  this  theorem  in  connection  with  Section  1#5: 

If  PA  = PB^  QA  = 03  and  R is  on  PQ^  then  RA  = RB. 

Note  that  this  fact  is  also  true  in  3""Space. 

7.  Work  up  to  such  construction  problems  as  these  as  objectives: 

(a)  Square^  given  a side* 

(b)  Rectangle^  given  two  sides. 

(c)  Rhombus^  given  two  diagonals^ 

(d)  Parallelogram,  given  two  diagonals , 

(e)  Eectangle^  given  a diagonal  and  a side* 
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To  show  how  these  types  of  problems  may  suggest  thinking  about 
sufficiency  of  data^  consider  these  examples- 

(l)  Can  you  have  a quadrilateral  with  two  diagonals  congruent 
to  these  segments? 


ABC  D 

If  so^  construct  such  a quadrilateral.  Can  you  have  more 
than  one  such  quadrilateral?  If  so^  construct  another  which 
Is  not  congruent  to  the  firsts 

(s)  Can  you  have  a parallelograrii  with  diagonals  congruent  to  the 
segments  In  Exercise  (l)?  Constie  'c.  such  a parallelogram. 

If  you  can  have  another^  non-congruent  parallelogram^  con- 
struct one . 

(3)  Can  you  have  a quadrilateral  with  diagonals  perpendicular  to 
each  other  and  congruent  to  the  segments  in  Exercise  (l)? 

If  so^  construct  one.  Can  you  have  another^  non=congruenb 
quadrilateral  which  fits  these  conditions?  If  so^  construct 
one . 

(4)  Can  you  have  a rhombus  with  diagonals  congruent  to  the  seg= 
ments  in  Exercise  (l)?  If  so^  construct  one^  Can  you  have 
another^  non=congruent  rhombus  which  fits  these  conditions? 

If  construct  one. 

(5)  Can  you  have  a square  with  diagonals  congruent  to  the  seg- 
ments in  Exercise  (l)?  If  so^  construct  one-  Can  you  have 
another^  non-congruent  square  which  has  Buch  diagonals?  If 
so^  construct  one - 

8.  Extend  the  ideas  of  paper  folding  used  in  previous  chapters-  Here 
use  this  technique  to  find  the  altitudes  and  perpendicular  bisec- 
tors of  sides  of  triangles-  Use  a helpful  selection  of  triangles 
from  scalene^  isosceles  and  equilateral;  acute^  right  and  obtuse. 
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9-  start  with  four  different  triangles  and  use  them  to  do  the  follow- 
ing constructions  (with  ruler  and  straight  edge) : 

(a)  Construct  the  three  altitudes* 

(b)  Construct  the  three  medians. 

( c)  Construct  the  three  angle  bisectors. 

(d)  Construct  the  three  perpendicular  bisectors  of  the  sides. 

Use  different  size  and  different  shape  triangles  within  the  class 
or  even  for  each  pupil.  Be  sure  i nave  some  obtuse  triangles  to 
construct  altitudes  and  perpendicular  bisectors  of  sides - 

Section  2 * Perpendicularity  of  two-dimensional  obj ects : 

2^1  Def s s measure  of  dihedral  angle ^ right  dihedral  angle ^ perpendi- 
cular planes  as  containing  a right  dihedral  angle, 

2.2  Extend  perpendlculax"  to  two  dimensional  objects  (planes  or  half- 
planes)  by  concept  of  carrying  plane;  note  that  perpendicular 
does  not  imply  intersects . 

2.3  Locus  in  3“spsce;  points  equidistant  from  two  fixed  points. 

Def:  line  perpendicuJ.ar  to  plane  as  perpendicular  to  all  lines 

in  plane  through  its  foot;  extend  to  one -dimensional  objects 
(line^  segment^  ray)  perpendicular  to  two=dlmenslonal  objects 
(plane^  half-plane);  perpendicular  does  not  imply  intersects. 

2.5  DiscUoS  perpendicular  skew  lines ^ perhaps  by  means  of  line  to 
which  each  of  them  is  perpendicular;  extend  to  line  perpendicular 
to  two  lines  and  intersecting  them  at  distinct  points. 

2.6  Line  perpendicular  to  t'wo  lines  and  intersecting  them  at  the  same 
point;  line  perpendicular  to  plane  determined  by  two  intersecting 
lines  (no  proof  of  any  of  this  at  this  stage)* 

2.7  Three  mutually  perpendleulsr  lines;  three  mutually  perpendicular 
planes  * 
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2,3  Plane  containing  fixed  point  and  perpendicular  to  fixed  line 
(whether  line  contains  point  or  not) , 


Typical  Exercises; 

F 

1« 


.3" 


7 


\ 


\ 


\ 


Q 


The  following  figure  Is  a cube 
questions , 


FP  is  a flagpole  standing  on  level 
ground  at  point  R and  Q are 

points  on  the  ground  so  that  RP  “ 

PQ  - 1 and  RQ  = 7.  Copy  The 
figure  and  add  the  line  which  is  per= 
pendicular  to  both  FP  and 

By  means  of  the  figure  answer  the 

C 


G 


(a)  AE  is  skew  to  DC-  Name  a segment  perpendicular  to  both  and 

intersecting  both- 

(b)  AE  is  skew  to  DC^  Name  a segrrient  perpendicular  to  both^  but 

not  intersecting  either ^ 

(c)  Find  a segment  skew  to  BG  such  that  there  is  a segment  marked 

in  this  figure  which  is  perpendicular  t,o  both-  Name  the  seg=- 

ment  perpendicular  to  botha 

(d)  Find  a line  oerpendicular  to  two  intersecting  lines  so  that 
the  l.ntersecting  lines  are  not  perpends  ular  to  each  other o 

(e)  Describe  the  plane  through  C perpendicular  to  CG. 

(f)  Describe  the  plane  through  E perpendicular  to  HG. 

(g)  Describe  the  line  through  D perpendicular  to  the  plane  DCGH= 

(h)  be  scribe  the  line  thi^ough  F perpendicular  to  the  plane  ADHE. 
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Draw  a picture  of  a cube  and  label  the  eight  vertices . 


(a)  Using  these  letters  name  three  lines  such  each  pair  is 

perpendicular • 

(b)  Identify  three  planes  in  the  figure  such  that  ?ach  pair  is 
perpendicular . 

(c)  Identify  a line  perpendicular  to  two  intersecting  lines « 

(d)  Identify  a line  perpendicular  to  a plane. 


GRADE  8 - CHAPTER  P 


COORDINATE  SYSTEMS  - DISTANCE 


Background  A s sumed : 

Knowledge  of  the  real  number  line . 

Familiarity  with  coordinates  of  points  on  a line  and  coordinates 
of  points  in  a plane  and  how  to  plot  them^ 

Ability  to  graph  linear  functions  and  y ~ 1^1 • 

From  Grade  7^  Chapter  5^  measure  of  segments. 

From  Grade  7^  Chapter  11^  some  in-"  rrductory  knowledge  of: 

(1)  equatiors  of  lines  parallel  to  the  coordinate  axes^ 
inequa?tities  for  strips^  and  2=spaee  intervals, 

(2)  Set“bullder  notation^  C(x^  y)  ■ X + y > 2}. 

Purpose : 

To  develop  mathernatical  machinery i 

(1)  to  describe  algebraically  sets  of  points  that  form  familiar 
geometric  figures^  and.  conversely^  to  describe  geometrically 
solution  sets  of  equations^ 

(2)  to  be  able  to  prove  geometrical  theorems  analytically^ 

(3)  to  solve  graphically  many  problems  that  are  usually  solved 
algebraically . 

This  chapter  brings  together  algebra  and  geometry  and  lays  the 
foundation  for  the  study  of  a body  of  mathematics  called  analytical 
geometry . 


Section  1.  One  dimensional  coordinate  system: 

1.1  Distance 

Intuitive  development  of  th.e  concept  of  distance.  V.Tiat  is  the 
distance  between  San  Francisco  and  Los  Angeles?  This  is  a tough 
question,  because  we  wonder  which  road,  by  airplane  exactly  where 
In  San  Francisco  do  we  start  and  exactly  where  do  we  stop  and 
what  is  the  unit  of  distance.  How  far  from  Joe's  house 'to  Bill's 
house?  It  should  be  clear  from  such  a short  discussion  that  we 
will  havre  difficulty  getting  what  everybody  would  agree  to  be  an 
"exact"  answer o 

Consider  three  colllnear  points: 

A B G 

Have  students  measure  the  length  of  AB,  BC,  and  AC  using 
some  unit,  and  have  them  notice  the  apparent  relationship  between 
the  three  lengths.  Connect  this  up  with  the  relation  betweenness. 
The  npmber  associated  with  AB  is  called  the  distance  between  A 
and  B with  respect  to  that  unit  and  is  denoted  by  AB. 

Consider  three  non-colllnear  points  and,  make  measurements  as  above 
to  motivate  the  triangle  inequality,  AB  + BC  > AC, 

From  the  above  it  should  be  possible  to  pull  out  the  Idea  that 
given  two  points  A and  B in  space,  and  a unit  of  measure,  then 
there  is  a number  that  corresponds  to  these  two  points.  This  num- 
ber is  the  distance  between  A and  B and  is  denoted  by  AB. 

This  correspondence,  then,  is  a function,  D, 

D : (points)  A,  B— »>( distance )d  , 

Consider  what  happens  to  the  distance  between  A and  B as  point 
B gets  closer  and  closer  to  point  A. 

This  leads  us  to  0 as  the  distance  between  point  A and  point 
A,  that  is  AA  = 0. 


Note  here  that  the  distance  between  points  A and  B is  either 
positive  or  zero|  it  is  zero  whenever  A and  B are  names  for 
the  same  pointy  and  positive  whenever  A ^ Bi 


1^2  Coordinates  on  a line.  (See  Mathematics  for  Junior  High  School ^ 
Vol.  Part  1^  pp.  21-23.) 

One  to  one  correspondence  between  the  points  on  a line  and  the 
real  nuiabers  giving  the  real  number  line. 

Show  how  to  coordinatize  the  line  by  choosing  an  arbitrary  point 
as  the  origin^  and  an  arbitrary  unit. 

1.3  Distance  between  two  points  on  a line^ 

The  coordinate  of  a point  on  a line  gives  the  distance  from  the 
origin  to  the  point  and  also  tells  the  direction  from  the  origin 
to  the  point . 

The  absolute  value  of  a real  number^  gives  the  distance 

between  the  origin  and  point  A with  coordinate  a.  Consider 
the  number  line: 


Find  the  distances  FK^  AD^  and  CH^ 

Notice  that  if  P and  Q have  coordinates  p and  q respec- 
tively that  PQ  = |p  = q|. 

At  this  point  it  might  be  well  to  consider  two  distinct  points  P 
and  Q with  coordinates  p and  q and  examining  the  numbers 
p - q and  q - p.  One  of  these  is  positive  and  one  is  negative. 
This  can  be  connected  up  with  the  concept  of  sense  on  line  and 
also  with  the  concept  of  directed  distance,  q - p is  the 


ABODE  FGHKM 
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'lirected  distance  from  P to  Q and  it  is  positive  if  the  posi- 
tive sense  of  the  line  is  in  the  direction  from  P to  Q. 


If  this  informal  bit  on  directed  distance  does  not  get  into  the 
textj,  it  should  bo  noted  in  the  TC  for  the  teachers . 


Define:  midpoint  of  a segment. 

Find  the  coordinate  of  the  midpoint  of  segments  PM,  AE,  BP, 


Develop  formula  for  coordinate, 

If  P,  and  Q have  coordinates  p 


of  the  midpoint  of 


and  q , m^ 


PQ 


Exercises  of  the  following  type: 


Given  P(2,5) 

and  Q,(-4,3) 

(a) 

Find  the 

coordinates  of 

the 

midpoint 

of  PQ. 

(b) 

I'ind  the 
that  PR 

coordinates  of 

* ^ Ki- 

the 

point 

R 

on  PQ  such 

(c) 

Find  the 

coordinates  of 

the 

point 

S 

such  that  Q 

is  the  midpoint  of  PS. 


3, .4  Algebraic  description  of  subsets  of  the  line,  (See  Math,  for 
Junior  High  School , Vol,  2,  Part  1,  pp.  65-71) 

At  this  stage  of  the  game  we  make  the  convention  that  if  P has 
coordinate  p in  a given  coordinate  system,  we  may  refer  to  P 
by  simply  naming  Its  coordinate  p. 

Segment  FK  (in  diagram,  page  3)  consists  of  the  points  P,  K, 

and  aH  points  between  F and  K,  Analytically  we  may  say 

FK  = {x  : 1 < X < 4 } or  FK  is  the  solution  set  of  the  sentance 

1 < X < 4. 

Develop  the  following; 

If  p < q segment  : [x  ; p < x < q} 

half  line  ; {x:x>q},  {x;x<q} 

: {x  : X > q),  {x  ; x < q) 
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If  p < q open  interval  : {x  : p < x < p} 

Find  the  solution  sets  of  the  following  sentences  and  graph  the 
solution  set  --  name  the  set  if  it  is  a familiar  geometric 
f igure j 


1. 

X 

= 2 

5. 

X < -2 

2. 

X 

- 14  = - 

12 

6. 

X - 4 < -6 

X 

> 3 

7. 

3 < X < 7 

k. 

X 

+ 7 > 10 

8. 

-2  < X - 5 

9. 

X 

greater 

than  3 

and 

X less 

1 than  7 

10. 

X 

greater 

than  3 

or 

X less 

than  7 

11. 

X 

greater 

than  3 

or 

X less 

than  -2 

12. 

X 

> 3 or 

X < -2 

Describe  the  following  sets  of  points,  graph  them  and  then  name 


the 

set 

If  its  graph  is 

a familiar  figure. 

13. 

(x 

: 5 < X < -2 } 

l8 « 1 X 1 =3 

= 4 

l4. 

(x 

1 x^  < 4} 

19.  |x|  + 7 

= 2 

15. 

2 

X 

> 4 

20.  |x  - 2] 

< 4 

16. 

|x 

-21=3 

21.  |x|  + 2 

> 5 

17. 

Ix 

+ 7l  = 5 

eta , 

Section  2.  Two  dimensional  coordinate  systemi 

2,1  Coordinates  in  the  plane.  (See  Vol.  2,  Part  1,  pp , 23-30) 

Set  up  the  X-axis,  Y-axis  and  review  the  plotting  of  points  and 
discuss  and  note  the  one-to-one  correspondence  between  points  in 
the  plane  and  the  set  of  all  ordered  pairs  of  real  numbers  (x,y 
This  would  be  a good  place  to  consider  developing  the  concept  of 
cartesian  product  A X B where  A and  B are  sets  of  numbers. 


Begin  with  A = {l,a,3]  and  B = l>,p}  and  form  A x B and 
finally  consider  R x R where  R is  the  set  of  all  real  num- 
bers. Then,  point  out  that  for  each  (x,y)  e R x R there  is  a 
point  in  the  plane  and  for  each  point  p in  the  plane  there 
corresponds  an  ordered  pair  of  real  numbers  (z^b)  ® R x R. 

Definition  of  the  four  quadrants  showing  how  the  two  coordinate 
axes  separates  the  plane  into  4 cilsjoint  sets  of  points. 

Exercises  of  the  following  type . 

1.  Consider  a square  with  side  If  the  x-axls  and  y-axls  are 

sides  of  the  square,  what  are  the  coordinates  of  the  vertices 
of  the  square  If  one  vartex  is  in  the  third  quedrant?  Con- 
sider the  other  quadrants. 

2,  Consider  an  Isosceles  triangle  with  base  6 and  altitude  4, 
If  the  vertex  is  at  the  origin  and  the  y~axls  bisects  the 
base  what  are  the  coordinates  of  the  vertices  of  the  tri- 
angle? Consider  all  cases . 

3.  Give  an  algebraic  description  of  the  set  of  points  in  each 
quadrant , 

4,  Consider  two  sentences  of  the  form  y = 2x  + 4,  graph  these 
two  sentences,  these  two  lines  separate  the  first  quadrant 
into  three  convex  regions . Find  algebraic  descriptions  of 
each  of  these  three  reg ' ons , 

2.2  Distance  between  two  points  in  a plane. 


Use  Ideas  developed  in  1.2  to  find  the  distance  between  two  points 
on  the  X-axls,  Y-axis  and  on  lines  parallel  to  the  axes. 

Give  probleniB  finding  the  distances  between  points  A and 
are  in  different  quadrants . 
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B that 


Find  the  distance  AB  for: 


1.  A(O.T),  B(0,-3) 

2.  A(-8,0),  B(2j0) 

3.  a(8,5),  b(8,-2) 

4.  A(-2,-3),  B(-2,5) 


Have  students  see  thax  the  formula  developed  in  1.2  can  be 
used  here. 

As  a discovery  exercise^  consider  the  problems  find  AB  for 
A(2^4)  and  B(6,1). 

Review  subscript  notation  such  as  ^ ^ 

Develop  proof  of  distance  formula 


Give  problems  so  that  the  square  roots  Involved  are  within  the 
square  root  development  in  Grade  7-  Keep  the  distances  mostly 
rational^  but  have  few  that  are  irrational. 

Some  problems  could  involve  finding  areas  of  figures  that  are 
plotted  in  the  plane  ^ 

Develop  the  formula  for  finding  the  coordinates  of  the  midpoint 
of  the  segment  Joining  " This  can  be 

done  using  similar  triangles  or  using  the  distance  formula  Just 
developed . It  could  be  that  the  algebra  involved  here  it  too 
heavy  for  them  to  use  the  distance  formula  a The  similar  tri- 
angle method  has  simple  algebraic  manipulation. 

Give  problems  using  midpolnu  formula  and  distance  formula. 

Prove  some  originals  and  theorems  from  synthetle  geometry  by 
using  coordinate  geometry. 


Exercises ; 


1.  Consider  MBC  with  vertices  A(2,3)?  E(5,9)j  C(ll,6). 

(a)  Find  the  lengths  of  the  sides  AB^  BC^  and  AC. 

(b)  What  kind  of  a triangle  is  MBC? 

(c)  Find  the  coordinates  of  the  niidpolnts  of  MBC. 

(d)  Prove  that  the  line  Joining  the  midpoints  of  segments 
AB  and  BC  is  parallel  to  AC  and  is  lialf  the  length 
of  AC. 

2.  Consider  MBC  with  vertices  A(3,10),  B(3^^)j  and  C(9^^). 

(a)  Find  the  lengths  of  the  sides. 

(b)  What  kind  of  a triangle  it? 

(c)  Find  the  midpoint  D of  AC  and  prove  that  BD  = ^ AC. 

3.  Given  P(3j^).  Find  such  that  the  origin  0 is  the 

midpoint  of  PP^. 

4-  Given  P(3j^)  and  Q(6,8).  Find  3 points  equidistant 
from  P and  Q. 

2.3  Algebraic  description  of  subsets  of  the  plane,  (See  Vol.  2, 

Part  1,  pp.  30-33,  93-110) 

1.  Sentences  in  one  variable. 

For  k and  m real  numbers  consider  sentences  of  the  types: 

X = k,  y = k,  X >/.k,  x > k,  x < k,  x < k,  y > k,  y ^ kj  y < k, 
y<k,  k<x<mj  k<x<m,  k<x<ni,  etc. 

Judicious  use  of  set  notation  sometimes  clarifies  things  here 
{(x^y)  : 2 < X < 5). 

Consider  the  following  sets  of  points j describe  and  name  the 
geometric  figure  where  possible. 

(1)  {(x^y)  ; X > 2 and  y > 4} 
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(a) 

l(x^y)  ; X > 2 or 

y > 4} 

(3) 

half  plane;  {(x^y) 

: X > 4} 

(■'0 

strip:  {(x,y)  : 2 

< X 5 } 

(5) 

rectangular  region: 

{(x^y)  : 2 < X < 4 

and 

Give  problems  involving  absolute  value  and  inequalities. 
2 . Sentences  in  two  variables . 


rectangular  regions  {(x^y)  i 2 < x < k and  =^1  < y < 3) 
Line;  C(x,y)  : 2 x +y  = 2 ) 

Develop  concept  of  slope  of  a line  (see  Vol.  2,  pp.  37^- 
378}. 

Use  definition  as  rise  over  run  and  get  slope  formula  for  the 

^2  " ^1 

line  through  P^(x^^y^)  and  " x - x ' 


Consider  the  lines  y = mx  where  m is  a real  number  and 
discover  that  m is  the  slope. 

Consider  the  type  of  line  with  m > 0^  m ==  0^  m < 0^  and 
slope  undefined.  Introduce  terms  horisontal  and  vertical 
lines , 

Define  x-intercept  and  y-lntercept  of  a line^ 

Plot  the  line  y “ 2x  and  then  consider  the  line  y --  2x  + 3* 

Discuss  the  family  of  lines  y “ mx  where  m is  a real 
number^  y 2x  + b where  b Is  a real  number. 

Consider  lines  of  the  type  y = mx  + b^ 

Problem:  Describe  two  lines  which  have  no  slope. 

Develop  the  conditions  for  parallel  lines  by  examining  the 
character  of  the  equations  of  lines  which  are  parallel. 
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At  this  point,  the  student  has  the  mathematical  machinery  to 
prove  the  theorem:  Two  non-vertical  lines  are  parallel  if  and 

only  if  they  have  the  same  slope. 

T_ 

Consider  the  lines  of  the  type  y = mx  + h and  y = - — x + h 

m 

Develop  the  conditions  for  perpendicular  lines  by  examining 
the  character  of  the  equations  of  lines  which  are  perpendi- 
cular - 

At  this  point  if  the  student  can  use  the  Pythagoream  Theorem 
and  its  converse^  he  could  prove  that:  Two  lines  neither  of 

which  is  vertical  are  perpendicular  if  and  only  if  the  product 
of  their  slopes  is  -1. 


Exercises : 

This  set  of  exercises  should  contain  originals  and  proofs  of 
theorems  found  in  any  standard  analytic  geometry  text* 

1,  Consider  the  quadrilateral  A(O^O)^  j C{l ^k)  ^ and  D(8^0)* 

(_a)  Prove  that  this  quadrilateral  is  a trapezoid. 

(b)  Join  the  midpoints  of  the  sides  and  prove  the  figure  is  a 
parallelogram^  and  find  the  lengths  of  its  sides* 

2^  Find  p so  that  the  line  px  -h  3y  ^ 7 is: 

(a)  parallel  to  the  line  y = 2x  + 4| 

(b)  perpendicular  to  the  line  y - -3x  - 7* 

3.  In  the  family  of  lines  y - mx  + 4^  find  the  line  parallel  to 
y ^ X* 

4.  Describe  geometrically  and  algebraically  the  set  of  points  in  the 
plane  3 units  from  the  origin. 

5*  Describe  geometrically  and  algebraically  the  set  of  points  in  the 
plane  3 units  from  the  segment  with  endpoints  A(O^O)  and 
B(5;0). 
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Three  dimensional  coordinate  systems 


Section  ^ 

3.1  Coordinates  in  space « 

Use  suitable  ideas  from  Grade  8^  Chapter  1^  in  introducing  co- 
ordinates in  space « Make  liberal  use  of  the  math  room  as  one 
octant  and  use  the  intersections  of  the  floor  and  walls  at  one 
corner  of  the  room  to  illustrate  the  three  mutually  perpendlGu= 
ler  lines . Name  the  coordinate  planes  and  the  octants  and  show 
that  the  three  mutually  perpendicular  planes  determined  by  the 
three  mutually  perpendicular  lines  separate  space  into  8 dis= 
joint  regionB . Note  that  the  labelling  of  the  coordinate  axes 
is  arbitrary*  Many  people  prefer  to  label  the  axes  in  such  a 
way  that  they  form  a right-handed  coordinate  system* 

Develop  one-to-one  correspondence  between  the  ordered  triples 
(x^y^z)  and  the  points  in  space* 

3.2  Distance  between  two  points  in  space* 

1^  Show  that  if  the  two  points  happen  to  both  be  on  a co- 
ordinate, axis  or  on  one  of  the  coordinate  planes^  then  we 
already  have  developed  a formula  for  finding  the  distance 
between  the  two  points. 

Do  some  work  in  plotting  points  in  three  spacer 

First,  find  the  distance  from  the  origin  to  a point  in  space 
say  to  Generalize  to  formula  for  OP  if  P ha 

coordinates  (x,y.,z)  * Use  a rectangular  box  as  a model* 

Consider  and  Pg(xg,yg,Zg)  -where  and 

P^  are  in  the  first  octant.  Practice  vlauallzlni  planes 
containing  the  points  and  and  the  resultant  "box 

or  rectangular  parallelepiped  formed.  Estahllsh  the  co- 
ordinates of  the  8 corners  of  the  "box  and  the  lengths  of 
the  sides  of  the  box,  then, determine  the  length  of  diagonal. 

Practice  finding  some  distances  between  points  in  space. 


Have  student  consider  the  formulas  for  the  midpoint  of  a sep:ment 
in  a one -dimensional  and  two-dimensional  coordinate  system  and 
then  guess  the  formula  for  the  three-dimensional  coordinate  system. 
Some  students  may  want  to  prove  their  guess. 

Describe  geometrically  and  aJ.gebraically  the  set  of  points  in 
space  3 inches  from  the  origin. 


3.3  Algebraic  description  of  subsets  of  space. 

1.  Sentences  in  one  variable. 

half-spaces:  x>k^y<k^  z<k^ 

( (x^y,z) : X > k) 


etc 


3 “dimensional  rectangular  region: 

[(x^y^z):  k < X < m and  n < y < and  q < z < r] 

Discovery  exercises. 

Describe  the  following  sets  of  points: 

(1) 


(2) 


(a) 

(x  : X = 

1} 

(b) 

{(x,,y)  : 

X = 1} 

(c) 

((x,y,z) 

: X = 1} 

(d) 

C(x,y)  : 

II — 1. 

Ill 

+ 

(e) 

{ (x,y,z) 

: X + y = 1} 

(f) 

( (x,y, z) 

: X + y + z = 

1] 

(a) 

r 2 

lx  : X - 

= 1) 

(d) 

III 

CVI 

+ ' 

Oil 

(D) 

((x,y)  : 

x"  = 13 

(e) 

£ 2 

C(x,y,z)  : X + y 3 

(c) 

[(x^y^z) 

: x^  = 13 

it) 

!f  ^ 2^2 

{(x,y,z)  • X + y 

= 1 


(3) 

(4) 

(5) 


In  all  parts  of  (2)  change  the  symbol  to  . 

In  all  parts  of  (2)  change  the  symbol  to  , 

Describe  geometrically  and  algebraically  the  set  of 
points  in  space  3 units  from  the  segment  with  end- 
polntF  A(O^O^O)  and  B(5j0^0)* 
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Section  Polar  Coordinate  System: 

Consider  a fixed  point  0 and  the  ray  OX  in  a plane  as  pictured 

0 s-X 


Now  put  a scale  on  the  ray  as  pictured; 

0 1 — —I  I I H — 

123456 

Imagine  the  ray  OX  •with  the  scale  on  it  rotating  counter-clock- 
wise around  0 (that  is  point  0 remains  fixed).  Imagine  the  point 
at  1 tracing  out  a circle  of  radius  1,  the  point  at  2 tracing 
out  a circle^  radius  2,  etc.  If  you  allow  the  ray  07  to  rotate 
counterclockwise  through  360°  it  will  have  returned  to  its  original 
position  and  the  whole  plane  will  he  covered  with  concentric  circles 
at  0 and  radii  1^  2,  3?  4,  etc. 
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Below  is  B picture  of  part  of  the  plane; 


90° 


O 
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y;uestion!:  Can  you  locate  a point  P in  the  plane  if  you  know 

that  the  ray  OX  will  pass  through  the  point  for  the  first  time  after 
a counterclockwise  rotation  of  135°  and  that  the  distance  from  0 to 
P is  3?  Try  other  rotations  and  any  distance  from  the  point  0 that 
you  wish. 

Now  consider  the  other  guestloni  pick  any  point  P In  the  planej 
can  you  find  a counterclockwise  rotation  of  OX  that  will  pass  through 
P and  also  find  the  distance  from  0 to  P? 

This  is  clearly  a scheme  that  assigns  to  each  point  In  the  plane 
a rotation  (angle)  and  a number.  The  point  0 is  called  the  pole 
and  OX  is  called  the  polar  axis  of  a polar  coordinate  system. 


Questions : 

1,  Could  you  assign  different  rotations  and  the  same  numher  to  the 
same  point? 

2.  Could  you  assign  different  rotations  and  different  numherB  to  the 
same  point?  If  a point  P can  he  located  "by  a rotation  of  s° 
and  a numher  r (the  distance  OP)  then  hy  conyentlon  we  say 
that  the  ordered  pair  (r,s°)  are  polar  coordinates  of  the  point 
P. 


3.  Is  there  a one-to-one  correspondence  between  the  points  in  a plane 
and  the  set  of  ordered  pairs  of  real  numhers  for  the  first  com- 
ponent and  rotations  for  the  second  component? 


4. 


5. 


In  the  exercises  have  students  plotting  points  that  bring  out 
the  Ideas  discovered  in  answering  the  above  questions. 

Describe  geometrically  the  locus  of  all  points  (r,s°)  in  the 


plane  ifi 

(a)  r = <3 

(d) 

2 < r < 3 

(b)  r < 3 

(e) 

s°  = 90° 

(c)  r>3 

(f) 

s°  = 60° 
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GRADE  8 - CHAPTER  3 
DISPLACEMENTS 


Purpose ; 

To  develop  a mathermtical  system  using  the  physical  concept  of 
dlspLacenient . To  introduce  the  concept  of  a vector  that  will  be  a 
useful  tool  In  science  as  well  as  mathematics.  The  Language  of 
vectors  and  Its  use  In  science  is  appearing  earlier  in  the  student’s 
educational  program..  The  concept  of  a vector  will  he  useful  for  all 
citizens  to  help  them  understand  the  world  in  which  they  live . 


Background  Assum_ptlons : 

Knowledge  of  the  structure  of  the  rational  number  system^  rec- 
tangular coordinate  systerri  in  the  plane ^ properties  of  parallelo- 
grams, and  the  Pythagorean  theorem, 

Moredock  and  Sandmann i 

The  following  is  an  adaptation  of  portions  of  the  outline  by 
Moredock  and  Sandmann.  They  propose  much  exploratory  work  using 
acetate.  We  heartily  endorse  the  exploratory  technique  throughout 
the  development  of  the  chapter,  but  we  suggest  that  more  readily 
available  materials  may  be  as  satisfactory  as  acetate,  A force  table 
to  show  the  relationships  of  the  mathematical  model  to  a particular 
physical  situation  might  prove  helpful  at  the  proper  time. 

Section  1.  Physical  Quantities ; 

1.1  Quatvclties 

As  examples  we  mention; 


length  of 

an  object 

10 

feet 

speed  of  i 

an  airplane 

550 

miles 

per  hour 

volume  of 

a test  tube 

1000 

cubic 

centimeters 

These  physical  quantities  can  he  rer resented  by  a segment  using 
an  appropriate  scale.  The  quantity  Is  specified  by  naming  a 
physical  unit  of  measurement  and  a number,  Thus^  in  the  third 
example  above ^ the  unit  of  measurement  is  the  cc  and  the  number 
is  1000, 

1.2  Operations  (review) 

A very  brief  revie'w  of  appropriate  operations  (addition^  multi- 
plication) on  the  above  type  of  physical  quantity. 

(a)  The  total  mileage  traveled  on  a five-day  vacation  trip^ 
given  the  mileages  day  by  day. 

(b)  The  number  of  cubic  centimeters  j.n  a gallon  is  about  3785^ 
How  many  gallons  can  be  put  in  a tank  measuring  l6  meters 
long I 10  meters  wlde^  and  7 ^ meters  high? 


Section  Vector  Quantities  t 

There  are  quantities  that  cannot  he  adequately  described  by  a 
measurement  on  a scale  alone.  Describing  a trip  along  a road  in- 
volves distance  ==  that  is^  a number  (referred  to  a unit  of  measure- 
ment) --  and  a direction^  Each  of  the  two  diagrams  below  shows  the 
same  pair  of  points  A and  B. 


These  arrows  (subsets  of  rays)  give  two  bits  of  information  -- 
the  length  of  the  arrow  denotes  the  distance  traveled  and  the  arrow- 
head indicates  the  direction.  Each  arrow  has  a starting  point  and 
an  ending  point. 

These  arrows  can  also  be  interpreted  as  showing  a displacement^ 
a change  in  position.  In  the  first  case^  a body  (particle)  at  A 
has  been  moved  (or  displaced)  to  B.  In  the  other  B is  displaced 
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to  A;  note  that  it  is  easy  for  ua  to  abuse  the  language  by  saying 
that  B is  displaced  to  k,  when  we  mean  that  an  object  originally 
at  the  point  B has  been  moved  to  the  point  A , 


There  are  many  --  Indeed,  Infinitely  many  --  two-mlle  trips  in 
an  easterly  direction.  Observe  that  the  various  arrows  that  represent 
these  trips  are  all  parallel  to  one  another  and  have  the  same  length. 
Thus  if  we  model  the  family  of  trips  by  selecting  one  of  these  arrows 
as  a representative,  we  are  concentrating  on  the  direction  and  length 
aspects , 


Row  pick  out  any  arrow.  See  how  it  is  a representative  sample  of 
all  arrows  with  the  same  direction  and  same  length.  In  fact,  it  can  be 
used  to  determine  any  arrow  you  wish  with  that  length  and  direction. 

(See  Sandmann  and  Moredock  for  further  details  on  above.) 

Vector  is  the  more  common  name  for  the  idea  represented  by  the 
arrow. 

We  will  name  the  vector  by  a single  letter  with  an  underbar;  a . 

Very  brief  mention  of  a few  other  physical  quantities  that  are 
vectors:  position  (bearing),  velocity,  force  --  merely  as  illustra- 

tions that  there  are  further  applications  they  may  be  studied  later. 


Section  3.*  Vectors : 

An  Important  application  of  study  of  vectors  Is  in  analyzing 
changes  in  the  location  of  a body  (displacement).  We  use  this  physical 
situation  to  motivate  most  of  the  succeeding  development. 
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3^1  Activities 


In  the  first  diagram  helow  apply  the  displacement  represented  by 
the  vector  £ to  each  of  the  points  C and  D.  In  the  second 
diagram  draw  the  arrow  with  initial  point  at  P that  represents 
the  vector  b that  may  be  applied  to  Q to  give  R. 


Activities  like  this  should  develop  confidence  that: 

(a)  given  any  point  and  any  vector^  the  point  may  be  displaced 
by  the  vector^ 


(b)  given  any  ordered  pair  of  points ^ there  is  a unique  vector 
that  displaces  the  first  point  into  the  second^  and 

(c)  given  any  point  and  any  vector^  there  is  a unique  point 
which  is  displaced  into  the  given  point  by  the  given  vector, 

3^2  Equality 

Two  concepts  need  suggesting  here: 

(a)  if  veetors  are  equals  then  every  point  is  displaced  the  same 
by  one  vector  as  by  the  other; 

(b)  if  Just  one  point  is  displaced  the  same  by  a as  by  b^ 
then  £ - bo 

3^3  Opposite  of  a vector 


Let  b be  a vector ^ If  G is  a point  and  if  G is  displaced  to 
H by  b_,  then  there  is  a vector  that  moves  H into  G®  This 
new  vector  is  the  opposite  of  b and  is  denoted  by  -b^ 
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The  opposite  of  a vector  essentially  backs  up^  or  returns  lionie. 
Develop  confidence  in  =»(-a)  = a. 

3^4  Addition  of  vectors 

By  ^ + b applied  to  A we  shall  mean  the  result  of  applying  a 
to  A resulting  in  and  then  applying  b to  resulting 

in  A" ^ so  3 + b applied  to  A results  in  A" j so  if  a + b 
applied  to  A results  in  A^-  and  £ applied  to  A results  in 
A"  ^ then  3.  ^ ^ - £-  This  may  be  pictured  as  follows: 


a 


The  vector  £ is  called  the  sum  (sometimes^  resultant)  of  £ and 

b * 

Froblem:  given  vectors  £^  f ^ find  a vector  £ such  that 

e = c + f. 


Problem;  given  a vector  find  two  vectors  £ and  £ whose 

sum  Is  £.  How  many  such  pairs  are  there? 
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d. 


■1 


Clearly  there  are  infinitely  many  pairs, 

3.5  Zero  vector 

Add  a vector  and  its  opposite.  Use  this  to  motivate  a zero 
vector.  Denote  the  zero  vector  by  0,  Develop  confidence  not 
only  in  b + ( -b ) - 0_,  but  also  In  ( -b ) + b = 0,  Also  discuss 
£ + 0 and  0 

The  zero  vector  acts,  in  vector  addition,  like  the  number  zero  in 
number  addition.  The  opposite  of  a vector  acts,  in  vector  addi- 
tion. like  the  opposite  of  a number  in  number  addition. 

3.6  The  commutative  principle  for  vector  addition 
Is  a + b = b + a? 


0 


A 


From  the  picture  It  appears  that  a + b = b + a . Eecall  the 
special  cases  of  £ + ( -c)  = ( -c)  + £ and  £ + 0 = 0 + £. 
However,  in  general,  maybe  it  is  like  the  following,  with 
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So  we  see  1:1181;  vector  addition  is  commutative  just  as  addition  of 
real  numbers  Is  commutative. 

From  the  picture  illustrating  §.  +■  1 = ^ + a ^ we  sea  that  one  way 
of  finding  the  displacement  of  A when  a_  and  b are  both 
applied  to  A In  succession  Is  by  "completing  the  parallelogram". 


Using  this  idea  solve  the  following  problems  Forces  acting  in 
specified  directions  on  objects  may  be  represented  by  vectors. 

Find  the  resultant  of  forces  F and  F'  acting  on  A if  F 
Is  a force  of  8 lbs.  acting  in  an  easterly  direction  and  F’  is 
a force  of  6 lbs.  acting  in  a northerly  direction. 


The  resultant  force  on  the  object  is  a force  of  10  lbs,  acting 
in  a direction  between  east  and  northeast . 


3.7  T7ie  associative  principle  for  vector  addition: 

Consider  addition  of  three  vectors  Application  of 

E + £ to  a point  P means  apply  then  b^  then  £, 

Develop  meaning  of  sum  as  vector  that  "closes  the  polygon". 


a + b + e. 


Continue  ’Iscussion  to  + say»  Do  not  confine 

attention  to  the  planar  case^  Develop  sum  as  vector  that  "closes 
the  polygon"^  where  polygon  may  be  nonplanar^ 

Can  shortcuts  In  an  extended  sum  be  taken?  Use  this  to  motivate 
inquiry  about  associativity^  Show  in  the  usual  fashion  that 
£ + (b  + £)  - (a  + £- 

Thus  the  asBOciative  law  for  vector  addition  looks  much  like  the 
associative  principle  for  addition  of  numbers. 

3p8  Summary  and  review  of  properties  of  addition. 

a_  + b is  a vector  (closure) 

£ + h = h + £ (commutative) 

^ 5.)  + £ = a + (b  + £)  (associative) 
zero  vector  0 exists  such  that 

for  each  vector  £^  opposite  -£  exists  such  that 
£ + ( “£}  - £ = ( -a)  + £. 

Relate  these  properties  to  those  for  the  addition  of  numbers.  Point 
out  that  these  properties  make  the  addition  of  vectors  structurally 
the  same  as  the  addition  of  numbers  (integers^  ratlonals^  or  reals). 

This  may  be  the  first  time  that  students  have  seen  a mathematical 
system  for  something  other  than  numbers^  and  this  should  be 
exploited  here. 
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3-9  Solution  of  vector  equations. 


Given  a point  D and  a vector  a_  and  a vector  b.  Suppose  that 
D is  aisplaced  to  A by  £ and  that  D is  displaced  to  B 
by  b.  Is  there  a change  of  position  from  A to  B?  Yes,  by 
Section  3*l-(b)=  How  can  this  displacement  be  expressed  in  terms 
of  £ and  b?  Observe  ttot  we  are  trying  to  solve  the  equation 
a + ? = b. 

One  way  of  describing  the  displacement  from  A to  B is  t take 
the  path  from  A to  D to  B.  Vectorlally  expressed,  this  means 
i/hat  the  desired  displacement  Is  the  sum  of  -£  and  b.  By 
associativity,  we  verify  that  (-a)  + b satisfies  our  equation: 

£ + ( ( -£)  + b)  = (£  + ( -£) ) + b = 0+  b=b, 

Note  that  we  are  deferring  until  Grade  9 the  discussion  of  an 
operation  called  subtraction.  Of  course  there  is  no  objection  if 
a student  realizes  for  himself  that  all  the  ingredients  are  here 
and  if  he  wishes  as  an  Individual  project  to  pursue  the  properties 
of  such  nn  operation. 

If  vectors  £ and  b are  represented  by  arrows  with  common 
starting  point,  then  we  may  (usually)  form  a parallelogram  with 
these  segments  as  adjacent  sides.  One  diagonal,  with  appropriate 
arrowhead,  represents  the  sum  £ ■•■  b;  the  other  diagonal  repre- 
sents ( -£)  + b or  ( -b ) + a,  according  to  the  positioning  of  the 
arrowhead , 


O 
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Section  Multiplication  of  £ vector  "by  a_  number ; 
4.1  Developing  meaning  of  multiplication. 

Consider  a t a + a + a . 


We  like  to  have  a name  for  the  vector  ^ + a + a + Let  us  call 

It  4^#  We  note  that  4 is  a number  and  a Is  a vector.  The 
vector  4a^  Is  called  the  product  of  the  number  4 and  the  vec- 
tor The  operation  of  forming  the  product  of  a number  and  a 

vector  is  called  multiplication. 

So  far  in  our  development  the  number  has  been  a positive  integer^ 
Now  develop  an  intuitive  feeling  for  the  meaning  of  the  product  of 
a real  number  by  a vector. 

Examples ; 


In  particular j develop  intuition  that  the  arrowhead  is  reversed 
in  case  the  multiplier  is  a negative  number^  Then  we  are  able  to 
observe  the  followlngi  (-‘2)^  = --(2a^)  . Here  (-2)a  Is  the  product 
of  the  niimber  ^2  and  the  vector  while  -(2a^)  is  the  op- 

posite of  the  vector  obtained  by  multiplying  the  number  +•2  by 
Since  the  results  are  the  same^  we  may  simplify  the  nota- 
tion and  write  simply  "-2^^  interpreting  It  in  either  way  we 
like. 
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4.2  Multiplication  and  parallelism. 


Problem  1:  Given  a vector  £ and  a point  Q.  Consider  the 

various  points  obtained  by  displacing  Q by  the  vectors  k£  for 
all  numbers  k.  What  is  the  locus  of  these  displaced,  points? 
After  plotting  several  displacements 

of  the  students  should  observe  / 

that  for  each  k the  point  into  -which  ^ 

Q is  displaced  by  k£  lies  on  the  line 
through  Q parallel  to  an  arrow  repre- 
senting £,  / 

Problem  2i  In  Problem  1 consider  the  / 

line  through  Q that  is  parallel  to  an 
arrow  representing  £,  Pick  any  point 

R on  this  line.  Is  there  a number  k such  that  k£  applied  to 
Q will  result  in  R? 


/ 

/ 

/q 


Suppose^  for  example^  that  the  distance  QR  is  twice  the  length 
of  Cj  in  this  case^  k = Es  In  general  we  see  that  there  Is  a 
number  k and  that  in  order  to  find  it  we  compute  QR  and  divide 
QR  by  the  length  of  £.  This  is  like  measuring  distance^  using 
the  length  of  £ as  the  unit  of  distance. 

Since  the  above  is  always  possible^  we  now  have  a one-to-one 
correspondence  between  the  points  on  the  line  and  the  real  numbers* 

Exercises  here  could  be  to  find  endpoints  for  Kc_  applied  to  Q 
and  to  find  the  numbers  k such  that  k£  maps  one  given  point 
into  another  given  point. 


Goal  is  to  develop  confidence  in  the  following  property:  two 

nonzero  vectors  can  be  represented  by  parallel  arrows  if  and  only 
if  each  of  the  vectors  is  a multiple  of  the  other  by  a nvmiber* 


Section  5*  Translation; 

A vector  describes  a translation  of  the  plane  (or  of  space)  WST. 


Section  6o  Decompoa Itlon 

6,1  Decomposing  a vector  in  terms  of  two  given  vectors. 

Problem ; Let  £ and  b be  two  ( noneollinear ) vectors  and 
let  c_  be  any  vector.:,  Express  c_  in  terms  of  a and 


that  is,  find  numbers  k and  m such  that  c 


ka 


mb  c 


Let  t be  a point  and  apply  c_ 
to  P obtaining  Q,  Draw  the  line 
through  P parallel  to  ^ and  the 
line  through  Q parallel  to  b and 
note  the  intersection  of  the  lines  ^ 
We  may  measure  k and  m so  that 
c ka  + nib  o 

Observe  that  the  same  result  is 
obtained  by  drawing  the  line  through 
Q parallel  to  ^ and  the  line 
through  P parallel  to  b.  This  is 
an  application  of  the  commutative 
property  for  vector  addition. 


/ 

^ ka. 


mb  f 


For  other  problems ^ retain  the  same  a and 
that  we  need  a negative  number  for  k and/or  m 


but  alter 
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6,y  I'Jarnirig  veators  , 


From  the  previous  work  it  should  be  clear  that  any  vector  can  be 
expressed  in  terms  of  two  nonzero  nonparallel  vectors  * 

Ask  the  students  to  think  about  two  convenient  vectors  such  that 
all  other  vectors  can  be  expressed  in  terms  of  these  two  in  the 
above  manner.  Eventually  show  them  two  unit  vectors  that  are 
perpendicular^  and  label  them  i and  J . 


i 


Now  consider  for  all  numbers  m^  nj^  for  all  numbers 

and  m._i  + n^.  for  all;numbera.  n.  Recognize  as  the  familiar 
rectangular  coordinate  system. 

Typical  Exercises^ 

Plot  + 2J_^  -31  + (“)  i . Given  vector  £ In  plane  of  x 

and  find  the  coefficients  of  t and  j_  (hy  graphical 

means)  in  the  decomposition  of  £. 

Section  ?•  Extension  to  Vectors  in  3-space : 

With  three  mutually  perpendicular  ‘ir>  ■ vectors  k, 

extend  the  developmeht  In  Section  6 to  three-space.  This  should  not 
be  hit  too  hard ^ but  it  ■will  be  helpful  In  developing  spatial  visuali- 
sation and  space  peroeptlon. 

It  should  be  clear  that  p£  + qj_  + rk  for  all  real  numbers  p^ 
q,  r gives  the  three-dimensional  rectangular  coordinate  system. 

Section  8 . Applications ; 

If  applications  to  the  "real  world" ^ world  of  work,  etc.,  can  be 
found  that  are  understandable  by  the  8th  grader,  they  should  be  included 
in  this  chapter.  Possible  topics  are  vector  diagram  for  air  speed, 
ground  speed,  and  wind  velocity  for  an  airplane  in  fllghti  same  for  a 
ship  steaming  in  the  ocean  with  a current. 
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GRADE  8 - CHAPTER  it 


PROBLEM  ANALYSIS  (STRATEGIES) 

Ba ckground  Assuroptlons i 

Graphing  in  one  and  two  dimensions^ 

Informal  introduction  to  use  of  variahle  as  a symbol  for  a number . 
Techniques  for  finding  solutions  of  sentences  in  one  and  two  vari- 
ables . 

Real  numbers  and  properties . 

Rational t 

Students  should  develop  many  valid  patterns  for  problem-analysis^ 
such  as:  willingness  to  guess  solutions  and  then  derive  further  infor- 

mation from  the  T^esulting  data^  working  backward  on  a problem^  sketching 
(pictures)^  organization  of  data  In  tables^  graphing^  recognition  that 
a functional  relation  is  Involved | in  shorty  willingness  to  approach 
problems  In  more  than  one  way  in  order  to  organize  the  final  presenta- 
tion of  the  problerri  solution - 

Purposes  ? 

lo  To  provide  the  student  with  the  techniques  which  will  enable  him 
to  translate  the  conditions  of  a problem  into  a mathematical  sen- 
tence or  system  of  sentences  ^ 

2,  To  provide  the  student  with  a variety  of  techniques  for  problem 
analysis^  and  develop  flexibility  in  his  manner  of  approach, 

imDER  NO  CIRCUMSTANCES  SHOULD  A STUDENT  BE  POTOED  TO  GO  THROUGH  A FORmL 
PROCEDURE  OF  ANALYSIS  IF  HE  HAS  DISCOVERED  A R^HOD  OP  SOLVING  A PROBLEM 
EARLY  IN  THE  ANALYSIS . 
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Bote;  In  the  writers  opinion^  and  others^  Sections  1 and  2 are  far  too 
”heavy’^  , Much  of  what  is  in  these  sections  could  occur  in  the 
Teacher Commentary  as  directions  for  tne  Teacher. 

How  do  people  make  discoveries?  What  is  the  process  (if  any)  that 
leads  to  the  solution  of  prohlems  in  mathematics^  nuclear  fission^  roc= 
ket  design^,  neural  surgery^  conservation  of  natural  resources^  etc? 
These  are  pcsslhly  questions  that  many  students  might  ask.  However^ 
many  of  them  really  want  to  know  how  they  can  invent  correct  solutions 
to  problems  and  why  these  solutions  are  constructed  the  way  that  they 
are.  The  purpose  of  this  chapter  is  to  give  you  some  help  in  organi- 
zing your  approach  to  problem  solving  in  mathematics  and  to^  perhaps^ 
improve  your  problem  solving  techniqueB , 

Section  1 . = Translation  of  Phrases  :: 

1.1  Mathematical  Phrases  to  English  Phrases. 

Many  problems  that  occur  are  stated  either  orally^  In  written 
form^  or  in  both  forms ^ They  usually  are  not  too  clearly  under= 
stood  at  firsts  and  they  usually  stimulate  more  questions  than  can 
be  answered  immediatelj^t  (in  faet,  one  significant  activity  in 
problem  analysis  is  very  often  trying  to  determine  what  the  real 
questions  or  concerns  are  in  a problem.)  However^  one  first  major 
step  toward  the  solution  of  some  problems  is  one  translation  of 
the  problem  Into  a form  which  will  permit  some  form  of  organized 
analysis.  The  English  language  is  far  too  disorganized  to  permit^ 
in  general^  any  efficient  problem  solving  techniques  to  be  develop- 
ed# For  example^  read  the  following  excerpt  from  an  insurance 
policy I 

premises  means  unless  otherwise  indicated  (l)  all  premises 
w'here  the  named  Insured  or  his  spouse  maintains  a residence 
and  Includes  private  approaches  thereto  and  other  premises 
and  private  approaches  thereto  for  use  in  connection  with 
said  residence^  except  business  property  and  farms ^ (2)  in- 
dividual or  family  cemetery  plots  or  burial  vaults^  (3)  pre- 
mises In  which  an  insured  is  temporarily  residing^  if  not 


t V 
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owned  by  an  insured^  and  (4)  vacant  land^  other  than  farm 
land  owned  by  or  rented  to  an  insured.  Land  shall  not  be 
deemed  vacant  following  the  commencemeri t of  any  construc- 
tion operations  thereon  unless  such  operations  are  being 
perfo2:*med  solely  independent  contractors  in  connection 
with  the  constri  uion  of  a one  or  two  family  dwelling  for 
the  insr’red. 


As  you  can  see  this  statement^  while  useful^  is  very  cumbersome  to 
apply  to  a situation.  In  mathematics  the  attempt  is  consiste  Li  U ly 
made  to  keep  definitions^  Btatements^  etc^j  as  clear  and  concise 
as  possible^ 


In  order  to  effectively  develop  your  problem  solving  skills  and 
understandings^  we  will  first  look  closely  at  the  process  of 
translaticn In  the  beginning  many  of  the  phraBes  you  will  be 
asked  to  translate  will  e simples  It  is  extremely  important 
that  you  practice  Garef’^iiiy  the  techniques  Introduced  so  that 
you  can  develop  some  skill  in  working  with  more  complex  situa- 
tions . 

Ia2  Class  Discussion^ 

Try  to  write  an  English  phrase  which  clearly  interprets  the  mathe» 
matlcal  phrase, i 

R ^ W 

If  you  had  some  difficulty  in  doing  the  above  ^ relax j you  are 
probably  not  alone. 

Let^s  see  what  we  do  know  and  what  we  donit  know  about  this  phrase □ 
Yon  should  remember  that  variables  such  as  R and  ¥ are  usually 
names  for  numbers . You  do  not  know  exactly  what  number  they  repre'* 
sent^  but  you  do  know  that  they  represent  definite  but  unstated 
numbers  a Furthermore^  you  should  notice  that  the  phrase  represents 
the  DIFFEREDiTCE  of  the  two  numbers  R and  ^ and  that  the  num- 
ber ^ ¥ is  the  result  of  multiplying  the  numbers  ^ and  ¥. 
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Now  you  are  faced  with  the  task  of  finding  out  soniething  mox^e 
about  the  variables.  You  know  that  R represents  a number, 

BUT  is  it  the  number  of  rings  around  Saturn?  Is  it  the  number 
of  rocks  in  ^ garden?  Is  it  the  number  of  redheads  in  a mathe- 
matics class  ? 

Af  you  can  see,  there  are  unlimited  possibilities  for  R,  and  it 
is  impossible  to  state  exactly  what  R or  W could  represent 
until  we  know  more  about  the  origin  of  the  phrase.  Furthermore, 
it  becomes  obvious  that  you  must  be  able  to  state  clearly  what  each 
variable  in  a phrase  represents  before  you  make  your  first  attempt 
to  translate  or  interpret  the  mathematical  phrase.  (Note:  you 

should  not  hesitate  to  revise  your  statements,  throughout  the 
translation  process;  in  fact,  this  process  is  encouraged  as  you 
gain  more  understanding  about  the  situation. ) 

For  example,  you  could  Bay.  ''Let  R represent  the  answers  on  a 
test" . 

First  revision:  R represent  the  number  of  answers  on  a 

test 

Second  revisions  "Let  R represent  the  number  of  correct  answers 

on  a test^  And  let  W represent  the  number  of 
wrong  answers  on  a test" . 

The  point  here  Is  that  you  should  try  to  identify  the  variables  as 
clearly  and  completely  as  possible  (revising  many  times,  if  neces= 
saiy) , Now  one  possible  translation  of  the  above  phrase  might  be 
the  following: 

If  R represents  the  number  of  correct  answers  on  a test, 
and  ¥ represents  the  number  of  wrong  answers  on  the  same 
test,  then  the  phrase  R - W is:  "the  difference  between 

the  number  of  correct  answers  on  a test  and  one -fourth  of  the 
number  of  wrong  answers" • 


1.3  Some  Characteristics  of  a Translation  of  a Mathematical  Phrase  to 
an  English  Phrase  Are; 

(1)  The  variables  are  clearly  Identified  (usually  as  numbers),, 

(2)  The  variables  are  as  completely  identified  as  possible. 
(Revisions  are  encouraged,  if  necessary.) 

(3)  Basic  operations  are  Identified  and  considered  in  the  trans- 
lation. 

(4)  The  context  of  the  x inslation  of  the  phrase  makes  sense,  and 
the  final  translation  is  a correct  English  phrase. 

1 . 4 Exercises ; 

Write  an  English  phrase  which  is  correct  translation  of  the  given 
matheinatlcal  phrase.  Be  sure  to  state  clearly  what  each  variable 
represents  in  your  translation. 


1. 

6ot 

10. 

d 

r 

2, 

2L  + 2W 

11, 

(2)(3.lA+159)r 

3. 

(3"l^)d 

12. 

Iw  ^ Iw 

4 . 

i bh 

13. 

a + Id  + c 

5" 

2 

s 

14. 

X - 2y 

6. 

prt 

15. 

m = 5 

7. 

n h 8 

16. 

(186^000)^  m 

8. 

X + y 
2 

17. 

1 (3.li^) 

9. 

0 0 

a -f  b 

18. 

s + (s-a)-H7 

Translation “ English 

Phrases  to  Mathematical  Phrases f 

Do  ; 

you  remember  that  the 

symhols 1 

(1) 

in  a phrase 

is 

sometimes 

translated  "the  sum  of",  or 

"exceeds",  (Name 

= some  other 

translations . ) 

(2) 

" In  a phrase 

is 

sometimes 

translated  "less  than",  "+'he 

difference  between",  "decreased  by",  etc. 
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(3) 


II 


' in  a mathematical  phrase  is  sometimes  translated  "the 
product  of" y " times" ^ etc . 

(4)  in  a mathematical  phrase  is  sometimes  translated  "the 

quotient  of " ^ "divided  by" ^ etc. 

"Translation"  is  used  here  in  the  loose  sense  meaning  that  these 
English  words  sometimes  lead  to  the  indicated  operations  of 
+ , X,  4^  . 


1.6  Classroom  Discussion: 

There  are  many  English  translations  which  can  represent  the  symbols 
indicating  the  operations  of  addition^  subtraction^  multiplication^ 
and  division.  Can  you  write  two  more  English  translations  of  the 
above  symbols? 

1.7  Characteristics  of  Translations  of  English  Phrases  to  Mathematical 
Phrases : 

In  translating  an  English  phrase  to  a mathematical  phrase  it  is 
important  that  you  practice: 

(1)  Ider. ' Ifylng  clearly  all  variables  which  are  used  (as  niambers). 

(2)  Identifying  as  completely  as  possible  all  variables  used# 

(it  becomes  important  i=‘  eoramuni eating  your  ideas  to  your  = 
self  and  others  that  you  try  to  use  complete^  correct^ 

English  sentences  to  do  this.) 

(3)  Recognising  the  English  translations  of  symbols  of  operations 
in  all  of  their  various  forms. 

1.8  Exercises: 


In  each  of  the  exercises  write  a mathematical  phrase  which  is  a 
translation  of  the  English  phrase.  Identify  clearly  what  the 
variable  or  variables  represent.  Choose  a variable  if  none  is 
giveni  and  use  only  one  variable  unless  directed  to  do  otherwise . 
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I.  The  number  of  dollars  earned  in  t hours  at  three  dollars  an  hour 


2 . 

Q'he  toual  number  of  yards  in  k feet  of  cotton  material  and  n 
yards  of  i^col  material. 

3. 

The  difference  in  cents  between  q quarters  and  d dimes. 

k. 

5. 

The  number  of  yards  in  t feet. 

The  average  of  three  test  scores  and  z. 

6 , 

The  sum  of  two  consecutive  integers . 

7. 

The  product  of  two  consecutive  even  integers. 

8. 

Fifteen  inches  more  than  twice  the  number  of  inches  in  the  length 
of  a rectangle. 

9- 

One  thousand  times  the  thrust  of  a Saturn  rocket. 

10. 

The  number  of  dollars  in  the  cost  of  a house  increased  by  fifteen 
percent  of  the  cost  of  the  house. 

11. 

The  number  of  miles  traveled  in  t hours  at  60OO  mph. 

12. 

The  cube  of  a number. 

13. 

The  square  of  a number  decreased  by  the  square  of  another  number ^ 

I4. 

Seven  more  than  a number. 

15. 

The  sum_  of  a number  and  its  reciprocal. 

16. 

Thirty  percent  of  x pounds  of  gold» 

17. 

The  product  of  two  numbere  increased  by  the  first  number e (tjee  two 
variables  ) 

18. 

The  sum  of  the  squares  of  the  digit  of  a two-digit  number*  (Use 
two  variables  * ) 

19. 

The  larger  of  two  numbers  multiplied  by  the  difference  of  two 
numbers  a (Use  two  variables  0 

20. 

The  square  of  an  integer  diminished  by  the  difference  of  the  pro- 
duct of  the  Integer  and  the  next  consecutive  integer* 

0 

ERIC 
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21.  The  area  of  a triangle  increased  hy  fifteen - 

22.  The  difference  between  the  numerator  and  the  denominator  of  a 
fraction  if  the  numerator  exceeds  the  denominator  by  5* 

23.  The  sum  of  the  reciprocals  of  a number  and  a larger  number. 

(Use  two  variables.) 

2k.  The  tens  digit  of  a two  digit  number  is  three  more  than  the 
units  digit.  Write  a phrase  representing  the  number.  (Use 
only  one  variable.) 

25.  Write  a phra s e for  the  number  of  inches  in  the  perimeter  of  a 
square  whose  side  is  s inches  long. 

26.  The  ratio  of  calories  in  the  soft  drink  "Instant  Pop"  to  "E"’and 
X"  is  one  to  nine » Write  a phrase  for  the  number  of  calories  in 
a bottle  of  "Brand  X"  in  terms  of  the  number  of  calories  in  a 
bottle  of  "instant  Pop". 

27.  The  speed  of  a particular  satellite  in  orbit  decreases  by  6 
miles  per  day.  Write  a phrase  representing  the  number  of  miles 
decrease  in  speed  over  a period  of  36  hours . 

23.  The  number  of  students  receiving  A^s  in  one  mathematics  class 
is  determined  by  squaring  the  number  of  students  in  the  class, 
decreasing  the  resulting  number  by  the  product  of  the  square 
root  of  three  and  the  number  of  chairs  in  the  room,  and  then 
dividing  this  quotient  by  295-  Write  a phrase  representing 
the  number  of  students  receiving  A^s  in  a mathematics  class. 

29.  Write  a mathematical  phrase  representing  the  speed  of  a plane 
flying  with  the  Jet  stream  if  the  plane  is  moving  at  a constant 
speed  of  500  miles  per  hour. 

30.  Write  a mathematical  phrase  representing  the  speed  of  a plane 
flying  against  the  Jet  stream  which  is  moving  at  a constant 
speed  of  5OO  miles  per  hour. 
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31.  Write  a mathematical  phrase  representing  the  number  of  miles 
..raveled  by  a plane  flying  for  6 hours  with  the  jet  stream 
which  is  moving  at  a constant  speed  of  500  mph, 

32.  Write  a mathematical  phrase  representing  the  number  of  miles 
traveled  by  a plane  flying  for  6 hours  against  the  jet  stream 
which  is  moving  at  a constant  speed  of  500  mph® 

33 « The  temperature  now^  decreased  by  32® 

34.,  The  product  of  the  temperature  now^  decreased  by  32;,  and  = , 

35s  The  product  of  a number  and  the  sum  of  two  numbers.  (Use  two 

variables . ) 

36 A number  increased  by  the  sum  of  two  numbers.  (Use  two  variables.) 

37-  The  product  of  the  first  number  and  the  second  number  Increased  by 

the  product  of  the  first  number  and  the  third  number. 

38  Given  three  numbers  b^  c the  opposite  of  the  second  number 

increased  by  the  square  root  of  the  difference  between  the  square 
of  the  second  number  and  the  product  of  four^  the  first  number  and 
the  third  number  all  divided  by  the  product  of  two  and  the  first 
number . 

39-  The  square  of  the  first  number  diminished  by  twice  the  product  of 
the  first  number  and  second  number^  increased  by  the  square  of  the 
second  number o (Use  two  variables  0 

40b  The  product  of  the  sum  of  two  numbers  and  the  difference  of  the 
same  two  numbers#  (Use  two  variables.) 

Section  Translation  of  Sentences  1 

2#1  Mathematical  Sentences  to  English  Sentences. 

You  have  been  using  mathematical  sentences  formed  by  combining 
mathematical  phrases  such  as  "3n  + l” ^ ”2'%  ”25  - 7"^  etc*^  with 
mathematical  verb  forms  such  as  etc#  Many  times 

one  or  two  mathematical  sentences  represent^  or  serve  as  a model 
of  a situation_,  which  takes  several  English  sentences  to  describe# 
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Consider  the  following  sentence;  35x  (T0)(^^0)  = 50(x  + 4o)  . 

Translating  this  sentence  is  like  writing  a story  when  you  know 
the  ending.  (lae.^  for  now^  the  ending  to  our  story  is  whe  sen- 
tence; 35^  ^ (70) (40)  ” 50(x  + ^0)).  Let’s  see  if  we  can  work 
backward  and  write  a problem  which  is  an  English  translation  of 
this  sentence.  This  process  should  provide  you  with  some  in- 
sight into  how  to  go  about  translating  and  analyzing  som.e  prob- 
lemte . 

2.2  Class  Discussion: 

35>x  + (to)  (40)  = 50(x  + 40) 

(1)  Can  you  tell  what  situation  or  situations  this  particular 
sentence  represents? 

(2)  What  do  you  need  to  know  first  so  that  all  of  you  will  inter 
pret  this  sentence  in  a similar  manner? 

(3)  You  know  that  the  variable^  must  represent  a number  but 

the  nimiber  of  what?  Could  it  represent: 

(a)  The  number  of  pounds  of  candy  selling  for  35  cents  a 
pound? 

(b)  The  number  of  ounces  of  uranium  in  a radioactive  com- 
pound .of  uranium  and  radium? 

(c)  The  niimber  of  hours  a car  is  driven  at  an  average 
speed  of  35  miles  per  hour? 

(4)  ^■^rlte  another  phrase  describing  the  variable  x, 

2.3  The  translation  Process  (still  classroom  discussion): 

Let^s  agree  to  the  following  statement  as  one  interpretation  of 
the  variable  x. 

”Let  X represent  the  number  of  ounces  of  gold  in  a compound*" 

(it  is  only  fair  to  point  out  that  we  might  have  to  revise  and 
Improve  this  statement  as  we  become  more  involved  in  the  problem.) 
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Now: 


) What  does 

35x 

represent? 

know  what 

35 

represents . 

of  one  ounce  of 

goldo 

You  can  see  that  we  also  have  to 
Let  35  be  the  cost  in  dollars 


(2) 

Now  state 

what 

35^  repre 

correct? 

'35x 

represents 

of  gold." 

(3) 

What  does 

4o 

represent? 

"40  represents  the  mamber 
compound'*  . (Note  that  you 
pound  consists  of  gold  and 
about  the  variable . ) 


,ents.  Is  the  following  statement 
the  cost  in  dollars  of  x ounces 

Could  it  represent  the  following? 
of  ounces  of  pure  platinum  in  the 
now  have  decided  that  your  coin= 
platinum..  Revise  your  statement 


(^)  What  can  70  and  (70,  "40)  represent  now? 

"70  represents  the  cost  in  dollars  of  one  ounce  of  pure 
platinum" . Why  did  we  choose  one  ounce?  Would  you  believe 
2 ounces?  *^(70)(40)  can  represent  the  cost  in  dollars  of 
ho  ounces  of  platinum  at  70  dollars  an  ounce"  # 

(5)  means  "Is  equal  to"  ^ "is  the  same  as"  ^ etc^ 


(6)  + 40"  now  can  represent  the  number  of  ounces  of  gold 
added  to  the  number  of  ounces  of  platinum'*  . Do  you  see  why 
we  can  say  this  now^  but  could  not  state  it  at  the  begining? 

(7)  Now  *'50"  can  represent  the  cost  in  dollars  per  ounce  Of  the 
mixture  of  gold  and  platinum* 


The  following  is  one  possible  translations 

The  plating  of  a secret  satellite  must  be  a mixture  of  pure 
platinum  and  goldo  Exactly  forty  ounces  of  pure  platinum 
must  be  used  in  order  for  the  satellite  to  perform  correctly. 
Pure  platinum  costs  70  dollars  an  ounce ^ and  gold  costs  35 
dollars  an  ounce . The  cost  of  the  mixture  of  platinum  and 
gold  must  be  50  dollars  an  ounce.  How  many  ounces  of  gold 
must  be  used  in  order  to  make  a mixture  which  costs  50 
dollars  an  ounce? 
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Now  try  writing  a translation  of  your  own  where  x represents  the 

number  of  pounds  of  candy  selling  for  35  cents  a pound. 

2-U  Some  Characteristics  of  Translations  of  Mathematical  Sentences  to 

English  Sentences i 

(1)  The  variable  or  variables  are  clearly  identified  as  to  what 
they  represent,  (Usually  a number  of 

(2)  Each  part  of  the  sentence  is  clearly  identified  as  to  what  it 
i*epresents . 

(3)  The  translation  must  make  sense.  In  other  words ^ the  parts 
must  fit  together  in  a reasonable  way  (i,e,^  x cannot  repre- 
sent the  number  of  tickets  sold  for  a car-wash  in  the  same 
problem) , 

(4)  You  must  be  willing  to  write , and  think.  The  authors  have 
never  heard  of  a single  student  being  permanently  injured  by 
"writers  cramps"  or  " over -thinking" ^ but  they  have  observed 
hundreds  of  students  succeeding  in  and  enjoying  mathematic^ 
because  they  were  willing  to  read write ^ rewrite^  think j 
experiment j,  and  conjecture o 

2.5  Translation  of  Sentences  Involving  Restricted  Domains; 

Sometimes  the  domain  of  the  variable  is  dictated  by  the  given 
mathematical  sentence . 

Example : Write  an  English  translation  for  the  following  sentence; 

2x  + 1 = 12  . 

Since  the  solution  set  of  this  sentence  is  would  not  be 

meaningful  to  write  an  English  translation  which  requires  that  the 
variable  represent  a whole  number. 

Class  problem;  Write  a meaningful  translation  of  this  sentence* 
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2.6  Exercises; 


Write  an  English  translation  of  the  following  sentences.  State 
clearly  your  choice  as  to  what  each  variable  or  variables  repre- 
sent, and  then  state  what  each  part  of  the  sentence  represents. 
Be  sure  your  translation  makes  sensei  Be  creative,  use  your 
imagination 1 


1.  24  - 12w 


2. 

4o 

= 2w-  + 2(3w) 

3. 

312 

= (|)(2!l)(tl) 

4. 

A = 

(3.1416) (16) 

5. 

64  ^ 

2 

^ a 4-  25 

6, 

m - 

1 — 1 

II 

1 — 1 

7. 

2n 

- 1 = l8 

8, 

81  . 

2 

= s 

9. 

96  = 

= bh 

10, 

150 

= (1500) (.05 

11. 

763 

= |(15)(£0  + 

12. 

V = 

(5) (10) (12) 

13- 

X - 

600  = 100 

l4. 

X + 

600  700 

15. 

2600  1=  (r)  (4) 

16. 

17. 

18. 

19. 

20. 
21. 
22. 

23. 

24. 
29- 
26. 
27. 


X ( 3 + a ) = 3^  + ax 

25q  + lOd  + 5n  = 25O 

c + ,05c  = 2500 

i i = i 

10  20  X 

F = |(C  - 32) 

X + (x  + 1)  4.  (x  +2)  = 72 
X > 3 ai^d  X < 7 
|yl  = 5 

m > 2 or  m < -4 
= 77.5 

■ 30x  + ( .40) (x  +1)  - (.50) (17) 
2 

^ (2) (32) 

E s:  ( ,009)v^ 


V 


1 


X + 3 


30,  360=i(B)(l0) 


2.7  Translation:  English  Sentences  to  Mathematical  Sentences: 

Let's  use  your  ability  to  translate  English  phrases  to  mathemati- 
cal phrases  to  write  translations  from  English  sentences  to  mathe- 
matical sentences.  Remember,  in  the  last  section,  many  times  it 
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took  only  one  sentence  to  represent  several  English  statements. 

As  in  the  last  section^  before  the  final  translation  of  English 

statements  can  ue  made^  you  must: 

(L)  know  and  state  clearly  what  the  vEiriable  or  variables 
represent; 

(2)  translate  each  part  of  the  problem  in  terms  of  what  the 
variable  represents; 

(3)  be  sure  j^our  translation  makes  sense; 

(4)  know  what  the  domain  of  the  variable  is. 

2,8  C.-assroom  Discussion;  Try  to  Complete  the  Following; 

Consider  the  following  problem;  (The  numerals  in  parentheses 

refer  to  the  statements  above,) 

(2)  A triangular  sail  has  a base  which  is  6 feet  less  than 
the  altitude, 

(3)  The  area  of  the  sail  is  312  square  feet. 


(1)  Find  the  altitude  of  the  sail. 


Select  a variable  or  variables  and  tell  what  they  represent. 
Let  the  variable  represent  something  in  the  problem  that  you 
are  trying  to  find.  For  example; 

(1)  Let  h be  the  number  of  feet  in  the  altitude  of  the  tri- 
angular sail* 
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(2)  Then  h - ? is  the  number  of  feet  in  the  base  of  the  sail* 

(3)  The  number  of  square  feet  In  the  area  of  the  sail  is? 

(^)  I know  that  the  area  of  any  triangle  is  represented  by  the 
formula  A = “ bh  where  b^  and  h are  any  numbers  of 
arithmetic . 

(5)  Therefore^  the  translation  of  these  English  sentences  into 
an  open  sentence  is: 

312  = |(?)(?) . 


2^9  Exercis 

Translate  the  following  English  sentences  into  mathematical  sen- 
tences which  could  help  solve  the  problems » State  clearly  what 
each  variable  represents  and  what  ea ch  part  of  your  sentence  re- 
presents . Use  only  one  variable  unless  directed  to  do  otherwise^ 
Do  not  find  the  solution  sets  of  the  mathematical  sentences  at 
this  time . 

The  area  of  a rectangular-shaped  lot  is  5OOO  square  feet. 
The  length  of  the  lot  Is  twice  as  long  as  the  width.  Find 
the  width  of  the  lot  ^ 

2a  A first  number  is  three  moxe  than  a second  number.  The  sum 
of  the  two  numbers  is  3I0  What  are  the  numbers  a? 

3^  Jimmy  is  now  twice  as  old  as  his  sister  Ifeithy«  In  two  years 
the  sum  of  their  ages  will  be  thirteen.  What  are  their  ages 
now? 

4^  A car  travels  for  eight  hours  at  an  average  speed  of  50 
miles  per  hour.  How  far  does  the  car  travel? 

5.  A car  travels  232  miles  In  4 hours.  What  was  the 
average  speed  of  the  car? 


o 

ERLC 


6.  An  odd  number  which  is  increased  by  the  next  consecutive  odd  num-- 
her  is  equal  to  l48.  What  are  the  two  numbers? 

7*  Shady  Hills  High  School  collected  175  dollars  in  one  day  for  a 
student  scholarship  fund.  The  number  of  nickels  was  2^  times 
the  number  of  quarters  and  the  number  of  dimes  was  1100  more 
than  the  number  of  nickels-  How  many  nickels^  dimes ^ and  quarters 
were  collected?  (Remember^  175  dollars  is  the  same  as  17^500  cents  0 

8.  The  sum  of  two  numbers  is  135*  The  larger  number  is  23  more 
than  three  times  the  smaller  number-  What  are  the  two  numbers? 

9-  The  number  of  centimeters  in  one  inch  is  approximately  2.54, 

Find  the  approximate  length  of  a bar  of  silver^  in  centimeters 
if  the  bar  is  one  yard  long. 

10.  The  number  of  feet  in  a mile  is  5280.  How  many  miles  does  a 
runner  go  if  he  runs  1320  ^ards? 

11.  The  number  of  square  inches  in  a square  foot  is  l44.  How  many 
square  feet  are  there  in  7 ^ square  inches? 

12.  The  number  of  minutes  in  one  hour  is  6o.  A car  is  traveling  at 

30  miles  per  hour.  How  many  miles  per  minute  is  the  car  travel- 

ing? 

13.  The  number  of  seconds  in  one  minute  is  60.  A car  is  traveling  at 

30  miles  per  hour.  How  many  miles  per  second  is  the  car  travels 

ing? 

14.  The  number  of  feet  in  one  mile  is  5280.  A car  is  traveling  30 
miles  per  hour.  What  is  the  speed  of  the  car  In: 

(a)  feet  per  hour? 

(b)  feet  per  minute? 

(c)  feet  per  second? 

15*  A boy  runs  against  a head  wind  for  one  mile  and  averages  10  miles 
per  hour.  He  returns  one  mile  running  with  the  wind  and  averages 
15  miles  per  hour.  How  fast  can  the  boy  run  in  still  air  (no  wlnd)^ 
and  what  was  the  speed  of  the  wind?  (Use  two  variables j write  two 
sentences.  Remember:  d -=  rt.) 
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l6.  Students  in  the  mathematics  club  at  Shady  Hills  High  School  sold 
special  plastic  bookcovers  to  raise  money  for  their  annual  vaca- 
tion in  Hawaii^  The  club  received  4^000  dollars  from  the  sale 
of  the  bookcovers*  What  was  the  cost  of  all  of  the  bookcovers  if 
the  margin  of  profit  was  500  percent? 


17-  Captain  Horatio  Bilgewater  carries  a cargo  of  snarfs  on  his  ship^ 

Captain  Hook  carries  a cargo  of  bminfs  on  his  ship.  Together  they 

have  33  snarfs  and  bminfs - The  number  of  snarfs  that  Captain 

2 

Bilgewater  has  is  2 = the  number  of  bminfs  that  Captain  Hook 
has . How  many  bminfs  does  Captain  Hook  have? 

l8..  Three  consecutive  odd  integers  add  up  to  75*  What  is  the  smallest 
of  these  three  numbers . 


19*  Three  consecutive  odd  integers  add  up  to  57*  XChat  is  the  middle 
number  of  these  three  numbers? 


20.  Three  consecutive  odd  integers  add  to  117- 
these  three  numbers. 


What  is  the  largest  of 


21 o What  number  divided  by  = of  itself  is  equal  to  27? 

22^  Oliver  Baconfat^  a 3^^  pound  sprinter  on  the  Shady  Hills  High 
School  track  team^  wants  to  buy  a pair  of  size  17  track  shoes. 
The  shoes  cost  2 dollars  more  than  two  times  the  amount  of 
money  Oliver  has  now.  If  the  shoes  cost  20  dollars  and  50 
cents  ^ how  much  m.oney  does  Oliver  have  now? 

23 « The  area  of  a trapezoid  is  512  square 
inches.  The  length  of  each  base  is  24 
inches  and  36  inches^  respectively. 

What  is  the  length  of  the  altitude? 
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2.k . The  volume  of  a “box  Is  632  cubic 

Inches , The  length  is  3 times  the 
width  and  the  height  is  4 times  the 
width.  What  is  the  width  of  the  box? 


25.  Horatio  Algae,  a cousin  of  Captain  Bllgewater ' a , 
built  a circular  swimming  pool  in  his  backyard . 

The  pool  covers  an  area  of  1700  square  feet. 

What  is  the  diameter  of  the  pool? 

26.  As  a boy,  Horatio  Algae  sold  papers  on;a  street  corner.  He  re- 
ceived 1 cent  for  each  paper  sold  duT-ing  the  week  and  2 cents 
for  each  paper  sold  on  Sunday.  During  one  week  he  sold  I7OO 
papers  including  Sunday  sales . He  received  22  dollars  for  the 
week.  How  many  papers  did  he  sell  on  Sunday?  (Use  two  variables; 
write  two  open Lsentences , ) 

27.  Horatio  Lox,  another  cousin  of  Captain  Bllgewater ' s , is  a rocket 
fuel  expert  and  was  preparing  a new  mixture  for  an  experimental 
mis Bile.  He  finds  that  the  amount  of  liquid  hydrogen  must  be 
exactly  17  percent  of  the  rest  of  the  secret.  Ingredients.  The 
total  smount  of  the  final  mixture  has  to  be  exactly  h gallons. 
How  much  liquid  hydrogen  has  to  he  used? 

28.  If  you  take  one-third  of  a number,  you  get  the  same  result  as  If 
you  suhtrect  93  from  the  ntmiber  and  add  sixteen  to  one-half  of 
that  difference.  Find  the  number. 


Section  3.  Problem  Analysis  and  Strategies ■ 

3.1  Basic  Attitudes  Toward  Problem  Analysis* 

There  is  no  permanent  procedure  or  formula  for  analyzing  and 
solving  every  problem.  It  is  clear  that  the  reason  for  analyzing 
problem  situations  is  to  arrive  at  a solution,  if  solutions  exist. 
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Now  tha-;  you  have  had  some  practiee  translating  problem  situa- 
tions, let’s  look  more  closely  at  the  strategies  for  problem 
analysis  and  try  to  develop  some  usuable  problem  analysis  methods  * 
Several  techniques  will  be  discussed.  Many  analysis  methods  you 
will  eventually  use  will  probably  be  a mixture  of  the  procedures 
developed  here.  Do  not  hesitate  to  vary  your  method  of  attack. 

Basic  Principle;  Every  person  can  do  something  toward  solving 


You  have  developed,  some  ability  to  translate  or  create  a mathe- 
matical model  of  a stated  problem  situation.  Not  all  models  have 
to  be  in  the  form  of  mathematicel  sentences.  You  could  also  use 
drawings,  tables  of  data,  graphs,  or  any  combination  of  these 
which  will  orgaiilze  your  understanding  of  the  problem..  The  most 
Important  thing  in  learning  to  solve  problems  is  to  write  or  do 
something  to  organize  the  Information  in  as  many  ways  as  you  can 
until  you  score  a "break-through"  . Don’t  give  up'. 

3.2  Organization  Techniques  (A  First  Strategy) 

(1^.  Read  or  listen  to  the  problem  as  often  as  you  can.  List  any 
words  or  expressions  that  you  don't  understand.  Get  these 
cleared  up'. 

If  you  can  solve  the  problem  now,  or  at  any  other  point  In  this 
procedure,  then  do  sol  Use  an  analysis  procedure  only  to  explain 
your  work,  and,  perhaps,  to  check  your  result. 

(2)  List  all  of  the  information  which  is  given.  You  might  use 
translation  techniques  to  do  this,  tables,  graphs,  drawings 
with  information  indicated  on  the  aketch,  or  a combination 
of  these  procedures.  Revise  this  part  continuously  as  you 
analyze  your  problem.  Try  to  decide  if  any  information  Is 
given  which  is  not  necessary  for  the  solution  of  the  prob- 
lem, Keep  checking  on  this  situation  throughout  the  whole 
analysis  procedure. 


a given  problem. 


(3)  Try  to  state  exa^^tly  what  you*  re  looking  for  and  if  possible 
in  what  form  you  think  the  solution  might  be.  (A  number,  a 
graph,  a drawing,  a table  of  data,  etc«) 

(4)  Identify  specifically  anything  else  that  is  not  known  In  the 
problem.  You  may  not  be  given  enough  infoiination  to  solve 
the  problem.  This  is  a good  place  to  start  checki..g  on  this 
possibility  * 

(5)  If  it  is  possible  to  represent  the  unknown  or  unknowns  by 
variables,  then  do  so  and  translate  the  appropriate  parts 
clearly  into  mathematical  phrases, 

(6)  Perhaps  there  is  a basic  relationship  that  exists  that  can  be 
represented  by  a formula « If  so,  write  it  down.  If  appro= 
priate,  write  a mathematical  sentence  or  sentences  which 
translates  or  is  a model  of  the  problem.  If  you  have  had 

to  simplify  the  problem,  or  have  Ignored  any  physical  pro- 
perties of  the  situation  in  order  to  write  your  transla- 
tion, be  sure  to  indicate  this,  (Don*t  be  afraid  to  do  this, 
since  it  may  be  the  only  way  to  get  to  a final  solutionO 

3*3  Example  of  this  Strategy  at  Work  (Class  Discussion  Problem): 

Now  let ^ s try  these  steps  on  a problem.  This  problem  was  chosen 
particularly,  because  the  analysis  and  solution  are  not  immediately 
obvious.  We  hope  to  illustrate  some  things  in  problem  analysis 
which  every  student  can  do'.  You  are  not  expected  ao  this  time  to 
be  able  to  perform  the  manipulations  necessary  to  deberinine  the 
answer  to  this  problem,  but  you  can  analyae  it  I 

"Two  satellites  are  placed  in  the  same  sized  circular  orbit.  The 
first  satellite  la  traveling  8 miles  per  minute  faster  than  the 
second  satellite-  The  faster  satellite  requires  2 minutes  less 
time  for  the  30,000  mile  trip  around  the  earth  than  the  slower 
satellite.  Find  the  rate  of  speed  of  each  satellite  In  miles  per 
minute 
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The  AnaXysia 


Step  (l)  Read  the  problem. 

Step  (2)  List  the  given  informations  (try  to  use  your  own  words); 
make  a sketchy 

(a)  The  orbit  Is  in  fornio 

(b)  Speed  of  satellite  number  one  is  8 miles  per  minute 

than  the  speed  of  the  second  satellite. 


(c)  Orbit  time  of  first  satellite  is  than  the 

second  satellite , 

(d)  Length  of  one  orbit  is  for satellites. 

Step  (3)  State  exactly  what  is  to  he  found . 


(a)  The  speed  of  the  first  sateilite  in  miles  per  minute. 

(b)  The  of  the  second  satellite  in  ____  per  minute 


Step  (h)  What  else  Is  unknown? 

(a)  The  time  it  takes  the  first  satellite  to  complete  the 
30^000  mile  orbit o 

(b)  The  it  takes  the  to  complete  the  30^000 

mile  orbit. 


Step  (b)  Represent  the  unknowns  by  a variable  or  variables^  and  trans 

late  English  phrases  to  mathemtlcal  phrases  if  you  can. 

(a)  Let  X represent  the  speed  of  the  first  satellite  in 
miles  per  minute. 

(b)  Then  represents  the  speed  of  the  second  satel= 

llte  in  miles  per  minute. 

(c)  Let  t represent  the  number  of  minutes  it  takes  the 
first  satellite  to  complete  orbit. 
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(d)  Then  _____  repines ents  the  number  of  minutes  the  second 
satellite  tahes  complete  the  orbi"^. 

Step  (6)  Write  a sentence  or  sentences  vhich  are  translations  of  the 
problem  or  represent  a basic  relationship  between  the  given 
information  and  the  variables. 

(a)  The  basic  relationship  that  exists  is* 

distance  - (rate) (time) 

(b)  Therefore  for  he  first  satellite^  we  can  write  the 
sentence : 

30,000  (x)  (t) 

(c)  For  the  second  satellite  we  write: 

30,000  - (x  - 8)(?) 

3-4  A Second  Strategy: 

If  you  cannot  do  Step  6 or  any  of  the  other  steps,  ask  yourself 
these  questions  and  try  to  answer  them* 

(1)  Have  I ever  solved  a problem  like  this  one  before?  If  so, 
how? 

(2)  Is  any  part  of  this  problem  like  a problem.  I have  solved 
before?  If  so,  can  I use  the  procedures  I know  to  solve 
part  of  this  problem?  Can  I change  the  method  I know 
slightly  and  solve  this  problem? 

(3)  Can  I draw  another  figure  or  figures  which  will  represent  all 

or  any  part  of  the  problem?  If  so,  do^  At  least  try 

drawing  several  figures  and  labeling  them. 

(4)  What  are  some  ways  I know  of  that  might  get  an  answer  like 
the  one  I want? 

(5)  What  is  the  domain  of  the  variable  or  variables  in  this 
problem?  Is  it  restricted?  If  so,  why  is  it  restricted? 

(6)  Can  I estimate  the  answer?  Check  your  estimate  in  the  prob- 
lem! it  might  give  you  a clue  toward  the  solution  of  a prob- 
lem. If  you  cannot  estimate  the  answer,  take  a ”wild"  guess, 
and  try  to  check  that  guess.  It  is  very  likely  that  you 
might  pick  up  a clue  toward  solving  the  problem  by  doing  this. 
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If  you  have  done  everything  indicatea  here  in  this  list  faith- 
fully and  you  still  do  not  have  a translation^  then  seek  help* 

At  least  you  know  a great  deal  about  the  problem^  and  your 
efforts  neatly  written  up  can  serve  as  a basis  for  discussion 
of  the  problem. 

Remember  --  realistic  problem  situations  do  not  present  problems 
in  neat  packages  that  are  all  of  one  type^  You  should  not  ex- 
pect to  solve  one  problem  and  then  do  the  next  thirty  problems  in 
exactly  the  same  way.  You  should ^ however^  expect  to  use  infor- 
mation^ concepts^  and  procedures  developed  in  solving  other  prob= 
lems  to  help  analyze  new  problem  situations^  but  problem  analysis 
is  not  exciting  or  profitable  if  it  involves  only  repetition  of 
rote^  mechanical  procedures. 

3«5  Exercises: 

Analyze  the  following  problems . Any  statement  you  make  should  be 
clear ^ complete^  and  concise.  Consider  the  following  problem: 

■'The  length  of  a rectangle  is  3 feet  less  than  twice  its  width 
and  the  perimeter  of  the  rectangle  is  48  feet.  Find  the  length 
and  width  of  the  rectangle." 

1.  What  do  you  know  about  the  perimeter  of  the  rectangle? 

2.  How  would  you  compare  the  length  and  width  of  the  rectangle? 

3.  What  are  you  trying  to  find? 

4.  Hovj  can  you  represent  the  width  of  the  rectangle? 

5-  How  can  you  represent  twice  the  width  of  the  rectangle? 

6.  How  can  you  represent  the  length  of  the  rectangle? 

7.  Draw  a figure  which  represents  the  rectangle  and  label  the 
length  and  width. 

8.  Is  there  a basic  relationship  between  the  lengthy  widths  and 
perimeter  of  the  rectangle?  If  so^  state  It. 
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9.  Write  a sentence  representing  the  relationship  "between  the  unknowns 
and  the  given  information. 

Consider  the  following  problem; 

"Oliver  Baconfat  and  his  friend  Shadow  Jones  race  snails.  The 

rate  of  speed  of  Oliver's  snail  is  8 miles  per  week  less  than 

that  of  Shadow's  snail.  If  Oliver's  snail  requires  5 weeks  to 

2 

go  the  same  distance  that  Shadow's  snail  goes  in  3 j weeks ^ how 
fast  does  each  snail  travel  in  miles  per  week?" 

(Be  alert  - This  is  a slightly  different  approach  to  problem  analysis.) 

10.  Guess  a value  for  the  speed  of  Shadow's  snail.  (Your  guess  has  to 
be  > 8 i Why? 

11.  How  fast  does  Oliver's  snail  travel  if  you  use  your  guess  for  the 
speed  of  Shadow's  snail? 

12.  How  far  does  Shadow's  snail  travel  in  3 j weeks?  (Remember, 

d = rt . Use  your  guess  for  the  speed.) 

13.  How  far  does  Oliver's  snail  travel  in  5 weeks?  (Continue  to  use 

your  guess . ) 

14.  According  to  the  problem  both  snails  travel  the  same  distance. 

Are  your  answers  for  exercises  12  and  13  the  same?  Do  you 
see  a plan  for  finding  a correct  "guess"  which  will  make  them 
the  same?  If  not,  try  another  guess  and  see  what  happens. 

Wow  analyze  the  following  problem  in  a similar  manner,  and  write  an 
open  sentence  representing  the  translation,  if  possible. 

"The  flower  border  of  uniform  width  around  the  outside  of  the 
student  quadrangle  at  Shady  Hills  School  has  the  same  area  as 
the  quadrangle.  The  width  of  the  quadrangle  is  60  feet  and 
the  length  is  90  feet.  Find  the  width  of  the  flower  border." 
(Count  the  sidewalks  cutting  through  the  flower  beds  as  part 
of  the  flower  beds . ) 


15.  Draw  a careful  sketch  of  the  quadrangle  and  Its  surrounding  flower 
border,.  Label  the  parts  which  are  given. 

16.  What  are  you  trying  to  find?  Use  a variable  to  represent  it,  and 
label  this  unknown  part  on  your  sketch 

17.  Using  the  given  width  of  the  quadrangle  and  your  variable,  can  you 
write  an  open  phrase  representing  the  outside  width  of  the  flower 
border?  Label  this  on  your  sketch, 

18.  Using  the  given  length  of  the  rectangle  and  your  variable,  can  you 
represent  the  outside  length  of  the  flower  border?  Label  this  on 
your  sketch. 

19.  State  a basic  relationship,  which  you  know  from  previous  work, 
between  the  length,  width,  and  area  of  a rectangle. 

3.6  Organizing  Information  with  Drawings  or  Diagrams: 

The  following  examples  and  problems  are  illustrations  of  situa- 
tions where  a drawing  or  sketch  is  a particularly  helpful  way  of 
organizing  an  analysis  of  a problem.  It  is  not  possible  to  give 
a complete  list  of  helpful  diagrams,  because  each  problem  will 
have  probably  a unique  sketch  which  will  be  most  helpful  in 
analyzing  the  problem.  We  will  discuss  a variety  of  situations 
in  hopes  that  your  skill  in  using  this  technique  can  be  strengthened. 

Example  A:  (Classroom  Discussion) 

Consider  the  following  problem; 

"Given  two  different  points  A and  B,  each  ten  feet  from  a wall, 
and  15  feet  apart.  Start  from  point  A,  touch  the  wall  and 
stop  at  point  B . Where  would  you  touch  the  wall  In  order  to 
arrive  at  B and  to  have  walked  the  shortest  distance  possible?' 

Draw  several  diagrams  (to  scale  or  on  graph  paper,  if  pos- 
sible), and  experiment  with  different  possibilities,  (At 
least  5 or  6) 

'■  b 

i 
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A*^  15ft.  B 


(2)  Is  there  a geometric  relationship  which  will  help  you 
analyze  all  cases?  Can  you  draw  auxllllary  line  segments 
so  that  there  are  right  triangles  Invol.ed  In  all  dia- 
grams? 

(3)  Can  you  assign  variables  to  represent  the  lengths  of  AC, 
BC? 

(4)  Did  drawing  several  diagrams  and  experimenting  lead  you  to 
choose  one  situation  as  the  most  likely? 

(5)  Can  you  use  the  Pythagorean  Theorem  or  the  Triangle  In- 
equality Theorem  to  analyse  your  conjecture? 

Example  B:  (Classroom  DlBcusslon) 

"Suppose  that  the  sides  of  an  equilateral  triangle  are  doubled. 

What  effect  will  this  have  on  the  area  of  the  larger  triangle 

compared  to  the  original  triangle?" 

Make  a guess  now  before  you  start i 

(1)  Construct  two  equilateral  triangles  as  descrlhed  above. 

(2)  Find  the  midpoints  of  each  side  of  the  larger  triangle  and 
connect  these  with  segments . 

(3)  Now  what  is  your  guess  about  the  ratio  of  these  two  areas? 

(4)  Can  you  Justify  your  guess  with  a proof  using  SSS,  SAS, 
or  the  formula  for  the  area  of  a triangle? 


Example  C:  (Classroom  Discussion) 

"Suppose  that  we  have  a box  containing  3 marbles:  1 red^  1 

green^  and  1 yellow.  If  one  marble  is  picked  at  random^  ther 
are  3 possibilities.  We  shall  call  them  G,  and  for 

red^  green^  and  yellow^  respectively." 

If  the  marble  is  returned  to  the  box^  and  again  a marble  is 
selected  at  random^  we  have  3 possibilities  for  the  second 
draw^  also^  The  outcomes  of  the  succesBion  of  2 draws  can  be 
described  in  terms  of  "color  on  first  draw  and  color  on  second 
draw"  , They  are  shown  in  this  tree  diagram.: 


(1)  On  the  first  draw  there  are  _____  possible  outcomes. 

(2)  For  each  possibility  on  the  first  draw  there  are  

possibilities  on  the  second  draw. 

(3)  The  total  number  of  possible  outcomes  on  the  2 draws  is 
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Complete  the  tree  diagram  for  3 draws  of  the  marbles  assuining 
that  each  marble  picked  is  returned  to  the  box  before  the  next 
draw. 

First  draw  Second  draw  Third  draw 


G 


X 


Use  the  tree  diagram  for  picking  a marble  3 times  to  help  you 
answer  the  following: 

(1)  On  3 draws ^ how  many  possible  outcomes  are  there?  ^ 

(2)  In  how  many  outconies  is  the  red  marble  picked  exactly  twice? 


(3)  In  how  many  outcomes  is  the  green  marble  picked  at  least 
twice? 


Example  D : 

A highway  patrol  car  traveling  at  100  mph  starts  after  some  bank 
robbers^  who  are  traveling  95  niph  on  a freeway^  I5  minutea  after 
they  have  passed  the  patrol  station.  How  long  after  they  Jtart 
chasing  the  robbers  will  they  catch  them? 

(1)  Draw  two  different  horizontal  segments  starting  from  dif- 
ferent points  on  a third  vertical  segment  and  extending  in 
the  same  direction. 
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(2)  If  the  iergth  of  each  of  these  segments  represents  the  dis- 
tance traveled  by  the  robbers  and  the  highway  patrol  res- 
pectivelyj  how  do  these  lengths  compare? 

3^.?  Exercises; 

In  each  of  the  following  problems  present  the  given  information 
in  the  form,  of  a picture  or  a sketch.  It  is  not  necessary  to 
solve  the  problem  unless  you  wish  to  do  so.  However  you  should 
state  your  guess  as  to  the  answer  based  on  your  drawings- 

1-  Two  students  run  at  IJ  feet/second  from  a point  A to  a 
Line  and  walk  from  the  line  to  point  B on  the  other 

side  of  at  5 feet/second.  To  what  point  on  line  L 

should  the  first  student  head  in  order  to  reach  B first- 

2,  Due  to  increasing  population  a certain  city  of  ancient 

Greece  found  its  water  supply  insufficient^  so  that  water 
had  to  be  channeled  in  from  a lake  in  the  nearby  mountains  ^ 
And  since^  unfortunately^  a large  hill  intervened^  there 
was  no  alternative  to  tunneling.  (See  Figure  1.) 


Working  from  both  sides  of  the  hill^  the  tunnelers  met  in 
the  middle  as  planned. 

How  did  the  planners  determine  the  correct  direction  to 
ensure  that  the  two  crews  would  meet?  How  would  you  have 
planned  the  Job?  Remember  that  the  Greeks  could  not  use 


Source  of 
Water  supply 
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radio  signal  or  telescope^  for  they  had  neither*  Never- 
theless^ they  devised  a method  and  actually  succeeded  in 
niaking  their  tunnels  from  both  sides  meet  somewhere  inside 
the  hill„  Think  about  it. 

3.  A school  is  located  five  blocks  east  and  six  blocks  north  of 
the  home  of  two  brothers.  The  older  brother  walks  four 
blocks  east  and  two  blocks  north  to  his  girl  friend;^ 5 house. 
They  walk  from  there  one  block  east  to  a donut  shop,  and 
then  proceed  directly  to  school.  The  younger  brother  cuts 
across  vacant  lots  to  a point  one  block  directly  west  of 
school  and  then  proceeds  to  school.  How  far  does  each  boy 
walk  to  school? 

3.8  Organizing  Information  in  Tabular  Form: 

Many  times  it  is  especially  interesting  to  arrange  information  in 
tables.  In  faet^  such  an  arrangment  is  often  times  the  only 
efficient  way  of  gaining  any  insight  into  the  solution  of  the 
problem. 

Class  Discussion  Problems; 

Example  A ; 

There  are  three  bus  pickup  points  and  C for  taking  stu- 

dents to  school  in  a certain  community  which  is  considering  a 
new  school  at  one  of  two  poaeible  sites ^ a and  b,  A is 
four  miles  from  2 miles  from  b^  and  B is  3 miles 

from  3 miles  from  and  C is  6 miles  from  1 

miles  from  b,  200  students  are  picked  up  at  25O  students 
from  Bj  and  225  students  from  C,  It  is  desired  to  choose  the 
site  which  will  result  in  the  minimum  total  time  of  travel  to  and 
from  school  by  the  town^s  student  population*  Which  site  is 
chosen? 

(1)  Can  you  organize  a table  giving  the  distance  to  a and  b 
from  each  of  the  points  A^  and  C? 

O 
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(2)  Can  you  organise  a x.abie  giving  xhe  total  student  distances 

from  each  point  and  C to  sites  a and  b? 

(3)  Can  you  now  guess  which  site  meets  the  required  condition? 
Example  B; 

The  following  list  represents  the  results  of  100  throws  of  a die. 
How  does  the  occurrence  of  the  results  compare  with  the  theoretl= 
cal  probability  of  rolling  a 

100  throws  of  a die 


^3l-03 

53344 

li'  166 

53213 

46451 

54563 

41353 

35335 

65536 

64112 

43253 

6s45^ 

53263 

33423 

21531 

24131 

64235 

26563 

22522 

21355 

Example  C s 

Ts  there  a i 

relationship 

between  the 

length  and  width 

of  the  leaves 

of  a particular  tree? 

(1)  Select  20  leaves  from  a tree  or  bush  and  measure  the  length 
and  largest  width  of  each  leaf.> 

(2)  Construct  a table  listing  this  data  and  include  the  sum^ 
the  difference  (length  - width) ^ the  product^  and  the  ratio 
( ength  - width) ^ 

(3)  Can  you  now  state  whether  a relationship  exists  for  yc  . 
leaves?  If  unere  is  one^  whlcii  method  of  comparison  gave  ^ .. 
this  Information? 

3. ,9  Exercises* 

In  each  of  the  following  prohlems^  present  the  given  inforniatlon 

in  tabular  form  and  try  to  answer  the  questions  about  this  data. 


1 
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3^10  Estimation  Process 


In  this  section  we  wish  to  focus  your  attention  upon  the  techni= 
que  of  ’'guessing'^  an  answer  and  the  information  which  can  he  de  = 
rived  this  approach  to  problem  analysis  ^ 

Classroom  Disciission: 

Example  A : 

Suppose  that  we  sketch  a wire  around  the  earth  at  the  equator ^ 

(Assume  that  the  earth  is  a smooth  sphere  of  diameter  8000 

miles O If  we  cut  the  wire^  Insert  a piece  one  foot  long  and 

then  hold  the  wire  above  the  surface  so  that  it  is  the  same 

distance  above  the  earth  al^  che  way  around^  how  far  above  the 

22 

surface  will  the  wire  be?  (Use  jt  ^ -y-  ,) 

(1)  Let’s  guess  an  answer  and.  see  if  it  is  too  large  or  to 

small First  guess:  feet- 

(2)  The  diameter  of  uhe  new  circle  of  wire  would  now  be 

8000  miles  + 2 (?  feet).  Why  2 times  your  first  guess? 
(Don't  forget  to  change  8000  miles  to  feetO 

(3)  How  does  the  Gircumf erence  of  the  new  wire  circle  compare 
to  the  original  wire?  (How  are  you  going  to  compare  these 
two  numbers;  by  addition^  subtraction^  division^  or  multi- 
plication? ) 

(4)  Was  your  guess  too  large  or  too  small? 

(5)  Unless  you  see  how  to  work  the  problem  directly^  revise 
your  guess  and  check  your  results  again. 

Example  B; 

A farmer  found  that  it  took  240  feet  of  fence  to  go  around  his 
rectangular  farmyard.  He  noticed  that  one  of  the  sides  was  40 
feet  long.  How  long  are  the  other  sides? 

(1)  Let^s  guess  feet  for  the  width. 
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(2)  Hov/  do  you  check  your  guess?  Was  it  too  large  or  too  small? 

(3)  Can  you  solve  this  problem  using  a sentence? 

Example  C : 

The  radar  operator  on  an  aircraft  carrier  detects  a contact 
moving  directly  toward  the  carrier.  He  estimates  the  distance 
to  the  contact  at  lOO  miles  and  the  speed  of  the  contact  at 
350  miles  per  hour.  How  long  will  it  take  one  of  the  carrier's 
planes  to  intercept  the  contact  if  it  flies  directly  toward  the 
contact  at  i50  miles  per  hour? 

(1)  Guess  the  time  it  takes  the  carrier  to  Intercept  the  contacts 

hours , 

(2)  How  do  you  check  your  guess? 

(3)  How  far  does  the  contact  fly  in  the  time  you  guessed? 

(4)  How  far  does  the  aircraft  carrier  plane  fly  in  the  time  you 
guessed? 

(5)  Can  you  use  the  method  you  used  in  checking  your  guess  to 
solve  the  problem? 

Exercises 

In  the  follcwing  problems  guess  the  answers  to  the  questions  and 
ury  uo  see  if  une  meuhod  you  used  uo  check  your  guess  can  be  modi 
fled  to  solve  the  problem. 
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3.12  Problem  Analysis  Based  on  Analogy: 

Sometimes  problems  in  their  original  form  are  too  complicated  to 
solve.  These  problems  can  ofi:en  be  analyzed  by  simplifying  the 
situation  and  then  looking  at  the  simpler  model.  We  would  like 
to  look  carefully  at  this  method  on  the  following  problems  # 

Class  Discussion; 

Example  A : 

What  is  the  longest  line  segment  that  can  be  drawn  in  the  interior 
of  a sphere  from  a giv^-  i point  on  the  sphere  Lo  a different  point 
on  the  sphere . 

(1)  Suppose  we  simplify  our  situation  and  consider  a circle  and 
try  to  figure  out  what  the  longest  segment  would  be  from  a 
given  point  on  a circle. 

(2)  If  we  draw  a segment  from  the  given  point  through  the  center 
of  the  circle^  how  does  this  segment  compare  with  every  other 
segment  in  the  circle  from  the  gj/^^en  point? 

v3)  Can  we  extend  this  analysis  to  a sphere. 

Example  B : 

Mr.  X has  to  go  to  a town  ?8  miles  from  his  house-  He  can 

take  a hus  at  11: JO  AM  and^  35  minutes  later  the  traln^  which  gets 
him  to  his  destination  in  4j  minutes. 

If  he  decides  to  drive ^ and  he  can  count  on  an  average  of  JO  mph^ 
when  would  he  have  to  leo.ve  to  get  to  T at  the  same  time? 

Simpler  Form: 

Part  1:  How  long  does  the  trip  take  hy  bus,,  and  train  leaving  at 

% 

Ll;50?  What  is  the  time  of  arrival? 

Part  2;  In  what  time  can  a distance  of  78  miles  be  covered, 
traveling  at  a rate  of  50  mph? 

Some  additional  suggestions; 

Some  problems  in  which  the  student  is  faced  with  - the  problem  of 
constructing  geometric  figures  with  xndufficient  data,  or  that  there 
is  not  a unique  solution. 
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APPENDIX 

THE  USE  OF  FUNCTIONS  IN  PROBLEM  SOLVING 

In  accord  with  our  Increased  emphasis  on  function  we  point  out 
here  how  to  use  f unctions  in  solving  some  of  the  prohlenis  mentioned  in 
Chapter  4^  Prchlem  Solving,  In  addition  we  also  discuss  the  isoperi- 
metric  problem  of  determining  the  rectangle  of  fixed  perimeter  with 
maximal  area.  It  turns  out  that  this  provides  a classic  example  of  the 
interplay  between  synthetic  geometry  and  analysis. 

Of  course  we  realize  that  not  all  problems  are  facilitated  through 
the  use  of  functions.  However^  if  the  student^  when  stumped^  will  ask 
■'What  function  lurks  in  the  background*'  he  may  find  that  he  has  a new 
outlook  on  the  problem  and  a new  tool  which  will  prove  effective, 
rloreover^  since  graphing  of  functions  creates  a m.odel  of  the  problem^ 
this  attack  will  show^  particularly  for  simple  problems^  the  unity  of 
a variety  of  problems#  Such  an  example  is  provided  in  these  pages  in 
a consideration  of  Problems  8^  17j  and  27  of  Chapter  4^  done  here  on 
pages  6-7*  If  should  be  clear  that  this  general  method  will  apply  to 
any  rate  problem^  including  the  well  known  work  and  mixture  problems  # 
Indeed^  to  make  our  point  we  might  claim  that  by  an  introduction  of  a 
function^  the  student  has  a tool  of  such  wide  applicability  that  this 
gives  him  a general  method  for  solving  all  the  traditional  problems  of 
high  school J (We  grant  the  existence  of  counterexamples  I ) 

As  a first  example  of  the  sort  of  thing  that  we  can  do^  although 
we  would  not  recommend  this  as  the  first  example  for  the  student  to 
see^  we  shall  analyze  the  "Two  Satellite*'  problem  on  page  3^  Section 
3.3* 
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Two  satellites  are  placed  in  the  same  sized  circular  orbit.  The 
first  satellite  is  traveling  3 miles  per  minute  faster  than  the 
second.  The  faster  satellite  requires  2 minutes  less  time  for 
the  30^000  mile  trip  around  the  earth  that  the  slower  satellite, 
Find  the  rate  of  speed  of  each. 


A na ly  s i^» 


The  student  must  see  that  the  basic  functional  relationship  here 
is  Distance  = Rate  x Time.  That  is^  that  the  function  D ; T=^RT 
associates  the  time  traveled  with  the  distance  traveled^  which  is  com- 
puted by  multiplying  the  rate  of  travelling  by  the  binie.  "^his  multi  = 
plication^  (RT)^  has  been  graphed  earlier  and  looks  like  this: 


S.  Let  us  graph  the  appropriate  function  of  each.  We  can’t  do  it 


specifically  because  we  don't  know^  yetj  their  respective  rates.  But 
we  do  know  that  the  r£ te  of  F,  call  it  is  greater  than  the  rate 

of  call  It  s.  That  is  f > s.  And  from  past  experience  with 
m.ultipLication  functions  we  know  that  their  graphs  should  be  related 


thusly : 


Now  each  satellite  goes  30^000  miles.  Enter  on  graph; 


We  also  know  that  the  difference  In  time  for  each  to  go  30^000  miles 
is  2 miriutes , Thus  the  difference  between  the  first  coordinates  of 
B and  A is  2,  that  is  t - T = 2,  Thus 

30^000  =fT=st=s(T+2). 

We  also  know  that  f is  8 greater  than  s,  so  s=f-8.  Thus 


30,000  = f T 

30,000  = (f  - 8)(T  + 2) 


Now  we  can  use  the  first  equation  to  relate  f and  T,  f = 


_ 30,000 


thus 


30,000  = - 8)(T  + 2) 


It  is  interesting  to  contrast  this  solution  with  the  "Box’^  solu- 
tion We  reproduce  this  solution  In  its  entirety]  it  is  essentially 
self  explanatory* 
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R.  y<  ^ P 


2Q,ooo 

f-r 

f ^ 

3^  OOO 

TNT  c^.  mt  30,000  30,000 

Now  S’s  time  - F's  time  - 2,  Thus  ^ ^ 2 . 

Note:  This  equation  is  even  easier  to  solve  that  the  utie  we  derived* 

The  student  who  can  solve  the  prohlem  is  this  way  has  no  need 
of  analysis  procedures . 

¥e  do  not  give  up  the  function  approach  easily.  As  we  said,  the 
function  approach  is  for  the  student  who  has  tried  everything  and 
has  not.  been  successful.  It  is  fair  to  point  out  that  for  the  usual 
high  school  problem,  the  solution  Itself  is  of  little  importance  and 
has  no  value  in  the  market  place.  However,  the  method  of  solution  may 
indeed  have  a value  in  the  market  place  --  certainly  the  ability  to 
give  new  ones  with  new  insights  is  a highly  prized  one. 

The  function  approach  gives  promise  of  being  applicable  to  less 
stereotyped  kinds  of  problems.  The  approach  does  have  some  of  the 
aspects  of  generality;  in  particular  a variety  of  information  falls 
out  of  the  general  solution.  For  example,  our  same  graphs  give  us 
solutions  for  the  next  two  problems: 


SECOND  two  satellite  problem; 

If  F and  S are  fired  into  orbit  from  the  same  place  and  time, 
when  will  they  be  on  opposite  sides  of  the  earth? 

The  graphical  interpretation  is  essentially  the  same  except  that 
we  look  for  points  with  the  same  time  coordinate  which  are  15,000 
units  apart  on  the  distance  scale. 
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(We  have  ignored  here  the  point  that  we  must  first  find  the  rates,) 


THIRD  two  satellite  prohlem: 

Two  sateLLlteSj  F and  S are  fired  into  the  sam--  orhlt  which 
is  30,000  miles  in  circumference.  F Is  travelling  8 miles  per 
minute  faster  than  S.  When  will  the  faster  one  rendezvous  with  the 
second? 

We  take  our  analysis  from 
the  graphs 

ft  - St  ^ 30^000 

(f  - s)t  = 30,000 

f - s =8 

_ 30,000 


As  to  the  many  excellent  points  which  Chapter  4 makes  we  add  that 
many  can  be  rephrased  in  ternis  of  functions  • yome  of  them  should  be . 
We  shall  now  cite  section  and  page  numbers  of  situations  in  which  some 
additional  clarity  can  be  gained  by  an  alternate  statement  using  func- 
tion. We  put  in  quotation  marks  an  alternate  way  of  expressing  his 
question  or  answer. 
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Page  2.  Section  1.2.  "Consider  the  function  (R,W) — »R  - . Try  to 

write  an  English  sentence  which  clearly  interprets  what  is  meant." 

Page  3.  "Write  an  English  phrase  v;hich  describes  the  association  men- 
tioned in  the  functions  below" , 

1 . t — ^ 6ot 

2.  (L,W}— 2L  r 2¥  ....  etc. 

Page  4f f , Section  1.8,  "in  each  of  the  exercises  determine  a function 
which  interprets  the  English  phrase 

1,  t — «=*3t 


2. 

(k,n) 

— k + 3n 

6. 

X 

+ (x  + 1) 

1 — 1 

(x,y) 

max(x,y)  + x - y 

or 

fO  if  X > y 

(3c,y) 

ly(y  - x)  if  X < y 

29. 

J 

+ 500 

30. 

J 

- 500 

31.  (o^t)-*6(j  + 500)t 

32.  (4,t)^6(j  - 500)t 

Page  7.  Point  out  that  an  equation  such  as  35x  + 70  • 40  = 50(x  + 4o) 
Is  the  statenient  that  the  graphs  of  two  functions  f and  g : 

f : x-*35x  + 70-40  g : x— ».50(x  + 40) 

Intersect.  (it  is  of  course  Gonceivable  that  they  won't  inter- 
sect . ) 

Page  9-  Satellite  Plating  Problem  (A  rate  problem).  Analysis; 

Key  question:  If  x ounces  of  gold  are  used,  vhat  is  the  cost? 

The  function  is 

X— -70  • 40  + 35x  , 
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If  the  student  does  not  see  the  function  right  off  the  question  con 
be  asked  in  terms  of  0 ounces  of  gold^  i ounce  of  gold^  10 
ounces  of  -^old^  etc. 

Please  note  that  this  approach  is  not  a ’’guess  the  answer” 
approach,.  It  is  rather  ’’What's  going  on”  approach.  Indeed  I 
feel  that  pressing  the  student  for  a complete  answer  to  the  whole 
problem  is  wrong  and  tends  to  make  him  gun  shy.  George  Pol^^'a  not 
withstanding  I 

Page  10’  Plot  various  graphs  of  functions  on  either  side  of  (“)i 

This  will  be  tough  for  several  variables  sltuationj  but  in  the 
two  variables  case^  letting  one  act  as  a parameter  and  plotting 
for  different  values  of  the  parameter  may  give  real  insight, 

, a(a^6) 

Page  11^  The  saxl  problem.  We  can  write  a function^  a — ^ , 
However  this  is  an  Instance  of  forcing  the  use  of  function. 

Indeed^  I find  it  hard  to  improve  on  Chapter  4's  solution- 
Can  you? 

Page  12ff:  Problems  l-l4  seem  routine^  Indeed^  on  most  ’’age”  and 

’’number-digit"  problems  I have  found  the  introduction  of  function 
to  be  uncomfortable  pedantry , However  it  may  be  that  some  of 
these  examples especially  rate  problems  must  be  done  with  function 
to  pave  the  way  for  greater  things « 

Problem  8 deserves  a ! little  more  attention^^ 

If  X and  y are  the  two  numbers  we  have 


X + y - 135 

y = 23  + 3x 


and 


-260- 


Problem  I5 . tells  us  that  500  = 5^  Thus 

from  the  function  x + 5x  we  obtain  the  rule  for  the  total 

take  from  selling  x books.  b 


Problem  22:  x^^2x  + 2 tells  us  that  if  x is  the  amount  of 
money  Ollle  has  now^  the  shoes  cost  2x  + 2.  Solve 
2x  V 2 = 20  >0, 

Problem  2?:  If  a is  the  amount  of  the  secret  ingredient  and 

h is  the  amount  of  hydrogen  then 
s + h = 4 


h 


(iL), 

boo- ' 


Graph:  Note  similarity  with 

Problenis  8 and  ISJ , 

#**  Problem  26:  If  w is  the  number  of  papers  sold  on  weekdays  and 

s is  the  number  of  papers  sold  on  Sunday  we  study  the  function 
(w,s) — *B-w  + 2s.  The  side  conditions  w + s = 1700  and 
w + 2s  = 2200  set  up  the  problem.  In  connection  with  this  prob- 
Lem  Jean  Calloway  has  pointed  out  that  to  motivate  the  need  (use- 
fulness) of  the  function^  this  problem  should  be  expanded  by 
giving  a table  of  sales  and  profits  for  several  weeks . There-  is 
nothing  like  repeated  pencil  pushing  to  motivate  the  need  for  a 


single  function  to  do  it  all  at  once  I This  excellent  suggestion 
for  motivating  the  need  for  a function  should  be  applied  In  many 
places . 
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page  21'  (l  can-t  pass  up  this  remark,)  In  Example  try  reflecra.ng 
the  point  B across  the  line  on  which  0 lies  I 


A B 

Page  231  Example  D:  See  the  ”Two  Satellite''  problem^  second  parti 

Page  2k  I 1"  Function  approach  clearly  works  * Try  any  one  I 
2:  I don-t  see  any  function  lurking  here  I 

Section  3*8  Tables  are  functions  I 


ISOPERIiyETRIC  PROBLEMS 

This  class  of  problems  provides  one  of  the  nicest  interplays  of 
synthetic  geometry  and  analysis  In  the  entire  industr^^L  We  probably 
cannot  hope  to  show^,  analytically^  that  among  all  geometric  figures 
with  a fixed  perimeter  the  circle  has  the  largest  area.  However^  as 
Pamela  Ames  has  pointed  out^  cut  and  paste  techniques  can  lead  to  this 
conclusion, 

A more  restrictive  problems  Among  rectangles  with  a fixed  peri- 
meter g which  ones  have  the  largest  area  ? can  be  solved  both  by 
cutting  and  pasting  and^  more  precisely^  by  analysis , The  actual 
amount  of  precision  depends  of  course  on  the  analytic  tools  at  our 
disposal. 

Cut  and  Paste  Solution* 

Give  each  student  a dozen  straws  (soda  type)  and  some  grid  paper. 
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Directions ; 


1.  (a)  Take  one  straw  and  cut  it  into  four  segments  that  can  be 

used  to  form  a rectangle.  Note  that  the  method  of  cutting 
will  take  some  good  thinking  (or  even  help)  the  first  time. 
Hopefully 5 they  will  eventually  cut  the  straw  into  two 
segments  and  then  cut  each  segment  into  two  congruent  seg- 
ments . 

(b)  Place  the  rectangle  formed  by  these  segments  on  the  grjd 
paper  and  trace  the  region. 

(c)  Count  the  squares  to  get  a measure  for  the  region  (the  area). 

2.  Repeat  the  above  procedure  with  each  of  the  other  straws  using 
segments  of  different  lengths . 

AHA:  The  maximum  rectangular  area  with  a given  perimeter  is  a square  I 

Analytic  Solution  --  beginning  with  a story  problem: 

John  has  24  feet  of  fencing  to  make  a rectangular  shaped  pea  for 
his  dog.  What  should  its  dimensions  be  so  that  the  dog  will  have 
the  most  play  area? 

(if  the  student  knows  that  a square  has  the  largest  area  amoung  all 
rectangle  of  fixed  perimeter,  then  the  solution  is  trivial:  4s  = 24, 


Perimeter  = 24  = 2(a  + b) 

Area  = ab 

Problem:  How  to  choose  a and  b so  that  ab  is  maximised  subject 

to  the  side  condition  a + b s 12?  The  perimeter  relation  yields 
b = 12  - a and  so  we  seek  the  maximum  of  the  area  function 


= 6,) 


We  first:  draw  a schematic  picture  of  a rectangles 


a 
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Or:  Maximise  a(l2  - a). 

Plot  the  graph  of  this  function; 


1 


If  graphing  is  the  only  tool  at 
the  disposal  of  the  student,  then 
the  maximum  (6,36)  must  be  read 
from  the  graph o From,  the  analysis 
he  then  concludes  it  is  a square. 


(0>0) 


(12>0) 


If  completion  of  the  square  is  a technique  at  our  disposal  we  argue; 

-a^  + 12a  = -(a^  - 12a  + _)  + = =(a^  - 12a  + 36)  + 36 

= -(a  - 6)^  + 36. 

2 

Now  the  expression  36  - (a  - 6)  clearly  has  a maximum  when  the  sub- 
tracted term  (which  Is  positive)  Is  at  a minimum,  and  since  the  sub- 
tracted term  is  a perfect  square  this  happens  when  a -6=0,  when 
a = 6.  Prom  this  b = 6 and  the  max  area  is  36. 

Another  type  of  solution,  variation  of  a parameter,  is  also 
available  to  us  in  an  Intuitive  and  graphing  form. 

Consider  ab  = K.  For  different  values  of  K,  what  is  the  graph? 

Try,  in  turn,  K = 1,  2,  4,  8,  I6,  32,  3^,  40,  50,  100. 

Note  that  each  curve  of  this  family  is  symmetric  about  the  line 
a = b.  (See  Next  Page.) 

After  plotting  these  curves  on  the  same  graph,  let  us  now  plot 
the  condition 


a = 12  - b. 

This  line  cuts  some  of  the  curves  ab  = K,  but  not  others . Since  we 
seek  a point  of  Intersection  of  ab  = K and  a + b = 12  we  must 


select  a value  of  K for  which  the  curve  ab  - K and  a + b = 12  in’- 
tersect*  However^  we  want  K to  be  as  large  as  possible.  Intuitively 
this  will  be  the  value  for  which  the  line  a + b = 12  is  tangent  to 
ab  - K*  From  the  symmetry  of  the  figure  the  point  of  tangency  will 
occur  when  a b and  thus  a = b = 6^  i.e,^  at  the  point  of  inter- 
section of  a t b = 12  and  a ^ b --  This  conclusion  is  not  one  we 
could  have  easily  Justified  without  the  variation  of  parameter  method. 

Or^  pursuing  this  more  analytically^  for  any  if  ab  = K and 
b = 12  “ a then 

a(l2  - a)  = K ; or 
0 = - 12a  + K 

which  will  have  one  solution  for  a if  and  only  if  the  discriminant 
12  - 4K  = 0^  that  is  when  K = 36^  and  thus  a = 6 ~ b. 


-266- 

ERJC  271 


A veriation  of  this  problem  is  to  assume  that  one  side  of  the 
rectangle  is  given  free  along  one  line*  the  other  three  sides  to  have 
a fixed  sum.  The  equivalent  of  the  story  problem  is  to  imagine  that 
John  Is  to  build  his  pen  along  the  back  wall  of  his  lot^  the  back  wall 
being  60  feet  long.  He  still  has  24  feet  of  fencing.  What  shape 
(rectangular)  should  it  be?  This  xs  a particularly  nice  problem  since 
a square  is  not  the  answer^  and  the  student -s  intuition  may  not  be  as 
accurate.  The  analyses  of  each  variety  are  essentially  the  same - 

An  important  variation  of  greater  difficulty  is  to  remove  the 
restriction  of  rectangular  regions  try  a triangle^  and  various  other 
polygons.  W^hat  happens  as  the  number  of  sides  increases?  Try  for  the 
circle  as  the  solution  to  the  general  isoperimetrlc  problem  in  the  plane 

At  some  point  in  this  experimentatiori  the  students  may  want  to  re- 
place straws  with  string-.  One  nice  observation  will  be  that  whatever 
figure  is  considered^  making  it  convex  (if  it  is  not  already)  improves 
the  size  of  the  area  at  no  cost  of  perimeter. 
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GRADE  8 - CHAFrER  5 


mBffiER  THEORY 


Ba ckground  Assumptions 

A good  bit  of  experience  with  the  properties  of  the  arithraetic 
operations  as  applied  to  integers « Also  a good  deal  of  familiarity 
with  integers  --  multiplication  facts ^ factoring^  dividing  large 
numbers  ^ etc . 

Purposes : 

1,  To  teach  the  meaning  of  the  unique  factorization  theorem  for  in- 
tegers and  its  use  in  computation;  tests  for  divisibility  and 
testa  for  primality. 

2.  Study  of  proof  in  some  easy  situations  where  short  arguments 
suffice,.  Discussion  of  "If  = ^ then^of'  statements^  converse, 
negation . 

3«  To  pursue  some  ideas  of  m.athematical  interest  Just  because  they 

are  Interesting  --  mathematics  is  more  than  Just  models  of  the  real 
world  e 

5^1  Even  and  odd  integers. 

Motivation 

Sometimes  we  are  interested  In  only  some  aspects  of  a number « 

Street  addresses  - even  numbers  on  one  side,  odd  numbers  on  the  other ^ 
Square  dances  - squares  of  ^ couples.  Bridge  or  other  partnership 
card  games.  Circuits,  computer  storage  - only  interested  in  one  of 
two  states  * 


The  ''facts''  about  even  and  odd  numbers  have  probably  already  been 
discussed  in  Grades  4=6.  Review  these  by  asking  questions  like: 

1,  Is  the  sum  of  two  even  numbers  even? 

2.  Is  the  sum  of  an  even  number  and  an  odd  number  even? 

3«  Is  the  sum  of  two  odd  numbers  everi? 

4o  Is  the  product  of  two  odd  numbers  odd? 

5®  Is  the  product  of  two  even  numbers  even? 

6.  Is  the  product  of  an  even  number  and  an  odd  number  even? 

7.  If  the  sum  of  two  numbers  is  even  and  one  of  them  is  odd^  what  can 

you  say  about  the  other  one? 

8.  If  the  product  of  two  numbers  is  even  and  one  of  them  is  even^  what 
can  you  say  about  the  other  one? 

Collect  all  of  this  Information  in  the  form  of  addition  and  multi- 
plication tables  for  even  and  odd. 

After  the  children  have  worked  with  enough  examples^  try  to  get 

them  to  give  a definition  of  "even".  Of  "odd" ^ Let  this  discussion 

lead  Into  rather  more  formal  statements  of  the  theorems  about  even  and 
odd  numbers 

5*2  Informal  discussion  of  statements  and  proof. 

Some  discussion  about  mathematical  statements  (true  or  false) ^ 
about  the  form  they  usually  take  ("If  then,*/0.^  and  quantifiers 

("some'%  "all"^  "There  is").  Try  to  reformulate  the  statements  about 
even  and  odd  as  theorems  in  the  "If  then..*."  form^  Ask  questions 

about  the  converse^  etc. 

For  example^  if  the  students  were  led  to  propose  as  a definition 
of  "even":  n is  even  if  it  has  a factor  2|  or  n Is  even  if  there 
Is  an  integer  n'  such  that  n ^ En'j  then  a direct  proof  using  the 
distributive  property  can  be  given  of  the  theorem- 

"If  m and  n are  even^  then  m + n is  even." 
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Point  out  that  if  m and  n are  not  both  even^  then  the  state= 
ment  makes  no  claim  about  m + n. 

Ask  about  the  truth  of: 

"If  m + n is  even,  then  m and  n are  even," 

After  you  have  a definition  for  even,  try  to  get  one  for  odd.  If 
odd  turns  out  to  be  "not  even",  then  try  to  say  what  that  would  mean] 

n is  odd  if  and  only  if  there  is  an  n'  such  that  n - + 1, 

This  should  give  a natural  lead-in  to  the  general  definition  of 
divisibility  and  the  division  algorithm.  As  an  exercise  it  might  be 
suggested  that  the  student  make  a flow  chart  for  the  division  algo- 
rithm 5 

Some  theorems  which  can  be  given  for  which  the  student  can  give  a 
more  or  less  formal  proof  at  this  stage  are: 


If 

m 

and 

n 

are 

even, 

m + 

n 

is  evens 

2, 

If 

m 

and 

n 

are 

even, 

then 

mn 

is  even 6 

3 = 

If 

m 

is 

even 

and 

m + 

n is 

even,  then  n 

4, 

If 

m 

and 

n 

are 

odd. 

then 

m 

n is  even* 

5, 

If 

m 

and 

n 

are 

odd. 

then 

m ’ 

n is  even^ 

6. 

If 

m 

and 

n 

are 

odd. 

then 

mn 

is  odd  * 

7. 

If 

2 

m 

is  i 

even. 

m 

is 

even  • 

8, 

If 

m 

is  1 

Ddd, 

then 

2 

m 

is  odd . 

To  show  that  a proposed  statement  Is  falsei  e^g«,  "If  i mn  is 
even,  then  m and  n are  even" , point  out  that  It  suffices  to  find 
one  example  in  which  the  theorem  is  false,  5 ‘ & is  even  but  5 is 
odd..  This  might  lead  to  a general  examination  of  the  unmentloned 
quantifiers  in  the  statements  made  above , 

(VThlle  negations  of  "if,,.,  then---"  statements  as  well  as  contra- 
positives  might  naturally  arise  in  this  discussion,  postpone  considering 
such  things  until  later  as  there  are  too  many  complications  for  a first 
try  at  this  sort  of  thing,) 
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5^3  Factors , divisibility-,  tests  for  divisibility  and  the  division 

algorithm. 

Motivation  - See  Section  10“1  in  First  Durse  in  Algebra 
(pp,  248^5^) 

With  very  little  more  effort^  one  can  get  a definition  of  divisi- 
bility by  2^  4^  5^  fO  and  also  3;?  6 and  9*  While  devising  these 
tests  one  could  develop  the  division  algorithm:  a = bq  i r where 
0 < r < b. 

In  the  exercises  for  this  section  one  could  extend  the  proofs 
of  the  previous  section  to  prove  theorems  such  as : 

If  d divides  a and  d divides  then  b divides 

a + b;  a - b;  ka;  kb;  ah;  and  ax  + by  for  any 
integers  x and  y. 

As  a lead  in^  theorems  such  as : 

If  4 divides  then  2 divides  n. 

Ask  about  the  converse « 

The  following  might  be  proposed: 

If  2 divides  n and  3 divides  then  6 

divides  n.  Converse « 

One  rnight  also  propose  the  theorem: 

If  d divides  ab^  then  d divides  a or  d 

divides  b^ 

Let  the  students  discover  that  this  is  true  if  d is  prirne^ 
but  not  necessarily  true  otherwise* 

5*4  Prime  Numbers , the  Sieve  of  Eratosthenes  ^ Prime  Factorization* 

There  are  versions  of  this  material  in  Chapter  10-2  and  10-3  of 
First  Course  in  Algebra  and  Chapter  11-2  in  Introduction  to  Algebra 
(pp.  464-476).  However^  the  sieve  can  be  done  in  such  a way  that  other 
questions  arise.  The  conclusion  that  if  no  prime  less  than  or  = t/S" 
divides  then  n is  prime  can  be  obtained. 
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lou  rna:y  want  to  raise  the  question:  many  pri;..,3s  are  there?” 

If  uhe  division  algorithm  has  been  discussed  in  5.3>  Euclid^ s proof 
that  there  are  infinitely  many  primes ^ can  be  turned  into  a constritctive 
proof  showing  that  given  any  set  of  primes  there  is  always  another  prime 
not  in  the  given  set.  (in  the  Teacher's  Commentary  the  analogous  argu= 
ment  for  primes  of  the  form  4k  - 1 can  be  given.) 

Following  this  section  something  similar  to  the  last  two  sections 
of  Chapter  10^  PCA^  pp,  266-282  might  be  added ^ since  the  laws  of  ex- 
ponents have  not  appeared  so  far  in  the  outlines  for  Grades  7 and  8. 

5»5  The^  Suclidean  Algorithm  aM  the  QCD. 

Purpose : 

As  a follow-up  to  the  message  In  Chapter  4 on  Problem  Analysis^ 
and  as  a review  and  different  way  of  looking  at  the  work  of  Chapter  2^ 
Grade  7^  or  graphing  of  straight  lines ^ one  can  pose  the  question  of 
solving  equations  of  the  form  ax  + by  - where  b ^ b and  c are 

integers^  for  integers  x and  y.  One  version  of  this  material  is  con- 
tained in  ESSAYS  ON  NUMBER  THEORY  II ^ Chapter  4^  pp.  l9'-26^ 

Rationale : 

This  section  would  have  to  be  included  as  an  example  of  ” interest- 
ing”  mathematics.  It  would  be  hard  to  defend  the  position  that  this  is 
something  everyone  should  know^  There  are  easier  and  more  direct  ways 
of  getting  the  GCD  and  then  the  LCM  for  adding  rational  numbers  I On 
the  other  hand^  it  certainly  does  show  the  work  on  linear  equations  in 
a new  light  and  offers  opportunities  for  arithmetic  manipulations  with 
another  goal  in  mind. 

5 . 5q  ( A.lternat  ive ) 

See  Hassler  Whitney's  paper  on  the  "introduction  of  Mathematical 
Concepts”  (p.  4)  for  another  and  shorter  way  to  introduce  the  GCD-* 

This  introduces  modular  arithmetic  and  could  lead  to  GCD  and^  he  claims^ 
to  F,T.A  . 


When  the  Euclidean  Algorithm  is  developed,  there  are  two  very 
nice  flc  charts  which  could  reinforce  and  clarify  this  algorithm 
on  p-  30  of  the  New  Orleans  Conference  Report,  March  l4-l8,  I966. 
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GRADE  8 - CHAPTER  6 


THE  REAL  NUMBERS  REVISITED  - RADICALS 


Background  ^ 

Exponents.  (NOTE:  While  Chapter  3^  Grade  7 has  some  work  with 

scientific  notation^  ratlonals  In  expanded  form  with 
extension  of  exponent  notation  to  negative  exponents^ 
there  is  not  at  present  In  the  seventh  or  eighth  grade 
outlines  a specific  place  where  the  laws  of  exponents 
are  restated  and  worked  with.  To  assume  that  this 
was  done  before  the  seventh  grade  and  need  not*  be  done 
again  until  the  eighth  grade  is  a mistake.  It 
should  somehow  be  worked  Into  the  seventh  grade  out- 
line and  probably  reviewed  and  restated  In  the  FCMBBR 
THEORY  chapter  of  the  eighth  grade  after  the  unique 
factorization  theorem, ) 

Solution  set  of  an  equation^ 

Order:  If  0 < a < b and  0<c<dj  ac<bd. 

Geometric  construction  for  separation  of  segment  line  congruent 

segments . 

Absolute  value:  1^1- 

Properties  of  even  and  odd  numbers  * 

Decimals^  Square  Roots^  the  Real  Number  Line  (Ch.  10^  Grade  7) 

Pythagorean  Theorem 

Purposes ; 

Review  of  the  real  number  system^  motivated  by  the  consideration 
of  certain  problems  which  do  not  have  rational  solutions | decimal  nota- 
tion for  rational  and  irrational  numbers j meaning  of  radical  and  practice 
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in  computations  involving  radicals j functions  Involving  radicals;  review 
and  summary  of  p opertles  of  the  real  numbers  and  properties  of  subsets 
of  the  real  numbers . 

6.1  Motivation 

Suggest  problems  requiring  irrational  numbers  in  their  solution 
such  as ; 

1.  A biologist  has  a cube  with  edge  3 meters , in  which  a man  is  to 
.be  enclosed  for  a specified  time.  This  cube  Is  Just  large  enough 
to  provide  him  with  sifflclent  air  for  the  time  he  is  to  occupy 
it.  He  now  wishes  to  build  a cube  which  will  be  Just  large  enough 
for  two  men  --  that  is^  to  build  a cube  which  has  double  the 
volume  of  the  first.  What  should  be  the  length  of  Its  edge? 

This  is  the  same  problem  that  Greek  geometers  tried  to  solve  two 
thousand  years  ago.  They  set  different  restrictions  on  the  prob- 
lem^ however;  they  required  that  the  edge  be  determined  by  geo- 
metric construction,  using  only  compass  and  straightedge.  It 
has  been  proved  uhat  the  compasB -straightedge  construction  cannot 
be  done.  Can  you  solve  the  problem  using  numbers?  Try  different 
lengths  for  the  edge,  to  see  whether  you  can  find  an  edge  which 
gives  a volume  of  54. 

2.  Present  a description  of  the  golden  section.  This  could  be  made 
the  subject  of  a film  strip.  See  the  Disney  film,  "Donald  in 
Mathemagic  Land",  part  of  which  relates  to  the  golden  section. 

Also  see  Nicolet  film  number  fourteen  --  strophold,  golden  sec- 
tion, and  vases. 

6.2  Review  of  Facts  about  the  Real  Humber  System.  (See  MJHS,  7ol.  2, 
Chapter  6,  pp,  235  ff-) 

6,2-1  Notation  for  real  numbers.  Use  exercises  to  recall: 

(a)  Every  infinite  decimal  names  a real  number. 

(b)  If  the  infinite  decimal  is  a repeating  decimal,  it 
names  a rational  number;  if  the  infinite  decimal  does 
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not  repeat  it  names  an  irrational  number.) 

Possibility;  If  repeating  decimals  are  written  in 
expanded  form,  it  might  not  be  a bad  Idea  to  spend 
a few  minutes  talking  about  the  meaning  of  the  symbol 


^3 
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- 3( 


10 


0 


The  notions  of  limit  and  of  Infinite  series  are  hoth 
ideas  which  are  really  difficult  to  teach  and  to  learn ^ 
Early  exposure  and  a longer  period  of  time  to  get  used 
to  the  idea  might  prove  helpful  in  later  work.  The 
student  has  already  seen  the  disguised  manipulation! 


r - .3 

lOr  ^3.3 

9r  - 3 


Writing  out  the  repeating  decimal  in  expanded  form 
might  pave  the  way  for  future  "belief  in  the  validity 
of  work  with  infinite  series.  ¥e  don^t  suggest  doing 
any  more  than  simply  noting  that  the  indicated  infinite 
series  ahove  Is  another  way  of  denoting  the  rational 
numher  ^ « 

(c)  A rational  numher  may  he  named  hy  a fraction  cf  the 

form  ^ - where  a is  an  Integer  and  h is  a counting 
b 

number^ 

(d)  A numeral  of  the  form  or  where  a is  a 

counting  numher^  names  a real  numheri  if  ’Jb  is  the 
product  of  two  equal  integral  factors,  a is  a 
rational  number;  otherwise  it  is  an  irrational  numher# 
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6.2-2 


Proof  that  1/2  is  irrational. 
Vol«  2^  pp«  362ffO 


(Alt. 


version 


ISSM, 


of  Numbers . (See  PGA  , Chapter  11^  and  PFCA-H^  Chapter  I5) 
1,  Square  Roots 

Definition  of  Va"  and  -/b.  with  a > 0, 

2 

Discussion  of  solutions  of  equations  of  the  form  - a with 
appropriate  restriction  on  a« 


For  all  real  numbers  /x*”  = |x| 


In  t.ha  exercises  use  function  idea  to  practice  finding  the  domain 
and  range  of  functions  such  as: 


f : X- 

g : x = 


-/x" 


h * X ‘ 


2 ^ etc . 


2,  Definition  of  nth  root  of  a.  Solution  set  of  = a;  x = a# 

(MJHS^  Vol.  2^  pp.  2T2ff.) 

Domain  and  range  of  functions  f : k ; g : • etc* 

1 1 

3-  Should  \ie  introduce  ^ ^ If  etc.,^  here  or  wait  until  the 

chapter  on  the  exponential  function? 


6,4  Computations  with  Radicals , 

1.  Use  of  factorization  theorem  in  finding  roots: 

Ex.  -/r£25^  - V , 1/11,56,  ■/ . ooff,  etc. 

2.  Irrational  square  roots. 

Recall  of  the  theorem,’  If  n is  a counting  number  and  Vn 
is  rational,  then  ■/n  is  an  integer-. 
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Proof  of  theorem*  If  0 < a < then  < /b  . 
Review  of  iteration  method  for  approximating  roots « 


3.  Product  of  square  roots. 

(a)  Theorem:  Va*  ^ i/h  --  ® ^ ^ 

(b)  Use  of  theorem  to  write  root  in  the  form  aVb  ^ a rational 
and  h a positive  integer  without  square  factors. 

Ex.  ^ ^ vWj  ^ etc. 

(c)  Use  of  commutative  and  associative  properties  of  niulti- 
plication. 

Ex.  2V57  “ 3^^^ 

(d)  Use  of  distributive  propert^^. 

Ex,  2t/3  + ; 5(271  +75)  j iS  + M){S  - ^) 

(e)  Radicals  with  variables. 


7^ 


X 


Ex.  -/3x 

73  # - 73 

tive  reals,  Vx^  = yT , x > 0 
Square  roots  of  rational  mirnbers , 

ifi 


Since  domain  is  the  set  of  reals. 

' ' ^ ^ i/x^  . Since  dom:ain  is  non-nega- 

2 


(a)  Theorem: 


s 


^ a > 0^  h > 0. 


(b)  Use  of  theorem  to  simplify  radicals  (as  defined  above) 


Ex.  ^ 


/ 25  ^Vx 

Also  use  variables:  v . Restrictions  on  x? 


X 


,2  ^ W 


Va  , Restrictions  on  a?  on  b?  on  ab? 


^ * Restrictions  on  a?  on  b? 
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6,5  Review  of  Properties  of  the  Real  Numbers  and  the  Real  Number  Line. 

1.  Properties  of  the  real  number  system 

Use  exercise  sets  to  recall  field  properties.  (See  Ex.  3,  p.  279 

of  MJHS,  Vol,  2) 

Include  questions  on  subsets  to  emphasize  properties  not  possessed 

by  subset".  (See  PFCA  - H,  p,  l8b) . 

Emphasize  order  properties » 

2.  Real  mimhers  and  the  number  line, 

(a)  Location  of  point  for  rational  number  ^ by  geometric 
construction  ^ 

(b)  Location  of  point  for  Irrational  by  geometric  construc- 

tion^ 

(c)  Location  of  point  for  Infinite  decimal  by  nested  intervals. 

Use  7t  as  an  example,  (See  Vol,  2^  pp,  256^  261-5) 

(d)  One-to-one  correspondence  between  real  numbers  and  points 
on  the  line , 

(e)  Exercises  in  ordering  on  the  niomber  line^  numbers  named  by 
different  k^nds  of  numerals  (fractions^  decimals^  radical 
absolute  Yalues) ^ 
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GRADE  8 - CHAPTER  7 


TRUTH  SETS  OF  MATHEMATICAL  SMTENCES 


Background  A b sumptions ; 

Students  have  had  some  experience  with  the  solution  of  sortie  types 
of  linear  mathematical  sentences  with  integral  and  rational  coeffi- 
cients. No  formal  methods  of  solution  have  heen  presented. 

Students  ha\  :?  had  methods  of  solution  of  systems  of  mathematical 
sentences . 


Rationale  s 

The  development  of  a reasonably  careful  discussion  of  the  solutions 
of  mathematical  sentences  has  been  postponed  until  now  because  we  wanted 
to  discuss  some  operations  which  would  not  necessarily  I'esult  in  equiva- 
lent sentences^  squaring  both  sides  of  a sentence^  and  multiplying 

both  sides  of  an  equation  by  an  expreBsion  which  Is  zero  for  some  value 
or  values  of  the  variable. 

Purposes ; 

lo  To  identify  clearly  the  concept  of  equivalent  mathematical  sen- 
tences and  to  state  precisely  the  ” permissible"  operations  which 
will  always  lead  to  equivalent  sentences. 

2^  To  identify  clearly  the  operations  on  mathematical  sentences  which 
may  nrsb  lead  to  equivalent  sentences. 

3 6 To  provide  additional  practice  in  problem  analyslB  and  problem 
solving  techniques. 

Procedure: 

1.  Review  addition  property  of  equality  and  its  use  In  solving  equa- 
tions. Introduce  the  concept  of  equivalent  sentences^  p.  133“135* 
First  Course  in  Algebra  - Part  I. 


2.  Review  multiplication  property  of  equality  and  its  uses  in  solving 
equations.  Use  concept  of  equivalent  equations,  p.  167-170  - 
First  Course  in  Algebra  » Part  I. 

3a  Apply  these  two  properties  to  the  solution  of  inequalities.  Use 
concept  of  equivalent  inequalities,  p.  l87‘-200  = First  Course  in 
Algebra  - Part  !• 

A.  Include  appropriate  verbal  problems  — see  above  references  to 
First  Course  in  Algebra n 

Consider  the  question  of  "permissible  operations"  for  equivalent 
sentences j in  general,  p^  377^39^  - First  Course  in  Algebra  - 
Part  11. 

2 2 

6.  Discuss  the  theorem  - If  a = b^  then  a = b and  the  fact  that 
the  converse  is  not  urue  ^ 

7-  Consider  equations  of  the  fallowing  type^ 

(x  = 3)(x  - 2)(x  - 4)  = 0, 

This  may  be  written  as  the  equivalent  compound  sentence  -- 

X - 3 = 0^  or  X - S = 0^  or  x - 4 = 0. 

This  is  another  situation  where  equivalent  sentences  arise* 
ps  388-389  ' First  Course  in  Algebra  Part  II* 

8*  Consider  fractional  equations  and  restrictions  upon  denominators 
containing  variables,  p,  391^394  First  Course  in  Algebra  = 

Part  II. 

9*  Consider  the  operation  of  squaring  both  sides  of  an  equation  and 
the  fact  that  this  operation  does  not  always  result  in  equivalent 
equations.  A check  is  necessary  to  deternilne  the  solutions  of  the 
original  equation.  However ^ if  boundary  conditions  are  noted  a 
logical  check  is  not  necessary^  only  a check  for  accuracy^ 

t/x  = 2 - X and  0 < x < 2. 

P-  39^-398  " First  Course  in  Algebra  - Part  II  ^ 
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GRADE  8 - CHAPTER  8 


QUADRATIC  POLYNOMIALS  AS  FUNCTIONS 


Background  Assumptions : 

1,  Functions  - Notation  f : x— fe-f(x);  linear  functions;  graphs 

of  linear  functions . 

2 o The  real  number  system^  axioms  and  definitions  ^ operations  ^ 

3-  Solution  of  Mathematical  Sentences 

k.  (Graphs  of  ahsolute  value  fun  - tlon) (See  First  Course,  pp*  448-453) 
Rationale  t 

2 

The  graph  of  f : will  he  constructed.  This  will  he 

compared  with  the  graphs  of  the  following: 

2 

2 

X — »^ax 
2 

x-*x  + k 
x-^(x  - h)^ 

X — &a(x  - h)^  + k 

In  each  case,  the  zeroes  of  the  function  will  be  discussed^  This 
will  lead  to  the  discussion  of  how  to  find  the  zeroes  algebraically. 
Since  ah  = 0 if  a = 0 or  b - 0,  we  would  find  it  helpful  to  be 
able  to  factor  quadratic  polynomials . 

Factoring,  by  use  of  the  distributive  property,  of  polynomials  of 
the  following  types 
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ab  + ac  s a(b  + c) 

ax  + ay  + bx  + by  = a(x  + y)  + b(x  + y)  = (a  + b)(x  + y) 

+ 2ab  + + ab  + ab  + b^  = (a  + b)(a  + b) 

“ b^  - - ab  + ab  = b^  ^ (a  + b)(a  ^ b) 

2 2 

will  lead  to  the  factoring  of  x + bx  + and  of  ax  + bx  + 
by  completing  the  square^  and  finally  by  inspection  for  those  poly- 
nomials which  can  be  factored  over  the  integers. 

Now  we  go  back  to  use  factoring  in  the  finding  of  the  zeroes  of 
quadratic  functions^  and  thus  solving  quadratic  equations  by  factor- 
ing over  the  integers  and  by  completing  the  square  to  factor  over  the 

2 

reals.  Finally  we  solve  the  general  quadratic  equation  ax  + bx  + c - 0 
by  completing  the  square^  and  thus  develop  the  quadratic  formula. 

2 

Factoring  skills  can  also  be  put  to  work  to  rewrite  ax  + bx  + c 
in  the  form  a(r  = h)”  + k.  This  form  is  convenient  for  determining 
the  minimum  (or  maxim'om)  of  the  function^  and  thus  for  constructing  its 
graph. 

2 

From  .a  single  graph  of  a function  in  form  ax  + bx  + the 
student  can  be  shown  how  to  find  solution  sets  of  many  equations^  by 
moving  one  ( or  both)  of  the  axes . 

Purpose t 

1.  To  study  in  some  depth  the  graph  of  the  quadratic  function- 

2p  To  develop  and  practice  the  more  cormnon  types  of  factoring  of 
linear  and  quadratic  polynomials = 

3-  To  present  methods  of  solving  quadratic  equations. 

Procedure:  Ref i:  First  Course^  pp-  533"536 

Section  1.  Graph  of  the  quadratic  function. 
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1.1  Graph  of  f : x 


2 2 
--^x  ^ and  of  f : 

2 

Do  graph  of  x-hp-x  carefully  for  < x < 4 - include 

3^)  to  show  th  shape  of  the  parabola. 

Point  out:  symmetry  with  respect  to  y-axls|  range  is  non- 

negative reals;  domain  is  set  of  reals . 

2 

Show  graph  of  x— *--x  as  a reflection  about  the  x-^axis; 

symmetry  is  preserved. 

1.2  Graph  of  f : x— 

2 

Consider  graphs  of  x^^ax  for  0 < a < 1 and  for  a > 1^ 

2 

and  compare  with  graph  of  x~^x  . 

2 

Show  graphs  of  x-*ax'  for  -1  < a < 0 and  for  a < *^1  as 
reflections  of  the  corresponding  cases  above. 

2 

Perhaps  generalize  on  x-*ax’  for  a 0,  in  terras  of  |a|. 

1.3  Graph  of  f : x-»-ax^  + k. 

Discuss  effect  of  k for  k > 0 and  k < 0. 

For  k < 0^  consider  the  zeros  of  the  function  (new  term- 
explaln  it ' ) 

Ask  what  about  zeros  for  k = 0,  and  k > 0.  (This  hints  at 
complex  numbers) 

L.A  Graph  of  f : x— — a(x  - h)^  . 

Discuss  effect  of  h for  h > 0 and  h < 0. 

Consider  the  zeros  in  both  cases. 

1.5  Graph  of  f * x— »a(x  - h)^  + k. 

2 

Summarize  how  the  graph  of  x— is  affected  by  values  of  a, 
h,  and  k. 

Talk  about  zeros  of  the  function,  also  maximum  or  minimum,  symmetry, 
turning  point. 
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1.6  Two  algebraic  questions: 


2 

(1)  How  can  a quadratic  function  in  form  ax  + bx  + c be  re- 

written  in  form  a(x  - li)  + to  make  graphing  simpler^ 

as  well  as  to  aid  in  locating  line  of  symmeLry^  turning 
pointy  and  maximum  or  minimum  value.  (Merely  develop 
feeling  of  a need  for  factoring  skills  of  some  sort.) 

g 

(2)  How  can  the  zeros  of  a function  in  form  ax  + bx  + c be 
determined  algebraically?  Since  ab  = 0 if  and  o ily  if 
a = 0 or  b - O5  this  calls  for  being  able  to  factor  the 
polynomial  over  some  set  of  numbers . 

Section  2*  Factoring  Polynomials . (9H^  556”5?2^  577-588^  591“62l) 

2*1  Meaning  of  factoring  over  the  integers^  over  the  rationals^ 

over  the  reals  * 

2.2  Type  ab  + ac  a(b  + c)  « 

Simple  use  of  distributive  property,. 

2-3  Type  ax  +ay  + bx  +by  - (a  + b)(x  + y)  = 

Multiple  use  of  distributive  property* 

2 2 

2*4  Perfect  square^  a + 2ab  + b * 

Show  use  of  distributive  property^  as* 

pop  p 2 

a + 2ab  + b = + ab  + ab  + b = a(a  + b)  + b(a  + b)  = (a  + b) 

DIscubs  characteristics  of  a perfect  square  trlnoinial. 

2 2 

2.5  Difference  of  squares , a - b . 

Show  use  of  distributive  property^  as ; 

- b^  = - ab  + ab  - b^  = a(a  - b)  + b(a  - b)  = (a  + b)(a  - b) 

Then  observe  short  cut,  from  reversing  the  product: 

(a  + b)(a  - b)  = - b^. 
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Move  on  to  types i 

on 

(a  + b)^  --  = (a  + b + c)(a  + b - c) 

P o p . . p p 

+ Sab  + b - c = (a  + b)”  - c = (a4=  b + c)(a  + b - c) 

2 

2.6  Factoring  a polynomial  of  foim  x + bx  + c by  completing  the 
square  ^ 

Also  show  by  inspection  for  those  factorable  over  the  integers  - 

2 

2.7  Factoring  a polynomial  of  form  ax  + bx  + c by  completing  the 
square^  and  by  inspection  for  those  factorable  over  the  integers. 

Section  Solving  quadratic  ££nationj^V 

2 

3.1  Discuss  *^finding  zero  of  function  ax  + bx  + c*'  as  "solving 

2 

equation  ax  + bx  + c = 0"  . 

3^2  Solve  by  factoring^  i-e.,  ab  - 0 if  a = 0 or  b - 0* 

Emphasize  factoring  by  completing  the  square  as  the  general 
method^  giving  roots  both  over  the  rationals  and  over  the  reals# 

Hint  at  complex  roots . 

3^3  Development  of  formula: 

Generalization  of  completing  the  square. 

Emphasize  its  significance  in  that  it  relates  the  roots  to  the 
coefficients . 

2 2 

Section  4.  Going  from  ax  + bx  c to  a(x  - h)  + k# 

2 

4.1  Use  of  completing  the  square  to  write  ax  ' + bx  + c in  form 
a(x  - h)^  + k and  thus  draw  the  graph  quickly  and  accurately. 

2 

4.2  From  the  graph  of  a single  function  of  form  ax  + bx  + c, 
the  solutions  of  many  quadratic  equations  can  be  found  by 
giving  the  function  a succession  of  values. 
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GRADE  8 - CHAPTER  10 
PARALLELS  AND  PERPENDICULARS 


Background ; 

Separate  chapters  have  been  introduced  on  parallellstn  (in  Grade  T) 
and  perpendicularity  (in  Grade  8),  The  present  chapter  summarizes,  re- 
v:  ^ synt-hesizes  and  extend.^  ■bhese  chapters* 

From  work  with  measure  we  need  the  concept  that  the  length  of  a line 
segment  and  the  distance  between  two  points  are  the  same  number  arrived 
at  in  different  ways.  The  first  is  a function  from  the  set  of  segments 
in  space  to  non-negative  real  numbers | the  second  Is  a function  from 
pairs  of  points  to  non^negative  real  numbers  * We  are  now  ready  to  ex- 
tend the  concept  of  "distance  between"  to  a function  whose  domain  is 
any  pair  of  geometric  figures-  (There  is  still  a problem  to  straighten 
out  herel  Will  we  accept  a line  segment  of  length  0?  How  about  "two" 
points  which  have  a distance  of  0 between  them?) 

Many  properties  of  specialized  quadrilaterals  are  assumed  to  be 
already  known  and  are  summarized  here  * Some  simple  reflections  in 
points^  lines ^ and  planes  as  transformations  are  used  as  background  for 
discussing  symmetries  of  2 and  3 dimensional  figures • The  concept 
of  symmetry  of  a figure  is  then  made  a little  more  general. 

Although  the  parallel  "property"  has  been  introduced  and  Intuitive 
facts  associated  with  It^  we  incorporate  it  here  into  a deductive  se- 
quence * 


Purpose* 


The  purposes  of  this  chapter  are  as  follows i 

1,  To  consider  sets  of  parallel  and  perpendicular  lines  and  planes  and 
the  number  of  regions  they  determine  in  2 and  3 space. 


2,  To  develop  deeper  intuition  in  3-spuce  for  the  relations  of 
parallel  and  perpendicular  among  lines  and  planes  * 

3.  To  define  distance  between  parallel  lines  and  planes^  but  x/ithin 
the  broader  context  of  distance  between  two  geometric  objects. 

k.  To  survey  and  extend  concepts  related  to  quadrilaterals. 

5.  To  lay  a simple  and  intuitive  foundation  for  the  concept  of 
necessary  and  sufficient  conditions, 

6#  To  extend  the  concept  of  reflections  in  pointy  line^  and  plane 
to  symmetries  of  polygons . 

J.  To  provide  one  more  short  deductive  sequence^  this  time  applied 
to  parallel  lines . 

Rationale ; 

Counting  regions  is  a way  of  associating  numbers  with  geometric 
figures.  In  a sense  it  is  a function  from  a certain  set  of  geometric 
figures  to  the  natijiral-  numbers  ^ This  use  of  number  is  not  a metric 
use^  but  a combinatorial  use  of  numbers  for  counting. 

Parallel  and  perpendicular  linas  and  planes  taught  separately 
are  rich  subjects^  but  in  this  chapter  we  consider  the  richer  inter = 
connections  between  these  two  relations . 

Distance  up  to  now  is  a function  on  a pair  of  points,  now  it  is 
extended  and  generalised,  still  including  former  ideas  as  special 
cases . 

Symmetries  are  very  definitely  considered  here  as  one  more  step 
along  the  road  which  stretches  from  reflections  (in  Grade  7)  to  trans- 
formations (in  Grade  9)*  There  are  symmetries  that  are  not  reflections 
later  there  will  be  transformations  that  are  not  symmetries. 

Many  times  we  have  used  the  fact  that  the  d^ree  measure  of  the 
angles  in  a triangles  add  to  I80,  but  here,  for  the  first  time,  we 
prove  this  fact  in  a miniature,  deductive  system. 
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Bection  1 . Regions  * 


1. 1 Study  number  of  regions  (not  counting  the  lines)  into  which  a plane 

is  separated  by  two  parallel  llnes  | by  n parallel  lines - 

1.2  Study  number  of  regions  (not  counting  the  lines)  into  which  a plane 

is  separated  by  two  perpendicular  lines;  by  two  parallel  lines  and 

transversal  perpendicular  to  them;  by  net  of  n lines  and  m 
others  perpendicular  to  them. 

1.3  Extend  ideas  of  1.1  and  1.2  carefully  to  some  problems  in  3=spaee 
with  parallel  and  perpendicular  planes . 


1.  Use  sequence  of  simpler  problems  to  reach  such  problems  as  these* 

(a)  How  many  regions  of  a plane  are  formed  by  ^4  parallel  lines 
and  5 lines  perpendicular  to  them?  (Ansi  30) 

(b)  How  many  regions  of  a plane  are  formed  by  n parallel  lines 
and  by  m lines  perpendicular  to  them?  Ans:  (n  + l) (m  + l) 

2.  Just  a few  suggestions  for  problems  in  S-spacs* 

(a)  QCp  Pj  and  i are  planes  so  th^-^  ^11 P ^ _L  • Into 

how  many  regions  do  these  separate  space?  (Ans:  6) 

(b)  cc^  and  ^ are  3 mutually  perpendicular  planes.  Into 
how  many  regions  do  they  separate  space?  (Ans;  8) 

(c)  Into  how  many  regions  is  space  separated  by  n parallel 

planes?  (Ans:  n + l) 

3.  Perhaps  some  challenge  problems  of  this  levels  but  not  any  harder; 

(a)  What  ia  the  maximum  number  of  regions  you  can  create  in  a 
plane  with  3 lines?  with  4 lines?  with  5 lines? 

(b)  What  is  the  maximum  ni;mber  of  regions  you  can  create  In  space 
with  2 planes?  with  3 planes?  with  4 planes? 


Section  2.  Combining  Parallel  and  Perpendicular  Relations : 

2*1  Line  perpendicular  to  one  of  two  parallel  lines;  line  perpendicu- 
lar to  one  of  two  parallel  planes, 

2.2  Two  lines  perpendicular  to  same  line;  two  lines  perpendicular  to 
plane . 

2«3  Plane  perpendicular  to  one  of  two  parallel  lines;  plane  perpendicu- 
lar to  one  of  two  parallel  planes . 

2,h  Two  planes  perpendicular  to  same  line;  two  planes  perpendicular  to 
same  plane ^ 

2.5  Consider  relations  of  parallel  and  perpendicular  with  respect  to 
reflexive  relations,  symmetric  relation,  and  transitive  relation, 
(We  assume  that  these  terms  have  been  Introduced  in  connections 
with  numbers,  so  we  are  making  use  of  an  old  Idea  here*  They  are 
Intended  to  reinforce  and  review  such  an  idea^  not  to  introduce 
it.) 


Exercises : 

1.  More  ASN  exercises  in  3^Bpacei  (The  problem  of  whether  a line 

should  he  considered  parallel  to  Itself;  a line  in  a plane  parallel 
to  the  plane;  and  a plane  parallel  to  itself  might  well  he  con- 


sidered hy  some  other  group  of  people,  and  hy  the  writers.  Here 
the  viewpoint  is  that  two  lines  must  he  distinct  in  order  to  he 
parall -1,  and  so  on.) 

ASH  (1)  Hypothesise  Two  planes  are  parallel. 

Conclusion;  A line  perpendicular  to  one  of  these  planes 
is  perpendicular  to  the  other  * 


ASH  (2)  Hypothesis; 

Conclusion; 


Two  lines  are  parallel , 

A plane  perpendicular  to  one  of  these  Linas 
1b  perpendicular  to  the  other. 


ASK  (3)  Hypothesis 
Conclusion 

A S N (4)  Hypothesis: 
Jonclusion: 

ASH  (5)  Hypothesis: 
Conclusion: 

A S N (6)  Hypothesis: 
Conclusion: 

A S N (7)  Hypothesis: 
Conclusion: 

A S N (8)  Hypothesis: 
Conclusion: 

A S N (9)  Hypothesis: 
Conclusion: 

A S N (10)  Hypothesis: 
Conclusion: 

A S N (11)  Hypothesis; 

ConcluBion: 

2 . Pill  in  the  following 

following  meanings: 


I Two  planes  are  parallel. 

: A plane  perpendicular  to  one  of  these 

planes  is  perpendicular  to  the  other. 

: Two  lines  are  parallel - 

A line  perpendicular  to  one  of  these  lines 
is  perpendicular  to  the  other. 

Two  planes  are  perpendicular. 

A line  perpendicular  to  one  of  these 
planes  is  perpendicular  to  the  other. 

Two  planes  are  perpendicular - 
A line  perpendicular  to  one  of  these 
planes  is  parallel  to  the  other. 

Two  planes  are  perpendicular. 

A line  parallel  to  one  of  these  planes  is 
perpendicular  to  the  other . 

Two  lines  are  perpendicular . 

A plane  parallel  to  one  of  these  lines  is 
perpendicular  to  the  other. 

Two  lines  are  perpendicular- 
A line  perpendicular  to  one  of  these  lines 
is  parallel  to  the  other. 

A plane  is  perpendicular  to  a line. 

Another  plane  perpendicular  to  the  line  la 
parallel  to  the  first  plane. 

Two  planes  are  perpendicular. 

A plane  parallel  to  one  of  these  planes  Is 
parallel  to  the  other  plane  also# 

tahle  with  the  letter  P or  T with  the 
(Assume  we  are  in  3“Space.) 
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T The  relation  has  the  property. 

F The  relation  does  not  have  the  property. 


Reflexive 

Symmetric 

Transitive 

a 1 |h 

a 1 ^ 

a|  Ip 

ajp 

' 

Note:  a and  b are  lines;  a and  p are  planes  in  this 

standard  notation;  lines  or  planes  considered  in  the 

transition  relatio’:  are  distinct^ 

Section  3*  Direction  of  £ Plane . 

3.1  What  do  a family  of  parallel  lines  in  2=spaee  have  in  common: 
slope . 

3^2  What  do  a family  of  planes  in  3 -space  have  in  common:  the  slope 
of  a plane  is  difficult  to  define;  go  hack  to  the  plane  for  in- 
spiration. 

3.3  Another  characteristic  of  a set  of  parallel  lines  in  2-spaae: 

there  is  a line  perpendicular  to  al_  the  parallel  lines;  go  hack 
to  3^spnce  and  see  if  this  helps. 

3-4  Hurrah:  For  each  set  of  parallel  planes  there  is  a line  perpen- 

dicular to  all  planes  (this  does  not  imply  only  one  line) # 

3-5  Discuss  ” characterization"  of  a fanilly  of  parallel  lines  hy  the 
slope  of  the  line  found  perpendicular  to  them  ; if  we  could  get 
to  the  idea  of  slope  of  line  in  “w-e  cbuld  do  the  same  -- 

perhaps  in  the  future* 
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Exercises : 


Have  students  draw  diagrams  to  illustrate  the  ideas  above. 

SeGtlon  4 . Distance  between  Parallel  Lines  and  Parallel  planes . 

4-1  Review:  Distance  from  point  to  point  is  length_j  or  is  measure  of 

segment . 

4.2  Def : Distance  from  point  to  set  of  points  as  minimum  of  distances 

to  points  in  the  set;  apply  to  line^  segment^  circle^  and  plane, 
(fhe  problem  of  unusual  sets  where  the  idea  of  a greatest  lower 
bound  is  needed  should  be  avoided.  Just  simple  cases  here.) 

4.3  Def:  Distance  from  set  to  set  as  minimum  of  distances  from  point 

in  one  set  to  point  in  other  set]  apply  to  line  and  circle^  two 
circles  ( completely  outside  or  one  contained  in  other),  two 
parallel  lines ^ two  parallel  planes^  two  intersecting  lines. 

4.4  Def:  ”the"  altitude  of  a parallelogram  or  of  a trapezoid]  alti= 

tude  as  segment  and  as  number. 

4.5  Equations  of  planes  parallel  to  coordinate  planes]  inequalities 
for  "strips”  and  B^^pace  interYals . (See  previous  work  in 
Section  2.6  of  Grade  Chapter  11^  Parallelism) 

Typical  Exercises : 

(in  the  following  discussion  note  the  difficulty  in  keeping  pure 
meanings  for  the  phrases  "distance  from  A to  B”  and  "distance  be= 
tween  A and  B" . More  thinking  must  be  done  to  say  when  we  want  to 
talk  exactly^  and  when  we  may  use  colloquial  expressions  in  these  situa- 
tions . ) 

1.  A point  is  6 inches  from  the  center  of  a 3-inch  circle.  How  far 

is  it  from  the  circle. 

2,  A point  is  2 inches  from  a circle  which  has  a radius  of  3 

inches.  How  far  is  the  point  from  the  center  of  the  circle. 
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3.  A poini:  lies  on  the  perpendicular  bisector  of  a 4-inch  segment 
and  is  3 inches  from  the  segment.  It  moves  parallel  to  the 
segment  through  6 inches.  How  far  is  the  point  now  from  the 
seg...3nt? 

4^  A point  is  at  the  center  of  a J-inch  circle.  This  point  moves 

12  inches  in  a direction  perpendicular  to  the  plane  of  the  circle# 
How  far  is  the  point  now  from  the  circle?  How  the  point  moves  5 
inches  parallel  to  the  plane  of  e circle | how  far  is  it  now  from 
the  circle?  If  the  point  had  moved  21  inches  instead  of  5^ 
how  far  would  it  have  been  from  the  circle? 

(More  thinking  needs  to  be  done  about  the  use  of  such  expressions 
as  "The  point  moves  parallel  to  a line" ^ or  "The  point  moves 
parallel  to  a plane" . The  meaning  is  clear ^ but  how  should  we  say 
it  in  mathematics?  Can  a point  move  or  is  it  not  fixed  In  space? 
Should  we  not  say  "moves  on  a line  which  is  parallel  to  the  line."? 
These  indicate  some  of  the  difficulties.) 

5s  A 6-foot  flagpole  is  attached  to  the  vertical  wall  of  a building 
at  a point  20  feet  above  the  horizontal  street.  The  pole  makes 
an  angle  of  45^  with  the  horizontal.  How  far  is  each  end  of  the 
pole  from  the  street? 

6#  A line  is  6 inches  from  the  center  of  a 2-inch  circle.  How  far 
is  the  line  from  the  circle? 

7*  Two  circles  have  radii  of  5 10  inches.  What  is  the  dis- 

tance between  the  circles  if ■ 


(a) 

Their 

centers 

are 

20 

inches 

apart? 

Their 

centers 

are 

2 

inches 

apart? 

(c) 

Their 

centers 

are 

6 

inches 

apart? 

8.  Two  sides  of  a parallelogram  are  6 inches  and  12  inches  and 
the  angle  included  between  them  is  30^^  What  is  the  distance 
between  the  pairs  of  parallel  lines  containing  opposite  sides?  Is 
this  the  same  as  the  distances  between  opposite  sides  (as  segments')? 


9. 


Compute  the  area  of  the  parallelogram  In  Exercise  8 in  two  ways  and 
compare  your  answers , 

10.  In  3-space  what  is  the  graph  of  the  following  sentences j 


(a) 

4 < X < 7 

(b) 

4 < X < 7 

and 

-3  < y < 2 

( c) 

4 < X < 7 

and 

“3  < y < 2 and  6 < z < 8 

11*  What 

Is  the  distance 

between  two  intersecting  lines? 

Section  5^.  The  Quadrilateral  Properties ; 

5.1  Review,  summarize  and  Interrelate  properties  of  parallelogram,, 
trapezoid,  rhombus,  rectangle  and  square^  properties  of  sides, 
diagonals  and  angles  are  Intended . 

5.2  Study  the  sufficiency  and  begin  the  Idea  of  liscesslty  of  condi- 
tions on  a very  intuitive  level j necessary  and  sufficient  condi- 
tions as  such  to  be  studied  later. 

Typical  Exercises ; 

1.  The  following  problem  is  a large  one  and  may  not  be  wise  to  in- 
clude as  a whole,  but  It  is  extremely  valuable.  It  would  be  ex- 
cellent summary  material  and  might  well  be  worth  2 or  3 days 
of  class  time. 

Directions:  In  the  following  table,  consider  the  five  types  of 

geometric  figures  listed  across  the  top  with  respect  to  the 
sixteen  statements  at  the  left  (to  save  space  the  statements  are 
referred  to  by  number  and  listed  below) . If  the  geometric  figure 
at  the  top  always  has  the  property  at  the  left , fill  in  the  table 
with  an  Aj  if  the  figure  sometim.es  has  the  quality,  use  an  S; 
and  if  it  never  has  that  property,  use  an  N. 
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Rectangle 

1 

Square 

Rhombus 

Parallelogram 

Trapezoid 

1, 

2. 

j 

1 

3. 

etc , 

Sta-tements  t 

Is  Both  pairs  of  opposite  angles  are  congruent* 

2.  Both  pairs  of  opposite  sides  are  congruent* 

3*  Each  diagonal  ’bisects  two  angles. 
ho  The  diagonals  'bisect  each  other. 

The  diagonals  are  perpendicular, 

6.  Each  pair  of  consecutive  angles  is  supplementary^ 

7.  Each  pair  of  consecutive  sides  is  congruent, 

8.  Each  pair  of  consecutive  angles  is  congruent, 

9"  The  diagonals  are  congruent, 

10,  Both  pairs  of  opposite  sides  are  parallel, 

11,  Three  of  its  angles  are  right  angles. 

12,  Its  diagonals  are  perpendicular  and  congruent. 

13*  Its  diagonals  are  perpendicular  ’biseGtors  of  each  other. 
lU , It  is  equilateral. 

15,  It  Is  equiangular. 

16.  It  is  ’both  equilateral  and  equiangular. 

2,  Another^  valuable  use  of  this  ta'ble  is  to  turn  the  prohlem  around 
and  thus  ask  the  following  question:  Are  the  data  at  the  left  of 

a line  sufficient  to  assunie  the  figure  is  the  type  named  at  the 
top?  Use  the  letters  N to  mean  always ^ sometimes  and 

never  as  follows ; 
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A The  data  being  true^  the  figure  must  be  that  given ^ 

S The  data  being  true^  the  figure  may  or  may  not  be  that 
given* 

N The  data  being  given^  the  figure  could  never  occur* 
Section  6 - Symmetries : 

6.1  Def : Symmetry  in  a line^  in  2-space^  in  3-space. 

6.2  Def:  Symmetry  in  a pointy  in  2-space^  in 

6.3  Def:  Symmetry  In  a plane ^ tin  3 -space. 

6.4  Symmetries  of  triangles:  isosceles^  equilateral. 

6.5  Symmetries  of  rectangles:  non-square^  square,, 

6.6  Symmetries  of  a circle, 

6.7  Synunetries  of  three  dimensional  figures* 


Exercises : 


1-  For  each  of  the  following  flares  use  a ruler  and  draw  all  lines 
of  symmetry.  Then  write  down  the  number  of  lines  you  have  founds 
Then  mark  each  point  of  symnietry  you  can  find. 


2. 


Trill  for  each  figure  how  many  planes  of  symmetry  there  are;  then 
how  many  lines  of  symmetry ; then  how  many  points  of  symmetry. 


3*  For  each  of  these  figures  .find  reflections  in  all  lines  of  symmetry; 
then  rotations  about  center  of  l8o^^  120*^^  ot  whatever  you 

need  to  make  the  figure  coincide  with  itself^  i 

I 


4.  Symmetries  of  a circle^  rotations  about  the  canter  only* 

Section  7^,  Angle  - Sum  Proofs , 

7*1  The  parallel  property. 

7*2  Proof;  Angle  measure  sum  for  triangles. 

7.3  Semi-profifi  Angle  sum  measure  of  convex  polygons. 

Exercises : 

The  usual  kinds . See  SMSG  and  other  books . 
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GRADE  8 - CHAPTER  11 


PROPERTIES  AND  MENSURATION  OF  GEOMETRIC  FIGURES 


(Review  and  Summary) 


Background : 

Metric  System^  Grade  4^  Part  II  ^ Cliapter  9^  PP  - 4?6ff, 

Unit  Segments^  Unit  Angles^  What  is  Area?;,  Grade  5^ 

Part  Chapter  7^  pp.  407tf* 

Chapter  8^  pp-  455ff- 

Congruence^  Grade  7^  Chapter  IV 

Measure Grade  7^  Chapter  V. 


Purpose : 

1,  Review  and  extend  notion  of  measure;  develop  some  degree  of 
comfort  with  the  metric  system. 

2.  (a)  Based  on  the  summary  in  Chapter  10^  Section  5 review  and 

extend  formulas  for  perizneters  and  areas  and  apply  to 
problems  involving  real  numbers*  Derive  the  formula  for 
the  area  of  a trapezoid* 

(b)  Deepe  n the  understanding  of  the  relation  between  congruence 
and  measure:  (congruence  =>  equal  measure^  converse  is  not 

tr^^e)  . 

3..  Review  properties  of’  regular  polygon*  Compute  perimeter^  radius^ 
apothem^  area.  Develop  (WST)  formula  for  area  of  circle* 

4.  Develop  properties  of  solids: 

(a)  with  parallel  bases:  boxes ^ cylinder. 

( b ) pyramid , cone 


(c)  develop  formulas  for  surfaces  and  volumes  of  solids, 

(d)  sphere  (WST) . 


OUTLINE 


(l)  This  is  the  fourth  exposure  to  measure  and  it  is  important  to 
continue  this  development^  hullding  on  previous  learning  ex- 
periences * 

Firsts  measure  was  based  on  congruence:  Two  segments  are  con- 

gruent if  one  is  an  exact  copy  of  the  other;  the  same  holds  for 
regions . 

Next:  linear  measure  was  given  a numerical  ^ lue . 

The  third  time^  in  Chapter  Grade  7^  area  is  developed  in  terms 
of  equivalent  regions.  This  section  contains  excellent  examples; 
review  some^  bring  in  new  ones.  Although  we  are  generally  con- 
cerned with  convex  polygonal  regions  an  example  could  be  intro- 
duced to  show  that  not  all  regions  are  convex^  yet  can  be  de- 
comppsed  as  indicated . 


But  now  we  want  more;  we  want  a numerical  measure  for  areas, 
Show  that  not  all  regions  can  be  decomposed  easily  into  equiva- 
lent regions . For  example : 
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It  would  not  be  possible  to  decompose  this  region  equivalent  to 
another  region.  But  we  can  try  the  following  in  order  to  esti= 
mate  the  area : 


"Recall  that  area  of  a surface  is  the  number  of  square  units  con- 
tained in  it"  (MJH^  VqI,  2^  Part  II_,  p.  ^50)  - Lead  from  this  to 
the  necessity  of  assigning  a measure which  is  a number^  not  only 
to  segments,  but  also  to  polygonal  regions.  Discuss  closeness  of 
approximation  in  diagram  above , 

Develop  next  the  idea  of  arbitral^  unit  versus  standard  unit  by 
examples : 

1,  (a)  Draw  MBC  ~ ^EP  with  ratio  of  similitude  ^ . AB,  BG,  CD 

are  arbitrary  and  represent  units  on  which  DE,  EF,  and  PD 
are  based. 
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and  b 


(b) 


If  SjBgment  RS  has  measure  1 then  a - 
since  a is  contained  three  times  in  the 
twice  in  b* 


--  , and  b = - ^ 

3 ■ 3 ■ 

given  segment  and 


H- 

R 


t 

1 


s 


H- 

b 


Similarly,  if 


(c)  Recipe  for  cooking;  The  weight  of  an  egg  could  be  the  unit. 

(d)  Pacing  off  distances:  Length  of  step  is  the  unit. 

(e)  Game:  Go  forward  until  I count  to  five]  unit  of  time],  inter 

val  from  1 to  2,  etc. 

Next,  ask  questions  of  this  type;  Can  you  choose  the  units  when  paying 
for  your  lunch?  weighing  yourself?  reading  a map?  buying  gasoline? 


2.  Include  questions  of  the  type:  What  would  he  a reasonable  unit  of 

measure  to  express: 

(a)  The  distance  from  your  home  to  school. 

(b)  The  height  of  a telegraph  pole. 

(c)  The  length  of  a desk. 

(d)  The  depth  of  a bookshelf, 

(e)  The  Length  of  the  hands  of  a wrist  watch. 

(f)  The  length  (?)  of  periods  in  a school  day, 

(g)  The  weight  of  a beam  for  a bridge. 

(h)  The  weight  of  flour  in  a cake. 

(i)  The  amount  of  milk  in  a cake. 


Depending  upon  Chapter  5,  Grade  7,  and  the  degree  of  detail  given  to 
metric  measure,  review  and  complete  metric  measures  for  distances, 
areas,  volumes  and  weights.  Include  here  or  at  the  end  of  the  text  a 
babXe  with  metric  meaaures . 


i R?jise  question.  Cen  you  give  the  corresponding  metric  measui'es  In 
2.  above? 

Point  out  simplicity’  of  U,S  monetary  system  compa:?  * to  British  system, 
In  the  same  way^  compare  linear  measures  mm^  cm^  dm^  etc  - ^ wiuh 
inch^  foot,  yard^  etc. 

k Include  questions  of  the  type; 

{a)  Which  is  longer^  an  8 Inch  or  12  cm  pipe? 
b)  If  the  speed  limit  on  a highway  is  60  mph.  ^ does  a driver 
break  the  law  if  he  travels  a’L  90  km  per  hour? 

(,c)  Would  you  expect  to  pay  more  for  3 quarts  of^  niilk  or  for  3 
liters  of  milk? 

It  may  be  preferable  to  use  measure  for  areas^  volumes^  weights^  etc*^ 
as  (2)  and  (3)  In  this  outline  are  first  presented.  But  since  the 
students  are  probably  familiar  with  these  ideas  a review  hei^e  and 
application  later  in  the  chapter  ought  to  work  out  successfully- 

2(a)  Review  the  formulas  for  perimeter  end  area  of  parallelogram 
and  triangle  and  develop  the  formula  for  the  area  of  the 
trapezoid  (See  MJH^  Yol , 2^  Part  II ^ Chapter  11^  pp .. 

451-455) 

Next  refer  to  the  statement  in  Chapter  5j  Grade  7^  P^S®  2:  . every 

line  segment  has  a measure  Tread  (but  lightly)  on  the  idea  that  this 
measure  often  is  a namber  familiar  to  tliem^  but  that  the  measures  of 
many  line  segments  are  riunibers  which  they  have  not  studied  yet.  Until 
they  meet  these  numbers^  they  can  only  give  such  measures  'by  approxi- 
mation." (NOTE;  there  are  approximations  of  different  natures  in- 
volved . ) 

Now,  we  are  ready  to  assign  the  exact  measure  to  segments,  the  Interior 
of  plane  figures,  surfaces  of  solids,  etc.  The  students  have  studied 
real  numbers.  There  are  times  when  rational  approximations  are  impor- 
tant. Refer  back,  to  Chapter  5 and  see  how  good  the  approximations 
were  at  that  time,  when  only  rational  numbers  were  known  to  the  students. 
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Use  examples  as  on  page  453  (reference  gi^en  above),  finding  the  length 
of  diagonals  and  perimeters.  Other  examples: 

1-  (a)  Find  the  perimeter  of  the  polygon  P 

(b)  Can  you  draw  a polygonal  region 
like  "problems’*^  whose  peri-- 
meter  is  12  units? 

2,  A rectangle  and  a parallelogram  have  equal  base  and  height.  One 
angle  of  the  parallelogram  has  a measure  of  45^ < How  do  the 
diagonals  of  the  two  figures  compare?  their  perimeters?  their 
area  f (Emphasize  the  role  of  a good  diagram).  First  assign 
numerical  values  to  h and  then  generalize. 


h 


A b B 


.tl  b M 


Repeat  with  mlK  = 60^  | mZK  ^ 30^, 
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3.  Compute  the  length  of  the  median  of  a trapezoid:  assign  definite 

values  to  then  generalize . 

b„ 


r 


Use  similar  triangles^  develop 

1. 


- U. 


(b^  + ^2^  * Now^  de- 


formula 
rive  area  in  different  way 


Repeat  for  isosceles  triangle  and  use  different  ways  suggested  by 
the  diagrams . 


r + s 


EH  - 2FH  Use 
ratios  to  find  MN, 


2(b)  Measure  is  based  on  congruence.  Use  examples  that 
extend  the  Idea  from  segments  and  plane  figures  to 
3 dimensions;  Boxes ^ can  goods;  identical  containers, 
equal  contents,  equal  weights,  equal  prices  (?). 


Example  1; 

In  contrast:  the  area  of  a rectangle  is  48  square  inches#  Are 

the  following  rectangles  congruent? 
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Example 


Given  | AB  = CD  = GH  and  ED  - 2JH 
[Authors;  do  not  use  subscripts] 


(a)  The  Length  of  which  segments  is  the  distance  between 
and  Lg?  Call  this  distance  h, 

(b)  What  have  the  triangles  in  common?  (You  will  get  different 

answers.)  If  AB  = b,  what  is  the  area  of  ^BP^?  What  is 
the  area  of  triangle  ABPg,  ABP^j  ABP^? 

(c)  Are  any  of  these  triangles  congruent? 

(d)  Could  you  find  a point  on  say  Q such  that 

MQB  = MP^B? 

(e)  How  do  the  areas  of  the  triangles  compare  to  the  area  of 
rectangle  CDEP? , rsictangle  GHJK? 

Formulate  conclusloiis  from  the  above. 

Develop  the  understanding  of  the  formula  by  using  both  geometric  and 
algebraic  approach: 

Example : What  Is  the  effect  upon  the  perimeter  of  a rectangle  If  the 

length  and  the  width  are  doubled?  What  Is  the  effect  upon  the  area? 
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ab 


= 2a  + 2b  - 2(a  + b)  = 

Pg  = 2(2a)  + 2(2b)  Ag  = (2a) (2b) 

=2(2(a+b))  =4( ab ) 

= 2p^  = kA^ 

The  shuden^  should  recognise  when  there  are  linear  factors^  quad-' 
ratio  factors;  algebra  and  geometry  should  support  one  another- 


(3)  Review  properties  of  regular  polygons.  Introduce  or  review  the 
vocabulary:  center^  radius^  chords  apothem^  circumscribed 

circle^  inscribed  polygon . 

Compute  given  r and  a 

given  a and  s 
given  r and  s 

Let  the  student  visualize  by  making  their  own  diagrams^  what 
happens  to  the  perimeter  of  an  inscribed  regular  polygon^  as  the 
number  of  sides  goes  from  1 to  8 to  etc.  Then^  show 

with  geoboard:  nails ^ equidistant  on  the  circle^  rubber  bands 
forming  regular  n-gons . 


Compare  p to  c 
and  area  of  Interior 
of  A to  sector  as 
n increasee - 
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Let.  t:hern  measure  the  perimeters  and  record  results.  Have  each 
student  cut  out  a disk  of  different  size^  from  stiff  paper^  or 
use  any  circular  object  available-  Have  them  measure  the  dia- 
meter and  the  circumference  by  wrapping  a string  around | have 
them  compare  the  ratio  — - Exchange  the  circular  objects  ard 
try  it  again.  What  Is  the  value  of  this  ratio?  How  do  these 
values  compare?  Since  it  ought  to  be  close  to  3 but  (hope- 
fully) is  not  exactly  3^  it  is  some  number^  let-s  call  it  jt. 


[See  MJH^  Vol . 1^  Part  II,  pp.  490-500.] 

See  whether  the  relation,  informally  and  experimentally  only, 
of  course,  can  be  ”disGovered'^  : as  n becomes  very  large, 

p — ^ c . 

ObBerve  at  the  same  time  that  the  Interior  of  the  polygon  comes 

closer  and  closer  to  the  interior  of  the  circle- 

1 2 _ 

The  transition  from  A - “ ap  to  A^  = rcr  is  then  a simple 

step.  Again:  as  A polygon— ^A^  , [See  MJH,  Vol-  1, 

Part  II,  11=7^  p.  500,] 

(4)  Assemble  as  many  models  of  solids  as  possible.  Where  do  we  see, 

indoors  and  outdoors,  in  a store,  factory,  etc^,  objects  like  some 
of  these? 

Analyze  the  properties  and  let  students  ” discover"  some  way  of 
classlf ication- 

Introduce  the  terms:  face,  edge,  vertex,  surface,  diagonal,  volume. 

Have  the  student  think  about  a wire  model,  a cardboard  model  before 
"dissecting"  the  solids. 

Let  them  count  the  number  of  vertices,  faces  and  edges  and  record 
in  a table.  ‘Can  they  discover  Biler^e  formula,  V t F - E = 2? 
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Let  the  student  see  vhat  plane  contains  a diagonal  in  a cube  or 
Tjrisrru  Wiiat  dimensions  must  be  known  to  determine  others. 

Just  as  the  length  of  a segment  is  the  number  of  units  contained 
in  it  and  the  area  of  a surface  is  the  number  of  square  units 
contained  in  It^  introduce  the  volume  of  a solid  as  the  number  of 
cubic  units  contained  in  It^ 


1 inch 


1 sq.  inch 


1 cm  1 sq.  cm  1 cubic  cm 

Now  group  solids  according  to: 

(a)  Parallel  bases;  Prisms  and  cylinder;  boxes  with  squares^ 
rectangles^  triangles  - as  bases | cylinder  with  circles  as 
bases  (of  course,  the  interior  of  these  polygons  is  meant)] 

Y = Bh. 

(b)  Pyramids  and  cones.  V ^ = Bh.  [See  MJH  Yol*  2,  Part  II, 

pp^  465 ■"489  ]. 

(c)  Compile  a list  of  formulas  as  a result  of  the  above* 

Students  should  make  models  of  as  many  solids  as  possible*  Have 
different  students  use  different  dimensions,  but  prisms  and 
pyramids  with  congruent  base  and  height  should  be  made,  similarly 
for  cylinder  and  cone,  [see  MJH,  ¥ol.  II,  Part  II,  pp*  491*510] 
so  that  volumes  can  be  compared  and  experimented  with. 
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There  is  an  excellent  opportunity  to  apply  real  numbers^  similarity 
and  design  problems  from  ''real  life"  .. 

Example i A container  must  have  a certain  capacity.  Should  it  be 
made  of  tin  or  with  tin  tops  and  cardboard  si^  -^s?  Which  is  more 
economical?  Which  shape^  cubic^  cylindrical  or  rectangular?  Etc. 

The  Sphere  (WST) 

(4d)  (l)  Start  with  The  Earth  as  representation  of  the  sphere# 

Use  parts  of  Vol.  2^  Part  II,  pp.  511-529^ 

(2)  Surface  of  sphere- 


Experiment:  Take  a bowling  ball  hopefully,  an  eigiith  grader  can 

get  one  — and  saw  it  in  half-  Put  two  nails  in,  as  shown  in  diagram# 


Get  a ball  of  heavy  string. 

1#  First:  Tie  the  string  at  A and  wind 

around  without  slipping,  until  the 
total  hemisphere  is  covered c Mark  the 
end  of  the  string  by  a knot  # 

Next,  take  a guess:  how  much  of  the 

string  used  above  will  be  needed  to 
cover  the  interior  of  circle  B? 

Write  your  guess  on  a piece  of 
paper# 


2«  Now  tie,  as  before  at  A,  the 

string  at  B and  carefully  cover 
the  circular  region-  How  much  of 
the  string  used  in  1 did  you  use 
this  time?  How  does  your  guess 
compare  with  the  experiment? 
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Students  may  be  able  and  willing  to  try  the  experiment  with  some 
other  spherical  object.  There  is  hope  that  the  result  will  be 
close  to:  the  surface  of  the  hemisphere  is  twice  that  of  the 

circular  region  or 

2 

S sphere  ==  2jcr 
H 

2 

or  S sphere  = 4itr 

(3)  Volume  of  sphere* 

Use  12-5^  MJH^  Yol.  2^  Part  II ^ pp*  533ff* 

OR: 


The  volume  of  the  sphere  can  be  though  of  as  the  sum  of  the 
volume  of  a very  large  number^  of  pyramids  (cones) ^ whose 
vertices  are  all  at  the  center  of  the  sphere*  And  as  n— --00^ 
B — ^ a small  part  of  and  the  sums 


pyramid 


r 1 


Sum  of  all  Yolimes  of  pyramids  ^ 


As  n--*- 


t. 


.r  ) 2 

V , = “ r * 4jrr 

sphere  3 


Lots  of  intuition  needed L [See  Vol.  2^  Part  II ^ pp*  533^5^^! « 
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GRADE  8 - CHAPTER  12 


SPATIAL  PERCEPTION  AND  LOCUS 


Background ; 

All  of  the  concepts  and  figures  in  this  chapter  have  heen  en= 
countered  before  points^  lines ^ planes^  angles^  triangles^ 
circles^  spheres^  etc. 


The  chapter  is  designed 

1*  to  review  and  summarize  the  student previous  knowledge  about 
geometric  figures  and  the  relationshipe  between  them^ 

2 , to  extend  his  ^Intuition  and  to  help  him  formulate  more  precisely 
his  insights  into  the  relationships  between  geometric  figures^ 

3 - to  introduce  locus  problems . 

Plan : 

The  material  lends  itself  most  easily  to  class  discussion  and 
exploration^  For  this  reason  writing  a chapter  that  looks  interesting 
on  paper  may  not  be  easy*  It  may  be  nhat  the  best  solution  is  to  have 
short  introductory  statements  followed  by  sequences  of  leading  ques- 
tions* The  important  writing  for  the  chapter  would  be  the  Teacher's 
Commentary*  This  should  contain  suggestions  for  introducing  the 
questions  by  situations  which  would  catch  the  student's  attention^ 
suggestions  for  possible  ways  to  guide  the  discuBeion^  to  provoke  the 
appropriate  questions^  and  to  use  the  answers  that  come  from  the  stu- 
dents to  develop  the  kind  of  understanding  which  is  being  aimed  at. 


Purpose  r 
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In  the  first  section  the  aim  is  to  encourage  the  student  to  si^ecu- 
late  about  possible  relative  positions  of  a fixed  number  of  points^  a 
fixed  number  of  lines ^ a fixed  numbe^-''  of  planes^  a given  number  of 
lines  and  planes^  ete^  In  the  second  section  the  aim  is  to  let  the 
student  establish  for  himself  that  there  is  a smallest  number  of 
points  which  ^determine"  a line^  a plane^  3-space  and  to  find  the  re- 
strictions which  must  be  placed  on  them  so  that  the  statements  hold; 
similar  questions  f.jr  geometric  figures  such  as  triangle^  angle^ 
circle^  etc.  Finally  in  the  third  section  the  aim  is  to  let  the  stu- 
dent find  the  set  of  points  which  satisfy  various  geometric  conditions- 
The  idea  is  to  pull  together  and  sum  up  the  student's  knowledge^  ex- 
perience and  intuition  about  geometric  figures  in  space  and  their  re- 
lationships with  each  other^  and  to  extend  these  to  situations  he  has 
not  yet  met  - 

12=1.  Relationships  between  two  or  inore  given  point  sets : 

1,  Two  point  sets* 

(a)  Two  points. 

What  is  the  shortest  path  between  two  points  W and  S on 
the  teacher's  desk?  Is  there  a different  path  just  as  short? 

What  is  the  shortest  path  between  New  York  and  San  Francisco? 
Is  there  more  than  one  path  with  this  length? 

How  good  a model  of  the  surface  of  the  earth  is  a plane? 

A sphere? 

(b)  Two  lines. 

Do  two  lines  always  lie  in  a plane?  How  mai^  planes? 

Suppose  two  cars  are  traveling  on  straight  roads ^ one  leading 
northeast  and  the  other  due  north.  Will  there  be  a Junction 
where  the  cars  can  switch  roads? 

Do  two  lines  always  have  a point  In  conmion?  If  they  are  in 
the  same  plane? 


ERIC 


-313- 


If  tvo  lines  have  a point  in  common^  can  they  have  more  than 
one? 

(c)  Two  planes. 

Do  two  planes  always  meet?  they  do  meet  how  many  points 

do  they  have  in  common? 

2.  Three  point  sets, 

(a)  Three  points  * 

Is  there  a line  containing  all  three  points?  More  than  one? 
Is  there  a plane  containing  all  three  points?  How  many  such 
planes? 

(h)  Three  lines. 

Given  three  lines ^ do  they  always  have  a point  in  common?  Do 
at  least  two  of  them  have  a point  in  common?  More  than  one 
point  in  common? 


( c)  Three  planes.  (See  Int . Math,  pp - ^33“35) 

3 a Points  and  lines . 
k o Lines  and  planes . 

12-2.  Using  a_  point  set  to  evolve  another  point  set . 

1 . Points 

How  many  points  can  you  pick  arbitrarily  if  they  are  to  lie  on  a 

line? 

How  many  points  can  you  pick  arbitrarily  If  they  are  to  lie  in  the 
same  plane? 

How  many  points  can  you  pick  arbitrarily  if  they  are  to  lie  in 
3-space? 
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Given  three  points^  how  many  triangles  can  you  form  which  have 
these  points  as  vertices?  Two  of  these  points  as  vertices  and  the 
other  a point  on  the  “Driangle  not  a vertex?^  etc. 

Given  three  points^  can  you  find  a circle  which  contains  these 
three  points  on  its  perimeter?  Is  there  more  than  one  such  circle? 

How  many? 

Given  three  points^  can  you  find  an  angle  which  contains  them? 

How  many  such  angles?  If  one  point  is  the  vertex  of  the  angles  how 
many  angles  contain  the  three  points? 

The  preceding  questions  are  designed  to  indicate  the  ideas  which 
are  aimed  at  in  this  section « It  is  hoped  that  the  authors  will  have 
imagination  and  couch  the  questions  in  more  Imaginative  ways;  e,g,^ 
will-  a three  legged  stool  placed  on  a smooth  floor  rock?  Why  do  four-- 
legged  tahles  always  seem  to  rock? 

12 --3*  Sets  of  points  meeting  given  conditions : 

(The  aim  of  this  section  la  to  introduce  locus  problems  and  to 
see  that  the  problem  is  considered  In  one^  two^  and  three  dimensions 
whenever  feasible  a) 

A treasure  is  buried  on  a deserted  Islands  The  treasure  map  says 
that  the  treasure  chest  will  be  found  at  the  same  distance  from  each  of 
two  tall  trees  5OO  yards  from  the  beach.  Where  should  we  dig  for  the 
treasure? 

Concoct  other  problems  which  ask  for  the  set  of  points: 

(a)  at  a fixed  distance  from  a circle, 

(b)  at  a fixed  distance  from  a line  segment. 

(c)  at  a fixed  distance  from  a line, 

(d)  equidistant  from  a circle. 

(e)  equidistant  from  the  sides  of  an  angle _ 

(f)  equidistant  from  the  verticeB  of  a triangle^  etc. 
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GRADE  8 - CIWTER  13 
SYSTEM©  OP  EQUATIONS  IN  TWO  VARIABLES 
(See  Ch.  15  FCA,*  Ch.  22  IPCA-h;  Ch.  7 Int . Math.) 


Background : 

Graphs  of  linear  equations » 

Solution  sets  of  equations  and  inequalities  * 

Graphical  solution  of  systems  of  equations  ^ 

Graphs  of  simple  inequalities^  involving  strips  and  half  planes- 
Purpose : 

1-  To  extend  the  definition  of  solutions  sets  to  systems  of 
equations  and  systems  of  inequalities  # 

2.  To  formulate  the  concept  of  equivalent  systems  and  introduce 
the  method  of  linear  combinations  for  arriving  at  algebraic 
solutions  ^ 

3^  To  examine  various  cases  of  systems  of  equations  and  their 

graphical  interpretation  --  inconsistent^  consistent^  dependent | 
parallel^  eoineiding^  and  intersecting  lines. 

Extend  work  with  systems  of  inequalities  to  general  linear 
inequalities  and  to  regions  bounded  by  several  straight  lines ^ 
in  preparation  for  finding  convex  regions  in  elementary  linear 
programming  problems . 


NOTE:  We  have  left  locus  problems  (intuitive  geometric  notions  about 

point  sets  in  the  plane  and  in  B^space)  for  a short  Chapter  12- 


= l16- 


3Z± 


13“X.  Solution  sets  of  systems  of  equations  and  Inequalities  t 

Review  definition  of  wolution  set  of  an  equation  or  inequality- 

2,  Define  solution  set  for  systems  of  equations  and  inequalities. 
Give  examples  in  which  the  solution  set  contains  no  ordered 
pairs ^ 1 ordered  pair^  infinitely  many;  e,g-^ 


At  this  point  the  solution  sets  are  to  he  found  hy  examining 
the  graphs « 

13 ”2 « Eg u i va 1 e n t equations  and  equlva lent  systems  of  equations  % 

lo  Two  equations  or  two  systems  of  equations  are  equivalent  if  they 
have  the  same  solution  sets  - 

2«  If  an  equation  in  a system,  of  equations  is  replaced  hy  an  equiva- 
lent equaticn  the  resulting  system  is  equivalent  to  the  original 
system^ 

3-  Linear  comhinatlon  of  left  members  of  two  equations  (when  right 
member  is'  zero)  used  to  construct  simpler  equivalent  system  of 
equations , 

(See  Int.  Math.  Ch.  1,  pp.  374-81;  also  FCA  Ch.  15,  pp,  468-484) 
Example ; |^x  - y - 5 = 0, 

\x  - 3y  + 5 = 0. 

First  replace  2x  y - 5 = 0 "by  a(2x  - y - 5)  + (x  - 3y  + 5)  = 0 

for  an  appropriate  a.  The  appropriate  one  Is  a = -3.  The 
resulting  equivalent  system  is 


Now  replace  x - 3y  + 5 = 0 by  a(-5x  + 20)  + b(x  - 3y  + 5)  = 0. 
One  might  choose  a = —'  and  b = 1 or  one  might  take  a = 1 
and  b = 5 • 


I -5x  + 20  = 0, 

i X - 3y  + 5 = 0 
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We  evenuualiy  get  the  equivalent  system^ 


fx  = 4, 

= 3i 

for  which  the  solution  set  is  clearly 


13=3.  Systems  of  Linear  Equations t 
Review  of  graphic  solution, 

2*  Graphical  interpretation  of  linear  combination  and  solution 
Family  of  lines  through  a point, 

A look  at  the  possible  cases: 


and 


the  same  line 


■ X + y = a, 
2x  + 2y  = 4, 


anc3  parallel: 


r X + y = 2, 

l2x  + 2y  = -5. 


and 

_L_ 


intersect  in  a single  points: 

r X + y = 2, 
I - - y = 4. 


13-4.  Graphical  Solution  of  Systeraa  of  Inequalities : 
(See  FCA  pp.  485-492) 


Many  examples 

of  increasing  difficulty 

and 

complexity 

1 € a g <t  ^ 

I.  fy  < X, 

3.  fax  + 3y  < 

2x  + y 

^x  > 2 . 

1 X - y > 

2. 

X + y 

X 

2.  r |y|  < 2, 

4.  f2x  + 3y  < 

2, 

6. 

X +y  < 

|x  1 <1* 

[2x  + 3y  > 

0. 

y < 

y < 
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0 


sets « 


> 2, 

< 1, 

< 3. 

5, 

3x  +4 

-X  +4 


13-5. 


Applications  ^ 


1.  Find  several  ’word  problems  which  really  need  tvo  variables  to 
state  the  conditions ^ There  are  some  in  Chapter  k on  Problem 
Analysis  (see  Section  2.9?  Ho.  15  and  Ho.  26^  also  Section 
3.5^  Ho.  9)’  Devise  a number  of  these  which  may  best  be  solved 
algebraically  to  show  the  usefulness  and  power  of  the  methods 
given  earlier  in  this  chapter. 

2.  Perhaps  this  is  a good  time  to  have  a modest  discussion  of 
mathematical  models  as  the  way  in  which  mathematics  is  useful 
in  solving  problems  which  arise  in  the  real  world. 

3 . Then  a modest  introduction  to  linear  programming  by  means  of 
several  examples  will  use  the  techniques  of  Section  13"^  to 
find  the  convex  region  over  which  we  wish  to  maximize  a certain 
function  of  two  variables , 

(1^  The  example  given  in  Problem  7 of  Appendix  C of  the  Report 
of  the  Modeling  Committee  is  a good  introduetlon. 

(2)  Diet  problems^  production  problems^  etc.j  will  illustrate 
the  usefulness  of  this  idea  in  many  different  contemporary 
business  situations. 

[For  an  exposition  appropriate  for  Junior  High  and  as  a source  of 
problems  at  this  levels  see  Chapter  7^  pp#  212 -■222  of  Some  Lessons 
In  Mathematics  ^ Edited  by  T.  J«  Fletcher^  Cambridge  University  Press ^ 

1965.] 
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a 
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2^ 

0,3  Applications  of  exponential  functions 
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Chapter 

Chapter 
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1.1  Congruence  and  similarity  for  triangles 

laS  Similarity  of  triangles ^ congruence  of  two  angles  of  each 
1^3  Similarity  of  triangles^  congruence  of  one  angle  of  each 
In  a triangle^  unequal  sides  and  unequal  angles 
1^5  ^OT  quadratic  function^  relation  of  positive  discriminant 
and  real  zeros 

1^6  Medians  of  triangle^  congruence^  similarity 
2:  Suggestions  for  Geometry  topics 

2ol  Converse  of  Pythagorean  Theorem 

2.2  Triangle  inequality 

2»3  Standard  results  on  quadrilateral 
Circles^  chords^  SGcants 

2, 5 Areas  of  similar  triangles  proportional  to  squares  of 
lengths 

3 : Illustrative . Problems 
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3-2  Bisector  of  angle  end  division  of  opposite  side  of 
triangle 
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3:  Domain  and  Range  of  Sine  and  Cosine  Functions 

kt  The  Tangent  Function 
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Lines  tangent  to  a circle 


1^3 
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Section  3’ 

3.1 
3^2 
3.3 

Section  4: 
Section  5« 

5.1 
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Angles  formed  hy  tangents 
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Chapter  12 : Complex  Nixmbers 

Nothing  available  at  this  time 


ERIC 


...,-323- 

D'P'.R 


GRi:.n-  9 „ CHAPTER  1 


EXPONENTS^  LOGARITHMS^  SLIDE  RULE 


Background  Assumptions : 

1.  Properties  and  operations  with  real  rrumbers . 

2 , Function  concept 

3«  Some  knowledge  of  positive  integral  exponents  and  laws  for  multi- 

plying  and  dividing  powers  of  a given  base. 

Rationale ; 

The  laws  of  exponents  for  integral  exponents  will  be  developed^ 
and  extended  to  rational  exponents . 

Computation  l ^ using  exponents  and  with  the  slide  rule  will  be 
developed  as  a way  of  trading  multiplication  for  addition^  Develop- 
ment of  the  idea  of  computing  with  powers  of  2 will  be  followed  by 
the  construction  of  a table  for  powers  of  10  which  approximate  the 
integers  from  1 to  99?  following  the  development  in  the  Cambridge 
report . Some  experience  In  computation  by  powers  of  10  will  lead  to 
the  introduction  of  logarithmic  notation = 2^  will  be  IntroduGed  as 

the  function  F 2 and  the  function  concept  will  be  used  for 

clarification  wherever  possible.  The  log  function  L t n-^log^  n will 
be  introduced  and  an  intuitive  feeling  for  the  functions  as  inverses  of 
each  other  will  be  aimed  at^  but  not  formalized. 

The  table  of  powers  of  10  (i,es^  logs  of  the  Integers)  will  be 
used  to  construct  a ” slide  rule^^  on  —•  - in-  graph  paper ^ from  which 
the  manipulation  of  the  slide  rule  to  add  and  subtracc  logs  will  be 
explained^  Having  developed  this  understanding^  the  student  should  be 
prepared  to  use  a commercial  slide  rule  effectively- 


-324- 


Purpose ; 


1,  To  review  and  extend  the  meaning  of  exponents  and  operations  with 
exponents . 

2,  To  introduce  the  logarithmic  function  by  thinking  of  it  intuitively 
as  the  In-^rerse  of  the  exponential  function. 

3,  To  develop  Informally  the  laws  of  logarithms, 

4,  To  develop  a table  of  logarithms  to  base  10  first  as  powers  of 
10,  and  then  as  logarithms, 

5,  To  provide  experiences  In  computing,  using  addition  of  exponents 
(l.e.,  logs)  to  replace  multiplication  of  numbers,  etc. 

6,  To  develop  understanding  of  the  slide  rule  and  how  It  operates. 


Procedure : 

Section  1,  Laws  of  exponents  (for  Integral  exponents ) . 
(See  First  Course  In  Algebra,  Form-H,  Chapter  l4) 


Section  2,  An  exponential  funetlou,  f 


n 


,n 


2.1  Construct  a table  of  ordered  pairs  (n,2’^)  for  -4  < n < 5 , n 
integral.  Graph  the  points,  and  draw  a smooth  curve.  Point  out 


:hat  for 


,n 


and  m 


^m 


gm  ^ gn+m^ 


tlons  such  as  ^ 


2.2  Extend  the  table  in  both  directions  and  use  it  to  perform  computa- 

8 - 128  = 2^  . 2^  = 2^*^  = 1024 

:~)  (512)  = 2"5  . 2^  = 2^ 


= 16 


(2‘^)^  = 


,-6 


1 


2.3  Justify  and  develop  2^  for  n rational,  and  extend  laws  to 

L/2  *^/2 

cover  rational  exponents . Find  points  such  as  2 
on  the  graph  done  in  2.1* 


and 
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Jus-bify  and  derine 


as  follows: 


2^/3  _ _ ^22)1/3 

Let  (2^/^f  = A 

Then  a3  . (2^/3)2  • (2^/3)2  . ,21/3,2 

- [ (2^/3)  (2I/3,  (2V3,  ][  (2  V3)  (2^3,  (2^/3)  ] 

= 2 • 2 = 2^  = 4 

Let  (2^)^/^  = B 

Then  b3  = (2^)^/3.  (22)1/3  « (22)1/3 
= 2^  = 4 

a3  = b3  -f^A  = B 

„ ^ p.  ^2/3  /-^l/3i2  /,-2xl/3 

Hence  we  define  ^ j ^ ^ 

prole  Ihsl  our  law  (2^)^  2^^  holds  for  x > 0| 


lecbiun  3^  C ompu t a 1 1 on  us Ing  powers  of  10  a 
Ul  Construction  of  tahle  of  pov ^rs  of  10^ 


Point  out  that  Instead  of  powers  of  2^  as  in  2*2^  ! powers  of  10 
could  be  used  for  computation^  which  might  be  convenient  since  10 
is  the  base  of  our  number  system.  Construct  a table  of  powers  of 


10^  getting  the  preliminary  va 

report^  Appendix  pp^  73=7o. 

^10 


les  as  described  in  the 


lambridge 


E.g, 


a-0 


^ 1024 


10“ 


2 ~ lo3/l° 


(notes  In  teacher *s  manualj,  explain  a method  of  getting  corrected 
values  ”=  see  Cambridge  report) . 

It  would  probably  be  well  to  construct  as  class  work  powers  of 
10  corresponding  to  whole  numbers  from  1 to  20^  and  then 
assign  the  rest  of  the  whole  numbers  to  100  by  groups^  as  home- 
work 
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Use  the  table,  just  constructed,  for  simple  computations,  usln^ 
scientific  notation  to  get  the  "characteristic". 


160  X .07 


.160  - 16,0  X 10^  = 


0.7  = 7 X 10 
160  X .07  = 


1 


. lO-S'**' 


10 

-1 


10 

10^  - 11 


10^  = 110 


ExampXe  2 : 


262  + 1.4 


26,0  X 10^  = 10^” -^3  ^ 


1.4 

1.4 


-1  1.141  -1 

14.0  X 10'  = 10  ■ X 10 


= 10 


2.413 


10-^^^  = io2-269 


10 

19 


1.269 


10 


1 


,i44 


10 

10  = 190 


Example  3 : 


(129) 


(129)‘ 

129 
4 


13.0  X 10 
10** -1.52  . 


' = lO*" X 10'*' 

lO**  = 10®- “52 


^ 10 


1, 


10 


7 


xk  * 10 


1 


140^000^000 


Section  _4*  Introduction  of  log  notation: 

4,1  Since  ve  are  expressing  poeitive  nunibers  as  approximate  poi^^ers  of 
10^  It  would  simplify  matters  if  we  had  a shorter  notation  for 
such  a statement  as^  "The  power  of  10  which  is  about  equal  to 

7 is  .844” . 

Explain  than  there  is  I We  can  say  7 ^ -844"  or^  more 

briefly^  "log  7 - -844" . 

Have  the  class  rewrite  the  table  made  in  3*4  in  this  more  conven- 
ient form^  i,e,^ 
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n Log  n 

1 ,000 

a .300 

3 ^^75 


etc , 


h^2  Some  pract-ice  in  using  this  table. 

Section  Slide  Rule  Construction  and  Use : 

5.1  Brief  eonsideration  of  how  two  number  lines  can  be  manipulated  to 
do  addition  and  subtraction.  This  is  trivial  in  itself^  but  leads 
to  question^'  -'Could  a similar  pair  of  numberlines ^ with  logs  of 
numbers,  be  manl.pulated  to  add  logs^  th  multiplying  the  numbers? 

5»2  Construct  a slide  rule^  as  follows^ 

(a)  Using  i - inch  graph  paper  and  a table  of  logs^  draw  a line 
as  in  A on.  the  diagram..  Line  should  be  10  inches  long^ 
with  10  inches  as  one  unit = Below  the  line^  assign  numbers 
0^  .1,  .2^  ,..^1  to  the  appropriate  Intervals*  Above  the 
line^  mark  off  log  log  1,1^  log  1.2^  ete.j  as  shown* 

(b)  Use  ruler  to  transfer  the  points  marked  above  line  A to 

line  drop  "lot"  from  label  of  each^  and  write  both  above 

and  below  the  line  the  numerals  which  indicate  the  numbers 
whose  logs  corresponds  to  the  coordinates  of  the  points  on  the 
numberline  originally  set  up  in  A.  This  corresponds  to  the 

C and  D scales  in  a slide  rule. 

( c)  Line  C could  be  marked  as  Line  A^  in  6*1^  except  that  5” 
would  be  the  unit*  This  would  give  scales  corresponding  to 
the  A and  B scales  on  the  slide  rule, 

5*3  Use  of  coirmiereial  slide -rule'  --  show  briefly  the  essentials  -- 
skill  will  depend  upon  amount  of  practicing  the  student  does  , 


-328- 


O 


Section  6.  Exponential  and  logarithmic  functions 


6.1 

6.2 


T..  X , . 

Discuss  y ^ a ana  x = iog_  y 

a 

Graph  f : x 2^  and 


L4.  X -‘5^  iog^x  on  same  axes  . 

Polrr.  out  symmetry  with  respect  graph  of 

6^3  Applications  of  exponential  functions  (See  SJNiSG  Elementary 
Functions  ^ Chapter  4) 

Bacterial  growuh^  pp . l46=l47 
Law  of  coding^  p.  l86 
Healing  oi  woutids  ^ p,  I89 
Ra  d i oa  e t i v^e  d e c a ;y  ^ pp  I8 1 = 182 
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335 


-■lo<z 


l^-log  1.1 

^c^J-Og  1.2 
-^i^og  1.  3 
■^v-3,og  1. 

^^log  1-  5 
i^iog  1.6 
1-log  1.7 
H-lOg  1.  8 

g 1.9 

log  2. 

!-log  2.2 

^j5--log  2h 

-r>=log  26 
-^n—log  28 

3 

^-log  35 

Ow  -??3-log  h 

-^^log  4.5 

5 

^log  5-5 
-f^log  6 

^^i-log  6.  5 

^4-log  T 
-si^-log  7*  5 
Vvo — ??i-log  8 

-r^log  8.  5 

^ALog  9 

-^.-iog  9.5 

log  10 


Diagram  for  Construction,  of  Slid.e  Ru,le 


GRADE  9 “ CHAPTER  2 


TRA_HSFORMATIOHS 


Background : 

There  are  many  concepts  alx^eady  introduced  -which  are  summarised  and 
used  in  this  chapter.  Here  is  a list  of  the  most  important  ones: 

1.  Translations^  rotations  and  reflections 

2.  Stretches  and  contractions 

3.  Vectors  I composition  of  vectors 
k . Coordinates  in  2 and  3 space 

5.  Parallel  a’ d perpendicular  lines  and  planes 
64  Distance^  lengthy  congruence 
7-  Similarity 

8.  Symmetries  of  polygons  and  polyhedra 

This  shows  the  great  potential  of  this  chapter  to  inte.^rate  many 
ideas  from  the  past  learnings  of  the  students. 

Purpose  g 

The  purposes  of  this  chapter  are  as  follo-ws: 

1,  To  combine  previous  ideas  concerning  specific  transf ormationB  and 
reach  the  generalization  of  a rigid  motion# 

2,  To  relate  certain^  special  examples  of  transformations  to  their 
form  in  analytic  geometry/. 

3.  To  discuss  parallel  and  perpendicular  projections  of  a line  on  a 
line^  and  of  a plane  on  a plane# 

4.  To  consider  the  projection  of  a point  onto  a line  or  onto  a plane 

as  a functloni  and  to  extend  this  to  the  projection  of  any  geometric 
figrre  onto  a Line  or  onto  a plane. 
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3-  To  ■‘"enonslder  stretches  and  contractions  from  the  newer  viewpoint 
of  transformations  even  though  they  were  introduced  earlier  in 
connection  with  similarity. 

6.  To  present  general  definitions  of  hoth  congruence  and  similarity 
which  will  apply  to  any  geometric  figures. 

7 . To  advance  tne  ideas  of  symmetries  of  polygons  along  the  road  to- 
ward the  concept  of  groups  of  transf ormatlonB , 

8.  To  connect  the  static  idea  of  symmetry  with  the  dynamic  Idea  of 
reflection  and  rotation. 

Rationale : 

The  concept  of  transformation  is  1)8310  in  mathematics.  But,  as  is 
true  with  all  such  basic  Ideas ^ it  shoul.  he  d is cussed  only  after  stu- 
dents have  had  much  experience  with  special  cases  of  transformations , 

By  the  time  this  chapt.er  Is  reached  there  seems  to  be  enough  of  this 
background  to  summarize  and  to  generalize.  So  we  begin  to  express  the 
beginning  Ideas  of  transformation  in  a slightly  more  abstract  way. 

Since  there  Is  a great  deal  In  common  in  the  ideas  of  transformation 
function , it  is  suggested  that  the  writers  try  to  capitalize  on 
these  similarities  as  much  as  they  can, 

A second  objective  la  to  review  and  strengthen  previous  ideas  as 
well  as  to  generalize.  Such  an  objective  needs  neither  explanation  nor 
excuse , 

Finally j the  possible  future  extension  of  the  Ideas  which  appear 
in  this  chapter  is  obvious  if  one  considers  the  analytic  definitions 
of  transformations  In  a plane  and  in  space. 

Section  9-1.  Rigid  motions  end  reflections ; 

1,1  Relate  transformations  to  previous  idea  of  vectors j connect  trans- 
lations with  new  idea  of  directed  line  segments . 
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lo2  Discuss  only  the  following  analytic  geometry  representations  of 
translations ; 


(a) 

In 

1-space: 

f(x)  = 0-^f(x  “ h)  =0 

(b) 

In 

2-space: 

f(x,y)  = 0“^f(x  - h,y  - k)  = 0 

( c) 

In 

3-space : 

f(x,y,z)  0-*-f(x  - h,y  - k,z 

L-3  Rotations  in  2-space  about  a point | In  analytic  geometry  discuss 
only  the  following  representations  of  such  rotations; 

(a)  In  polar  coordinates;  p = f(0)-»-p  = f(0  - cn) 

(b)  In  Cartesian  coordinates;  Just  rotations  of  90°  and  its 
multiples  ^ 

1.4  Rotations  in  3-space  about  lines, 

1.5  Reflections  in  a point;  symmetric  taken  to  mean  that  a figure  is 
its  own  reflection;  in  analytic  geometry  discuss  only  the  follow 
Ing; 

(a)  In  1-Bpaoe;  f(x)  = O^^f(-x)  = 0 

(b)  In  2-apace;  f(x^y)  ” O'**-! ( -x , -y)  = 0 

(c)  In  3-space;  f(x^y,z)  = O**  f(-x,-y^-z)  = 0 

1.6  Reflections  in  a line;  symmetric  taken  to  mean  that  a figure  is 
its  own  reflection;  in  analytic  geometry  discuss  only  the  follow 
ing; 

(a)  In  2-space*  f(x,y)  = ( -x^y)  = 0,  etc. 

(b)  In  3"B&ace:  f(x,yjz)  = ( -x, -y,s)  = 0,  etc. 

1.7  Reflections  in  a plane;  symmetric  taken  to  mean  that  a figure  is 
its  own  reflection;  In  analytic  geometry  discuss  the  following: 

(a)  In  3-space;  f(x,y^z)  = 0-«*f ( -x,y,z)  = 0^  etc. 
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Typical  Exercises ; 


1.  Point  P has  coordinates  (2^-3)^  find  the  coordinates  of  ?c)o’ 

PgTO^  P-.gQ?  "Which  are  the  results^  respectively,  of  rotating 
P about  the  origin  of  90°,  l8o°,  270°,  and  380°. 

2.  A translation  moves  p(3j4)  to  P’(5,2)=  Where  does  q(-4,6)  go 
with  the  same  translation? 

3.  The  translation  x'  = x + 3 on  a line  moves  P(5)  to  P'  and 
Q(7)  o Q’ 4 What  are  the  coordinates  of  P'  and  Q'?  Compute 
PQ  and  P’Q*  and  compare  them. 

x'  = X + 2 

4.  The  translation  J In  2-space  moves  P(5,l)  to  P’, 

^ y'  = y - 3 

and  Q(-3j4)  to  Q' . What  are  the  coordinates  of  P'  and  Q’ ? 
Compute  PQ  and  P'Q,’  and  compare, 

5.  How  far  is  each  point  in  space  moved  by  the  translation  which 
moves  (3;5;6)  to  (4,7, -2)? 

6.  In  1-space,  ■which  of  the  following  graphs  are  symmetric  in  the 
origin? 

(a)  X + 3 = 0 (e)  X < 3 

(b)  |x|  = 5 (f)  |x|  < 3 

(c)  = 16  (g)  ]x  - 2j  > 3 

(d)  jx  + 3|  =2 

7.  In  2-space,  which  of  the  following  graphs  are  symmetric  in  the 
origin?  Which  in  the  x-axis?  Which  in  the  y-axis? 

(a)  y = x^  (c)  x^  + = 4 

(b)  xy  = 12  (d)  X + y = 5 

2 2 2 

8.  In  3-space,  is  the  graph  of  x + y + z = 16  symmetric  in  the 
origin?  In  what  lines  and  planes  Is  it  symmetric? 
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Sectj on  2.  Projection: 

2,1  Parallel  projections  of  spare;  equivalent  to  translations  and 
vectors , 

2o2  In  2-space^  parallel  projections  from  line  to  line;  use  both 
parallel  lines  and  intersecting  lines , 

2.3  In  3"space^  parallel  projections  frorti  plane  to  plane;  use  both 
parallel  planes  and  intersecting  planes. 

2.4  Central  proJectlonG  of  space;  equivalerit  to  stretches  and  contrac- 
tions . 

2.5  In  2-space^  central  projection  from  line  to  line;  use  both  parallel 
lines  and  Intersecting  lines. 

2.6  In  3“Spacej  central  projection  from  plane  to  plane;  use  both 
parallel  planes  and  Intersecting  planes, 

2.7  In  2-space^  perpendicular  projection  of  point  on  line  as  function; 
the  projection  on  a line  of  a point,  a segment,  a geometric  figure. 

2.8  In  3-3pace,  perpendicular  r ojectlon  of  point  on  plane  as  function; 
the  projection  on  a plane  of  a point,  a segment,  a region,  a geo- 
metric figure. 

The  following  diagrams  will  be  helpful  in  connection  with  the  foregoing 

topics.  Each  diagram,  has  the  topic  numbers  beBide  it  to  which  it 

pertains . 


2.1 


P 

o 


P-- 

Q 


C' 
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S-10 


2.7 


.7 


B 


A • 
i 


I 

*1 
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Typical  Exercises i 

Consider  the  projection  parallel 
to  the  direction  d , Copy  the 
figure  and  mark  P’  and  QJ ^ the 
projections  of  P and  respec= 
tivelly^  from  line  a to  line 
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2.  a and  b are  intersectinc:  lines, 

Copy  this  figure  and  mark  P*  and 
Q'  the  central  projection  (with 
center  O)  from  a to  b of  P 
and  Q, 

3.  Is  the  projection  of  a triangle  onto  a plane  always  a triangle? 

4.  A segment  has  length  5".  WTriat  can  you  say  about  the  length  of 
its  projection  onto  a given  plane? 

Section  3.*  Composition  of  transformations ; 

3.1  Composition  of  two  translations. 

3.2  Composition  of  two  rotations  about  point  in  2 -space*  or  about 
line  in  3“Space, 

3.3  Composition  of  2 reflections  in  2-space  in  two  parallel  lines* 
In  2-space  In  2 Intersecting  lines j in  3-space  in  2 parallel 
planesj  in  3~space  In  2 intersecting  planes, 

3»4  Rigid,  motions  as  composition  of  translations  and  rotationsi  com- 
position of  rigid  motions. 

3-5  Composition  of  stretches  and  contractions  with  rigid  motions  and 
reflections . 


Typical  Exercises : 

1.  Point  P is  first  reflected  in  line  a to  get  P'j  then  P' 
Is  reflected  in  line  b to  get  P" . Mark  P'  and  P"  for 
each  of  these  situations; 


(a)  , (b) 


Consider  the  translation 


end  the  .rotation 


about  0,  P Is  carried  to  P' 

op 

by  the  translation^  then  P'  is 

carried  to  P''  by  tile  rotation.  ® ® 

Copy  the  figure  and  mark  the  posi- 
tions of  P’  and  P" . 


On  the  same  diagram  as  2 first  carry  P to  O'  by  the  rota- 
tion, and  then  carry  Q,'  to  Q”  by  the  translation.  Is  P" 
the  same  as  Q”? 


Invent  a combination  of  transformations  that  will  carry  triangle 
ABC  into  triangle  A'B'C  for  each  of  the  following  cases! 
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Section  Congruence  as  an  Isometric  correspondence : 

4.1  Show  that  congruence  can  he  thought  of  as  a .distance  preserving 
correspondence . 


Typical  Exerciser 

1.  We  are  given  triangle  ABC  and 
A'B*C  with  this  correspondence 
of  points  set  up: 


X 


f(X) 


A' 

B' 

C 


C_ 

X £ ^ 

X e m 

X £ AC 

Prove  that  MBC  = M'B'C'  by  proving  that  if  X 
points  of  MBC,  then  X'Y’  = Tf  for  all  X and 


X' 

fi 

A'B' 

SO 

that 

A'X' 

= AX 

X' 

e 

B'C’ 

so 

that 

B'X’ 

= BX 

X' 

B 

A 'O' 

so 

that 

C'X' 

= CX 

and 

Y. 


are 
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Section  Slmllarl vy  as  a ratio  preserving  correspondence ; 

5-i  Show  T.hat  similarity  can  be  thought  of  as  a ratio  preserving 
correspondence , 

5*2  Demonstrate  similarity  of  odd  shaped  2-dlraensional  and  3-dimen- 
sional  figures. 

5^3  Discuss  similarity  as  composition  of  congruences  and  stretches 
and  contractions, 

5=4  Discuss  congruence  as  special  case  of  similarity,  or  similarity 
as  a generalization  of  congruence, 

5.5  Slicing  similar  polygons  Into  similar  triangles. 

5 ..6  Similar  tetrahedrons,  pyramids  and  primes | all  cubes  are  similar; 
all  regular  tetrahedrons  are  similar. 

5,7  Similar  cylinders,  cones  and  spheres;  all  spheres  are  similar 

Typical  Exercises ; 

1,  Find  three  ways  of  drauing  a figure  similar  to  each  of  these,  but 
twice  the  size  in  each  linear  dimension. 
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2.  We  wish  to  slice  a polygon  into  triangles  so  that  the  vertices  of 
the  triangles  are  a subset  of  the  vertices  of  the  polygon.  In 
each  of  the  following  exercises  one  figure  has  been  out  into  such 
triangles.  Discover  how  many  different  ways  the  other,  similar 
figure  can  be  cut  into  triangles  so  that  they  are  respectively 
similar  to  the  triangles  in  the  first  figure. 

(a)  (c) 


\ 


regular  pentagons 


Section  6*  Further  work  on  symmetries : 

6^1  Review  symmetries  of  isosceles  triangle^  non-square  rectangle^ 
equilateral  triangle  and  square  (See  Grade  8^  Chapter  10^ 
'^ParallelB  and  PerpendicuLars"  ^ Section  5*^  through  5*7)  • 

6*2  Rfeike  tables  of  compositions  of  transformations  of  these  figures 
into  themselves.  Note  that  the  order  above  is  in  the  order  of 
increasing  difficulty.  Make  clear  whether  rules  allow  flips  to 
the  other  side  or  not;  first  do  without  flips  and  then  with  them. 

6*3  Consider  properties  comion  to  the  tables  of  6.2  in  order  to  dis- 
cuss the  properties  of  a groupj  relate  to  other  groups:  modular 
number  systems^  operations  with  numbers. 


6,h  Tran siTorniat ions  of  a cube  into  itself^  of  a tetrahedron  into 

itseff;  probably  net  continued  to  the  composition  of  the  trans- 
forms':.!' s. 


Typical  Exercise: 

The  usual  approach  to  symmetries  is  by  way  of  motions  (reflec- 
tions, spin,'.  flips)  which  "leave  the  figure  unchanged"  , It  is  now 
stggested  that  a new  approach  to  the  same  problem  be  made  by  a 
slightly  more  abstract  method.  ¥e  will  remove  the  need  for  motion. 
The  following  exercise  shows  what  this  means . 

1.  You  have  two  objects!  a board  with  a hole  in  It,  and  a hloclt  of 
wood  which  will  fit  into  the  hole.  First  let  us  GOnsider  that 
hoth  the  hole  and  the  block  are  equilateral  triangles  t 


On  both  the  block  and  around  the  hole  are  painted  letters  to 
Identify  the  vertices.  The  letters  appear  on  both  sides  of  the 
block.  In  how  many  ways  can  the  block  be  placed  in  the  hole! 
List  these  ways . 


Note:  The  answer  might  begin  like  this; 


Identification 
of  way 

Next 

A 

to 

B 

vertex 

C 

1 

A 

B 

C 

2 

A 

C 

B 

3 

B 

A 

C 

Then  a composition  of  "substitu- 
tions" might  . ‘■ad  to  a table  of 
operations  which  could  start 
like  this ; 


1 2 3 1 5 6 


112  3^56 
2 2 1 


3 3 

4 4 

5 5 


6 6 etc . 


The  purpose  of  the  exercise  is  to  point  in  the  direction  of 
perniutation  groups.  It  is  interesting  to  students  that  all 
permutations  of  ABC  appear  in  this  equilateral  triangle 
problem^  hut  not  all  permutations  of  ABCD  are  used  vhen  we 
do  the  corresponding  prohlem  for  a square. 
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amm  9 - cmpter  9 


MEASUBE  THEORY 


Condensed  Ou-Dllne , 


Measure  theory  (descriptive  and  semif ormal) . 


Suhdivisidility^  additivity^  invariance  under  congruence  a 

Application  to  lengthy  angle^  area^  volume^ 

Rationales 

Chapter  5 serves  as  an  interlude  in  the  development  of  an  apprecia- 
tion for  numhers  as  used  in  geometry.  The  student  has  been  exposed  to 
virtually  all  the  traditional  formulas  for  mensuration  of  geometrical 
figures^  so  many  that  he  may  have  lost  a perspective  on  the  hasic 
principles . In  general  each  of  these  formulas  has  heen  accorded  a 
Justification  appropriate  to  the  student ^s  level  when  it  was  intro= 
duced.  Now  is  an  opportunity  to  pause  and  survey  the  accomplishments 
spread  over  several  years ^ examining  from  a considerahly  more  mature 
viewpoint  the  fundamental  ideas  without  paying  attention  to  the  multi- 
tude of  detailed  consequences  of  the  basic  principles.  Customarily  a 
chapter  listing  the  ^’postulate^-  for  this  portion  of  geometry  includes 
a long  list  of  derived  results  that  may  permit  the  student  to  feel 
security  in  the  details  without  grasping  fully  the  principles | wa  have 
selected  to  build  an  entire  chapter  on  ohe  fundamentals  so  that  their 
importance  will  not  be  underestimated. 

What  to  accomplish? 

What  are  the  fundamental  properties  of  measure? 

Sometimes  we  measure  how  far  apart  two  figures  are^  sometimes  how 
big  a figure  is. 
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(a)  In  the  first  caiiegory,  we  talk  about  how  far  apart  for  two 
points^  two  parallel  lines^  a line  and  a pointy  two  parallel 
planes etc.  All  these  are  distances.  Review  that  the  basic 
idea  is  the  distance  between  a pair  of  points , since  the  other 
applications  are  obtained  from  1"  together  with  the  notion  of 
a minimum.  What  is  distance?  How  is  distance  related  to 
other  aspects  of  geometry? 

(b)  In  the  second  category,  we  use  different  words  (length,  area, 
volume)  in  describing  how  big  a figure  Is,  depending  on 
whether  the  figure  is  one -dimensional,  two-dimensional,  or 
three-dimensional.  All  of  these  can  be  collected  under  the 
heading  of  "measure" , In  the  one -dimensional  case  we  begin 
by  discussing  the  length  of  a "straight"  figure,  a segment. 

We  extend  to  figures  that  are  not  straight,  but  are  composed 
of  straight  pieces  (perimeter  of  polygon,  or  length  of  poly- 
gonal path)  and  later  we  extend  to  length  of  curve.  In  the 
two-dimensional  case  we  begin  with  the  area  of  a very  simple 
figure,  a rectangular  region,  a region  with  a simple  type  of 
boundary.  We  extend  to  other  regions  whose  boundaries  are 
composed  of  straight  pieces  and  eventually  are  able  to  con- 
sider regions  enclosed  by  curves.  An  analogous  discussion 
applies  in  three  dimensions.  In  any  of  these  cases,  with 
what  do  we  begin  as  fundamental?  How  do  we  do  the  exten- 
sions? Just  what  is  a measure?  How  is  it  related  to  other 
aspects  of  geometry?  Is  there  a relation  between  measure  and 
distance? 

(c)  A third  category,  not  mentioned  above,  concerns  angles.  Prom 
one  viewpoint,  the  measure  of  an  angle  may  be  thought  of  as 
telling  how  big  the  angular  region  is,  and  thus  belongs  to 
category  (b) . But  from  another  viewpoint  the  meaBure  of  an 
aiigle  may  be  thought  of  as  telling  how  far  apart  the  sides  of 
the  angle  are,  how  far  apart  in  the  sense  of  rotation,  and 
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thus  belongs  to  category  (a).  So  angle  measurement  has  a 
some  .'hat  special  role.  Just  what  properties  does  it  have 
of  one  type,  and  what  of  the  other  type? 


After  posing  the  above  questions,  we  try  to  agree  on  some  answers ^ 
1j  Distance 


First,  distance  is  a function.  Each  (unordered)  pair  of  points 
In  space  belongs  to  the  domainj  the  range  Is  a set  of  nonnega- 
tive numbers. 

Second,  the  image  of  a pair  of  dintinct  points  is  a positive  number, 
(The  image  of  each  pair  of  coincident  points  is  zero.) 

Third,  If  A,  3,  C are  any  points,  then  d(A,C)  is  equal  to  or 
is  less  than  d(A,B)  + d(B,c)  according  as  B is  or  Is  not  a 
point  that  is  ( colllnear  with  and)  between  A and  C, 

Tne  first  two  properties  emphasize  what  distance  is,  while  the 
third  relates  distance  to  other  aspects  of  geometry. 


2 , Measure 

(a)  Length 

First,  measure  is  a function.  Its  range  is  a set  of  non- 
negative numbers.  Its  domain  consists  of  various  one-dimen- 
sional setsj  among  these  are  all  segments,  all  polygons,  all 
circles,  and  (intuitively)  various  other  sets  that  ¥ST  we 
do  not  Identify  fully. 

Second,  the  measure  of  a segment  is  the  same  number  as  the 
distance  between  the  endpoints . 

Third,  a set  congruent  to  a measureable  set  is  also  measurable 
and  the  measures  are  the  same. 

Fourth,  the  union  of  finitely  many  measurable  sets,  no  two  of 
which  ’'overlap",  is  measurable  and  its  measure  is  the  sum  of 
the  measures  of  the  individual  sets. 
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Tread  extremely  llt;htly  on  the  possihility  of  a set  -without 
measure^  but  leave  the  door  open. 

The  first  property  emphasizes  what  length  is.  The  second 
identifies  that  the  starting  place  for  a development  is 
the  meas'are  of  a segment  and  also  ties  together  the  notions 
of  measure  and  distance.  The  third  property  relates  measure 
to  the  congruence  Idea.  Ivliereas  the  second  property  asso- 
ciates distance  with  measure  for  segments,  the  fourth  pro- 
perty permits  extension  of  this  association  by  coneiderlng 
the  measure  of  a polygonal  path  (or  polygon). 

¥e  mention  a fifth  property  that  helps  us  in  describing  the 
concept  of  length  of  a curve.  Thus  far  you  have  had  only 
one  or  two  opportunities  to  apply  this  property,  although 
it  will  be  -ased  extensively  in  your  later  mathematics. 

We  shall  not  formulat^e  it  as  carefully  as  we  do  the  others 
because  we  do  not  have  enough  mathematical  background. 

Fifth,  if  a measurable  set  Is  a good  enough  approximation 
to  another  measurable  set,  then  the  measures  are  approxiniately 
the  same . 

Our  difficulty  in  lormulatlng  this  property  is  the  vagueness 
about  an  approximation  being  "good  enough" . 

(b)  Area 

First,  area  Is  a function.  Its  range  is  a set  of  nonnegative 
numbers.  Its  domain  consists  of  various  two-dimensional  sets; 
among  these  are  all  rectangular  regions  (that  is,  two-dimen- 
sional Intervals),  all  convex  (bounded)  polygonal  regions,  all 
circular  discs,  and  (intuitive)  various  other  sets  that  ' WST 
we  do  not  identify  fully. 

Second,  the  measure  of  a rectangular  region  is  the  product  of 
the  measures  of  segments  forming  t-wo  sides  of  its  boundary 
with  a common  endpoint. 
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Third,  a set  congruent  to  a measurable  set  Is  also  measurable 
and  the  measures  are  the  same, 

Fourth,  the  union  of  finitely  many  measurable  sets,  no  two 
of  which  "overlap",  is  measurable  and  Its  measure  is  the 
sum  of  the  measures  of  the  Individual  sets. 

Fifth,  if  a measurable  set  is  a good  enough  approximation  to 
another  measurable  set,  then  the  measures  are  approximately 
the  same , 

The  first  prf^perty  eraphasizes  what  area  is.  The  second  iden- 
tifies that  the  starting  place  for  a development  is  the  mea- 
sure of  an  interval  and  also  ties  together  the  notions  of 
area  with  length  and  hence  with  distance.  The  third,  fourth, 
fifth  properties  are  copies  of  the  corresponding  ones  for 
length. 

(c)  Volume 

First,  volume  is  a function.  Its  range  is  a set  of  nonnega- 
tive numbers.  Its  domain  consists  of  various  three-dimen- 
sional sets  I among  these  are  all  rectangular  paralleleplpedal 
regions  (that  is,  three-dimensional  intervals),  all  convex 
(bounded)  polyhedral  regions,  all  spharical  balls,  and 
(intuitively)  various  other  sets  that  WST  we  do  not 
Identify  fully . 

Second,  the  measure  of  an  Interval  is  the  product  of  the 
measures  of  segments  forming  three  sides  of  its  boundary  with 
a comnijn  endpoint , 

Third,  a set  congruent  to  a meaBurable  set  Is  also  measurable 
and  the  measures  are  the  same. 

Fourth,  the  union  of  finitely  many  measurable  sets,  no  two 
of  which  "overlap",  is  measurable  and  its  measure  is  the  sum 
of  the  measures  of  the  individual  sets. 
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Fifth,  if  a measurable  set  is  a good  enough  approximation  to 
another  measurable  set,  then  the  measures  are  approximately 
the  same  = 

The  comments  on  these  properties  are  the  analogs  of  the  re- 
marks on  area!.  The  fact  that  most  of  the  features  of  mea- 
sure are  the  same  for  all  dimensionalities  should  now  be 
clear . 


3.  Angle  measure 

First,  measure  is  a function.  Its  domain  is  the  set  of  all 
angles.  Its  range  consists  of  real  numbers  between  0 and  c, 
for  some  appropriately  chosen  positive  number  c.  In  degree  mea- 
sure c = 180,  while  in  other  scheres  c may  be  another  positive 
number , 

Second,  two  congruent  angles  have  the  same  measure. 

Third,  if  B lies  in  the  interior  of  kAVC,  then 
m ZAVB  + m ZBVC  = m ZAVC. 

4.  Other  measures 

(a)  An  example  of  a derived  measure  is  the  measurement  of  a 
circular  arc  by  means  of  arc  degrees,  where  this  assign- 
ment is  based  on  the  measure  of  the  central  angle  and  the 
Issue  of  whether  the  arc  is  a major  arc  or  a minor  arc. 

(b)  Another  measure  is  illustrated  by  the  area  of  a curved 
surface,  a topic  we  prefer  to  throw  open  for  theoretical 
consideration  to  the  best  students  only. 


The  entire  body  of  material  in  Rationale  should  be  brought  into 
focus.  Many  applications  of  the  ideas  have  been  used  during  the  past 
few  years  on  the  student's  training  on  some  sort  of  basis.  The  more 
important  of  these  should  be  reviewed  in  order  to  assist  in  formula- 
ting the  principles.  (Examples  include  the  area  of  a triangular  re- 
gion as  half  the  area  of  the  Interior  of  a corresponding  parallelogram, 


or  the  volume  enclosed  by  a tetrahedron  as  one-sixth  the  volume  of  the 
interior  of  a corresponding  prisms  or  the  length  of  a circle  as  being 
approximate!  by  the  length  of  a polygon,  or  every  regular  hexagon  with 
side  of  a given  length  as  the  same  area  for  the  enclosed  region ») 

After  the  principles  have  been  formulated  and  have  been  further 
Illustrated  by  known  examples,  further  knowledge  should  be  stimulated 
about  such  questions  as* 

(a)  the  length  of  a curve  such  as  the  boundary  of  a normal 
window, 

(b)  the  shortest  polygonal  path  that  passes  through  specified 
points, 

(c)  the  perimeter  of  spherical  tilangle  (of  simple  type), 

(d)  the  area  of  the  interior  of  an  ellipse  --  exploratory  and 
intuitive  I , 

(e)  the  volunie  of  a doughnut  --  exploratory  and  intuitive’ 

The  long-range  forward  look  is  toward  the  measure  Ideas  treated 
in  the  calculus.  Tie-in  strongly  with  probability  notions  also  I 
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GRADE  9 - CHAPTER  7 


DEDUCTIVE  REASONING 

A,  This  chapter  in  Grade  9 was  formerly  listed  by  the  Geometry 
Committee  under  the  title  "Triangles:  Deductive  Treatment". 

B,  Purpose  (in  brief):  To  give  an  elementary  approach  to  deduc- 

tive reasoning^  in  preparation  for  the  more  serious  level  of 
rigor  at  Grade  10. 

C,  Goals  (in  more  detail): 

(1)  An  Introduction  to  the  notions  of  axiom,  definition, 
theorem,  proof. 

(2)  The  nature  of  "if  then 

(3)  Distinction  between  a conditional  statement  and  its  con- 
verse . 

(4)  Practice  with  contraposltlves  (WBT;  engugh  practice  so 
that  the  very  top-notch  student  may  discover  for  himself 
that  a contrapositive  is  logically  equivalent  to  the 
original) . 

(5)  Proofs  by  elimination  of  all  but  one  alternative  (as  one 
type  of  "indirect"  proof). 

(6)  Proof  by  one  example:  often  used  to  accomplish  a disproof 

by  counterexample . 

D.  Subject  matter  (in  summary):  Select  material  from  algebra  and 

from  the  synthetic  study  of  geometry,  especially  designed  to 
meet  the  above  goals . Although  part  of  the  material  may  be 
familiar  to  the  student  from  an  informal  approach,  a significant 
portion  should  be  new. 

E.  A few  llluBtratlons  of  the  logical  relationship  between  statements 
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(L)  If  two  t.riantjles  are  congruent^  then  they  are  similar.  If 
two  triangles  are  similar^  then  they  are  congruent,,  If  two 
triangles  are  not  similar,  then  they  are  not  congruent » 

(2)  If  two  triangles  are  similar,  then  two  angles  of  one  tri- 
angle are  congruent  respectively  to  two  angles  of  the  other 
triangle « If  two  angles  of  one  triangle  are  congruent  res- 
pectively to  two  angles  of  another  triangle,  then  there  is  a 
similarity  of  the  one  triangle  onto  the  other. 

(3)  If  two  triangles  are  similar,  then  one  angle  of 'one  triangle 
and  one  angle  of  the  other  triangle  are  congruent  to  each 
other.  If  one  angle  of  one  triangle  and  one  angle  of  another 
triangle  are  congruent,  then  the  triangles  are  similar. 

(4)  Accepting  that  ''In  a triangle  the  angle  opposite  the  longer 
of  two  sides  has  a greater  measure  than  the  angle  opposite 
the  shorter  side*',  deduce  that  "In  a triangle  the  side  oppo- 
site the  larger  of  two  angles  is  longer  than  the  side  oppo- 
site the  smaller  angle" . 

(5)  If  a quadratic  function  has  a positive  discriminant,  then  'he 
function  has  two  (real)  zeros.  If  a quadratic  function  has 
two  (real)  zeros,  then  it  has  a positive  discriminant.  If  a 
function  has  two  (real)  zeros,  then  it  Is  a quadratic  function 
with  a positive  discriminant. 

(6)  Two  medians  of  one  triangle  have  lengths  20  and  12 | two 
medians  of  another  triangle  have  lengths  I6  and  10,  Can 
the  two  triangles  be  congruent?  If  so,  how?  Can  they  be 
similar?  If  so,  how?  By  more  than  one  correspondence? 

F,  Some  suggestions  for  geometry  topics  to  be  developed; 

(1)  The  converse  of  the  Pythagorean  theorem, 

(2)  The  triangle  Inequality  (AB  + BC  > AC  if  A,  B,  C are 
noncolllnear) , (Remark;  Preparation  for  chapter  oh  Vectors 
later  in  Grade  9») 
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(3)  A treatment  of  standard  results  on  quadrilaterals,  extending 
the  student’s  knowledge  attained  in  earlier  grades. 

(4)  A deductive  chain  of  theorems  concerning  circles,  their 

chords  and  secants . (Remark:  A later  chapter  in  Grade  9 

is  entitled  Tangency.) 

(5)  Areas  of  similar  triangles  are  proportional  to  the  second 

powers  of  the  lengths  of  any  two  corresponding  sides  or  any 
two  corresponding  altitudes » (Remrk:  This  is  another  step 

on  the  spiral  to  a more  detailed  study  of  areas  and  lengths 
under  similarity  that  is  scheduled  for  a later  chapter  in 
Grade  9,) 

A few  Illustrative  prohlems  (perhaps  illustrating  the  upper  bound 

on  difficulty) ; 

(1)  Concerning  right  triangles: 

3O-6O-9O  ^ and  only  if  hypotenuse  is  twice  as  long  as  one 

leg;  isosceles  ^ and  only  if  hypotenuse  is  /s  times  as 
long  as  one  leg. 

(2)  In  a triangle  the  bisector  of  an  angle  separates  the  opposite 
side  into  segments  that  are  proportional  to  the  adjacent 
sides  of  the  triangle, 

(3)  Prove  the  failure  of  the  initial  attempt  at  angle  trisectlon. 


(4)  Geometric  construction  of  the  harmonic  mean  (accompanied 
by  real  world  applications  of  the  harmonic  mean,  not 
called  by  this  name. 


GRADE  9 - CHAPTER  8 
VECTORS 


Outline  Only 

1.  Abstract  from  displacement  concept 

2.  Operations  on  vectors 

3.  Decomposition 

4«  Association  (intuitive)  of  vectors  with  analytic  geometry 
5.  Vector  geometric  proofs  (simple) 

6»  Length  of  vectors 


O 

ERIC 


-356- 


GRADE  9 - CHAPTER  9 


CIRCULAR  FUNCTIONS 


Background  Assumed  * 

Basic  geometric  concepts  =■  angle^  degree,  properties  of  the  right 
triangle^  relation  of  the  measure  of  an  arc  to  the  measure  of  Its 
wOrresponding  central  angle^  properties  of  the  isosceles  right 
triangle  and  the  3O-6O-9O  degree  triangle. 

2.  Coordinate  systems  in  two  dimensions. 

3<s  Ability  to  work  with  radicals. 

4.  Ratio  and  proportion. 

Purpose ; 

1.  To  introduce  general  definitions  of  the  sine^  aoaine  and  tangent 
funcblons . 

2.  To  discuss  some  of  the  basic  properties  of  these  functions. 

3-*  To  introduce  radian  measure. 

4.  To  derlye  numerical  values  of  the  above  functions  for  the  quad- 
rantal  angles  and  angles  such  as  30°^  135^^  300°^  etc. 

5^  To  define  these  functions  for  the  coordinate  free  right  triangle. 

6.  To  solve  simple  verbal  problems  involving  the  right  triangle  a 

Procedure : 

1,  PeriodiG  motion  and  its  prevalence  , 

(a)  succession  of  day  and  night 

(b)  change  of  seasons 

(c)  passage  of  second  hand  on  a watch  over  a specified  point 
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(d)  spring 

(e)  viijrating  string 

(f)  cams  (circular) 

(g)  pistons  (circular) 

Point  out  that  all  periodic  motion  has  circular  motion  as  a models 
of  course^  not  necessarily  uniform  motion.. 

2,  Sine  and  cosine  functione  ^ 

Consider  the  unit  circle  with  circumference  2jTs  If  we  study  the 
motion  of  a point  F as  it  moves  along  the  circle  in  a counter- 
clockwise direction^  we  can  locate  P exactly  hy  knowing  how  far 
it  has  traveled  along  the  circle  from  the  point  (l^O) ^ 


The  distance  it  has  covered  is  the  length  of  the  arc  from  its 
starting  point  to  its  stopping  point.  We  shall  regard  motion  in 
a counter-clockwise  direction  as  positive  and  motion  in  a clock- 
wise direction  as  negative* 

At  every  point  in  its  progress^  point  P Is  associated  with  an 
ordered  pair  of  real  numhersa  We  may  say  that  the  motion  of  P 
defines  a function  To  With  each  arc  length  we  associate  an 
ordered  pair  of  real  numherB  (x^y)^  the  coordinates  of  pj  or 

f I a-^(x,y) 

where  a Is  the  distance  traveled^  Since  it  Is  inconvenient  to 
work  with  a function  whose  range  is  a set  of  ordered  pairs  and 
since  each  coordinate  is  itself  a function  of  a we  define  two 
functions^  as  follows i 

Cosines  where  x is  the  ordinate  of  the  point 

determined  hy  the  distance. 
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Sine:  a-^'-y,  where  y is  uhe  abscissa  of  the  point 

aetermined  by  the  distance. 

from  the  definition  of  the  sine  function  it  follows  that  this  func- 
tion is  periodic  with  a period  of  2rt . For  every  arc  length  of 
2n  the  correspondence  of  a and  x is  repeated. 

A similar  comment  may  be  made  with  reference  to  the  cosine  func- 
tion . 


3 . Domain  and  range  of  sine  and  cosine  functions . 


The  sine  function  maps  the  arc  length  into  the 
ordinate.  The  diagram  shows  this  correspondence. 
The  domain  of  the  function  Is  the  set  of  real 
numhers  since  the  arc  length  may  represent  any 
number  of  revolutions  either  In  a positive  or 
a negative  direction.  The  range  of  the  func- 


X 


tlon  1,3  -1  < sin  a < 1 since  the  ordinate 

never  exceeds  1,  or  falls  below  -1  (see 
diagram) , 

The  cosine  function  maps  the  arc  length  into 
the  abscissa . The  diagram  Indicates  this 
correspondence.  The  domain  of  the  functlc,^ 
is  the  set  of  real  numbers  since  the  arc 
length  may  represent  any  number  of  revolu- 
tions either  in  a positive  or  a negative 
direction.  The  range  of  the  function  is 


y 


-1  < cos  a < 1 since  the  abscissa  never 
exceeds  1,  or  falls  below  -1  (see 
diagram) . 


¥e  now  have  the  following  resultB ; 


cos  0 “ corresponding  to  the 
arc  length  0 we  have  the 
ahseissa 


cos  0 = 1 


cos  2=0 

i 

COS  “ - corresponding  to  the 

r jt 

arc  length  g-  we  have  the 
ahseissa  0. 

In  a similar  mamier^  we  show  dlagraminatically  that 
cos  Jt  = -Ij,  cos  ^ = 0^  cos  2rt  = 1 
sin  O'  SB  0,  sin  — = X,  sin  n = 0,  sin  ~ = -1,  sin  2n  = 0. 

There  is  an  alternative  method  of  determining  the  domain  and  range 
of  the  sine  and  cosine  functions  as  follows; 

X 

For  the  arc  length  AP,  or  a, 

sine  a - PQ,  cosine  a = OQ. 
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In  the  right  triangle  OPQ, 


(OP)^  = (OQ)^  + (PQ)^ 

, 2 , . 2 
1 ^ COS  a =1=  sin  a 


An  examination  of  this  equation  reveals  that  sin  s < [l]  and 
cos  a < 1 1 1 « 

The  tangent  function^ 

Introduce  the  tangent  function  as  follows: 

X 

tangent:  a where  x is  the  ahscissa  of  the  point 

y 

determined  hy  the  distance^  and  y Is  the  ordinate 

of  the  point  determined  hy  the  distance^  a. 

As  the  diagram  indicates^  the  tangent  function  is  undefined  when 

IT 

the  arc  length  is  g-  or 

the  arc  length  is  ^ or 
ordinate  is  0. 


5»  Circular  functions  and  angles » 

The  circular  functions  are  closely  related  to  the  funi^+i'ons  of 
angles.  In  estahllshlng  degree  measure,  we  can  divide  the  cir- 
cumf erence  of  the  circle  of  unit  radius  into  360  equal  arc 
lengths  and  measure  a central  angle  by  the  niimber  of  units  of  arc 
length  It  Includes.  For  example,  If  an  angle  Includes  ^ of  the 

circumference,  or  — units  of  length,  we  say  that  the  measure  of 

the  angle  is  ^ X 360°,  or  90°.  Thus  sin  ^ = aln  90°  =1.  We 
will  soon  define  the  sine,  cosine,  and  tangent  functions  of 
angles . 
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Radian  measure. 


We  introduce  another  unit  for  measuring  angles^  the  radian i 

In  unequal  circles , arcs  suhtencing  equal  angles  have  the  same 
ratio  as  the  corresponding  radii.  In  the  figure  helow 


If  S = r,  the  ratio  — = S—  = 1, 

r r’ 

If  we  select  as  a unit  of  measure  of  the  central  angle  an  arc 
whose  length  is  equal  to  the  radius ^ we  have  a new  unit  of  mea- 
sure called  the  radian.  This  -unit  of  angle  measure  is  Independent 
of  the  length  of  the  radius  of  the  circle. 

Since  C = 2jtr^  an  arc  whose  length  Is  r c n he  laid  off  exactly 
2jt  times  to  coinplete  one  rotation.  Thus,  one  complete  rotation 
requires  2ir  radians  in  radian  measure,  or  360°  in  degree  mea- 
sure, Hence, 

2jt  radians  = 360° , 


The  following  proportion  may  he  used  in  converting  from  degrees  to 
radians,  and  vice  versa ^ 


numher  of  degrees  _ numher  of  radians 
360 


7.«  Functions  of  angles. 


An  angle  is  said  to  "be  in  standard  position  ii%  and  only  if ^ its 
vertex  is  at  the  origin  and  its  initial  ray  extends  along  the 
positive  x^axis . Every  angle  is 
equivalent  to  one  and  only  one 
angle  in  standard  position a If  we 
place  an  angle  in  standard  position^ 
e*g*ij  ZAOB^  one  of  the  angles 
hetween  the  terminal  ray  and  a ray 
of  the  x-axis  must  be  a positive 
acute  angle ^ or  a right  angle^  or 
zero  a For  any  given  angle  9 in 
standard  position  and  reference 
angle  is  the  smallest  nonnegative 
angle  between  the  terminal  ray  of 
9 and  either  ray  of  the  x-axis^ 

Consider  any  angle  0^  not  an  integral  multiple  of  90^^  placed 
in  standard  position^  with  its  terininal  ray  cutting  the  unit 
circle  at  P« 


sin  0 ” ordinate  of  P 

cos  0 = abscissa  of  P 

tan  0 ^ ordinate  of  P 
abscissa  of  P 


If  the  angle  0^  not  an  integral  multiple  of  90^^  Is  placed  in 
standard  position^  and  its  teminal  ray  does  not  cut  the  unit 
circle  at  P we  define  the  functions  as  follows:  P is  any  point 

on  the  terminal  ray. 


sin  0 
cos  0 


ordinate  of  F 
polar  distance  of  P 

absclsea  of  F 
polar  distance  of  P 

ordinate  of  F 
abscissa  of  P 


tan  0 


That  these  two  definitions  are  consistent  may  be  seen  from  the 
diagram  below. 


PQ 

OQ 


O'Q' 


= tan  e 


8,  Results  of  Definition. 


The  results  of  the  last  section  lead  to  the  following 
slons  for  functions  of  angles  in  the  four  quadrants 


sin 

9 

- positive 

sin  9 

- positive 

cos 

9 

- negative 

cos  9 

- positive 

tan 

9 

- negative 

tan  6 

- positive 

sin 

9 

- negative 

sin  9 

- negative 

cos 

9 

- negative 

cos  9 

- positive 

tan 

9 

- positive 

tan  0 

- negative 

Exercises ; 

1.  In  which  quadrants  may  the  angle  d terminate  if 

(a)  tan  9 is  negatives 

(b)  cos  9 is  positive. 
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2.  In  i*7hich  quadrant  does  the  angle  & terminate  If 

(a)  sin  & is  negative  and  cos  & is  posi’^ive. 

(b)  tan  S is  positive  and  cos  0 is  negative. 

3-  Find  the  values  of  cos  0.  and  tan  0 if  sin  0 = ^ and  0 

. 5 

is  in  quadrant  III. 

9 « Numerical  values  of  functions  in  any  quadrant . 

Review  the  properties  of  the  30=60^90  degree  triangle  and  the 
isosceles  right  triangle.  Apply  to  such  problems  as  the  follow- 
ings 

(a)  Find  the  numeiucal  value  of  cos  120°-, 

(b)  Find  the  numerical  value  of  tan  (-150°), 

(c)  Solve  the  equation  tan  0=1^  0 in  quadrant  Til, 


10,  Graphs  of  functions . 

The  graph  of  y - sin  0 may  be  plotted  from  a table  of  values . 


9 

0 

jt 

n 

4 

JT 

3 

E 

/"I 

2jt 

3 

^ 

5it 

T 

JT 

7jt 

5jt 

h 

3jt 

2 

5Jt 

3 

1 

9jt 

4 

llx 

'T~ 

Sir 

sin  0 

0 

.5 

.7 

.9 

1 

.9 

.7 

.5 

0 

-^5 

-.7 

-1 

-»9 

-.7 

-.5 

0 

The  periodicity  of  the  curve  may  be  observed  when  the  curve  is 
extended  for  values  of  0 greater  than  2jt  and  for  negative 
values  of  0. 


y ^ cos  X - Same  treatment 

y = tan  x - Emphasize  points  of  discontinuity 

11,  Trigonometry  of  the  right  triangle , 

Definitions  of  the  functions  for  0^  < 0 < 90°  have  been  estab- 
lished on  the  system  of  coordinates,  Next^  we  redefine  the  func- 
tions in  terms  of  the  sidevS  of  a right  triangle  (coordinate  free) 
emphasizing  the  consistency  of  the  two  definitions* 
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Use  these  new  aefinltions  in  the  analysis  and  solution  of  a variety 
of  problems  which  can  be  found  in  any  standard  text, 

12.  NOTE. 

It  has  been  suggested  that  the  above  unit  may  not  be  fully 
covered  because  of  time  limitations . Moreover^  there  is  some 
question  as  to  whether  so  extensive  a unit  is  necessary  as  part 
of  the  background  that  all  college-bound  students  shoiild  have  at 
this  level.  An  alternative  treatmentj  much  shorter  in  scope  and 
In  teaching  time  would  start  with  the  general  definitions  of  the 
functions  restricted  to  quadrant  I.  The  definitions  can  then  be 
applied  to  the  functions  of  acute  angles  of  a coordinate  free 
right  triangle. 
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GRADE  9 - CHAPTER  10 


TANGENCY 


Purpose : 

To  develop  and  formalize  the  traditional  line  tangent  to  a 
circle  and  circle  tangent  to  a circle  concepts . 

To  extend  the  Intuitive  concept  of  tangency  for  "straights” 
and  curves  in  hoth  two  and  three  space. 

To  develop  a broader  intuitive  concept  of  lines  tangent  to  a 
curve  through  the  use  of  tangent  envelopes . 

Background ; yes 

Rationale ; 

The  rationale  for  much  of  the  content  in  this  chapter  is 
primarily  explorative  and  thought  provoking . It  should  present  a 
wide  new  range  of  extremely  fertile  ideas  and  provide  some  concrete 
experience  background  for  many  of  the  ideas  of  analytic  geometry, 
differential  calculus,  and  advanced  geometries. 

The  rationale  for  placement  of  this  chapter  late  in  the  7-9 
sequence  is  twofold:  there  is  a relative  maximum  of  mathematical 

niethods  and  background  to  be  used  and  there  will  soon  (10-12)  be 
further  work  of  a more  definitive  nature  with  these  ideas. 

Section  1.  Circles  and  line  tangents . 

1,1  The  tangent  envelope  of  a circle. 

It  is  suggested  that  this  idea  be  started  with  a paper  folding 
exercise  in  class; 


Exercise;  Take  a sheet  of  paper  with  a circle  and  its  center 
drawn.  Fold  the  paper  so  that  a point  of  the  circle  is  on  the 
center.  Repeat  this  process  with  many  other  points  on  the 
circle . 

Result;  This  will  give  some  members  of  the  tangent  envelope  of 
the  circle  that  is  concentric  with  the  given  circle  and  has  a 
radius  that  is  one-half  the  given  radius. 

Center  the  written  discussion  on  the  idea  that  while  no  new 
circle  is  actually  formed  by  this  process  (a  polygon  does  evolve) j 
there  is  a feeling  for  a circle.  Perhaps  have  the  students  draw 
that  circle  (with  compasses).  Discuss  how  the  folds  are  related 
to  this  new  circle. 


Exercises ; 

1.  Give  a circle  with  points  Indicated  on  the  circle  every 

10°,  Label  the  points  0,  1,  2,  35»  Have  the  students 

Join  the  points  by  a mapping  which  is  of  the  form; 

n-«»-n  + a (mod  36)  where  n is  an  integer, 

0 < n < 35,  a is  a pararaeter  with 
integral  values . 

Note:  Students  catch  on  to  the  modulus  system  quickly 

through  reference  to  the  clock. 

Example ; n-^n  + 5 
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Could  the  students  draw  the  determined  circle?  Perhaps 
several  different  examples  might  be  given  of  this  form- 
Asides  n -►n  + 6 (mod  36)  gives  the  same  result  as 
n -►n  - 30  (mod  36)^  Would  any  student  note  this  --  or 
care? ) 

2.  Give  a circle  and  a point  exterior  to  the  circle^  Have  the 
student  draw  many  members  of  the  family  of  lines  through  the 
given  points  Ask  for  some  thought  (and  perhaps  written  dis- 
cussion) about  how  these  lines  are  related  to  the  given 
circle.  Probably  they  can  notes  one  line  through  the 
center  (hopefully  not  three  points  of  intersection)!  i. 
many  lines  through  two  points  of  the  circle  but  not  the 
center*  two  lines  through  exactly  one  point  of  the  circlei 
many  lines  that  do  not  intersect  the  circle ^ 

1«2  Lines  Tangent  to  a circle ^ 

Define  secant  and  line  tangent  to  a circle. 


Define  point  of  tangencys 

Property f A line  tangent  to  a circle  is  perpendicular  to  the 
radius  drawn  to  the  point  of  tangency^ 


Exercises i 


lo  How  many  lines  tangent  to  a given  circle  can  be  drawn 
through  a given  external  point?  Why? 

2.  ..9  through  a given  Internal  point?  Why? 

3^  through  a given  point  on  the  circle?  Why? 

h*  If  a line  is  perpendicular  to  a diameter  at  one  of  its  end- 
points^ is  the  line  tangent  to  the  circle?  Prove  your 
answer. 


Note  I they  should  be  able  to  do  this  if  the  chapter  on 
deductive  reasoning  was  successful 1 
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5*  A point  is  8 units  from  a circle  of  radius  5 units, 

A line  is  drawn  through  the  point  tangent  to  the  circle. 
What  is  the  distance  from  the  given  point  to  the  point  of 
tangency? 

6.  A line  tangent  to  a circle  is  drawn  from  a given  point. 
The  distance  between  the  given  point  and  the  point  of 
tangency  is  8 and  the  radius  of  the  circle  is  5,  What 
is  the  distance  of  the  given  point  from  the  center  of  the 
circle?  from  the  circle? 


7«  Draw  a circle.  Draw  three  lines  that  are  tangent  to  the 

circle  such  that  no  two  of  the  lines  are  parallel.  Describe 
the  resulting  figure.. 


8, 


9. 


Note:  this  problem  mlgit  be  repeated  for 
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Find  BM,  BN,  NC,  CP,  PA,  AM 

Note;  This  might  be  extended  to  a quadrilateral  etc, 

Given:  circle  0 with  diameter  AB  ^ Ji 

AB  at  A,  m _L  AB  at  B 


Prove; ^ 


m 
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1,3  Constructing  tangents. 

Develops; 

(1)  construct  a line  tangent  to  a given  circle  at  a point  on 
the  circle « 

(2)  through  a point  external  to  the  elrcle  (note  that 
exactly  two  are  determined) 

(3)  Construct  a circle  Inscrihed  in  a given  triangle. 

(4)  Construct  the  three  exclreles  of  a given  triangle  (the 
excenter  is  the  point  of  concurrency  of  the  angle  bi- 
sectors of  one  interior  angle  and  two  exterior  angles) 
See  Intro,  to  Geometry  by  Coxeter^  Jpp.  11-12. 


(5)  Construct  some  of  the  members  of  the  family  of  circles 
tangent  to  a given  line  at  a given  point  on  the  line . 

(6)  Construct  some  of  the  members  of  the  family  of  circles 
tangent  to  a given  line  and  through  a given  point  not 
on  the  line, 

(T)  Construct  some  of  the  members  of  the  family  of  circles 
tangent  to  each  of  the  sides  of  a given  angle. 

Challenge  Problems  The  Nine  Point  Circle 

See  Coxeter  pp,  18-19^  71 

Notes  this  Is  highly  constructable  but  might  it  spoil  - this 
gold  mine  for  later  work? 

^.,4  Angles  formed  by  tangents. 

Should  the  measures  of  certain  angles  ( tangent/chord^  tangent/ 
secant^  etc,)  be  developed  at  this  point? 
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Section  2.  Tangent  lines  and  planes  in  two  and  three  space . 

Short  discussion  of  what  is  meant  by  "a  line  tangent  to  a curve" 
"a  line  tangent  to  a surface’%  and  "a  plane  tangent  to  a surface". 
Keep  it  light . 

Exercises : 

A set  of  highly  intuitive^  discussion  provoking  prohlems  that  re 
quire  visualisation  and  some  verbalisation.  Might  try  such  things  as 

1-  A line  tangent  to*  a parabola;  a sine  curve;  a tangent  curve; 
a given  polynomial  curve . 

2.  A line  tangent  to;  a sphere;  a conical  surface;  a cylindrlc 
surface;  a torus ^ 

3*  A plane  tangent  to:  a sphere;  a conical  surface;  a cylindrlc 

surface;  a torus. 

Make  these  very  open  ended  and  provide  help  for  the  teacher  in 
the  teachers  manual  as  to  method  of  handling  and  expectations. 

Section  3^.  Circle  and  line  tangencies  extended : 

3.1  The  relationships  of  two  circles. 

Discuss  all  cases; 


Exercises ; See  SMSG  Geometry  Chapter  13 < 

3*2  Three  on  more  tangent  circles. 

Develop  relative  to  two  different  conditions:  tangent  by  pairs 

and  all  tangent  at  one  point. 
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Exercises : See  SMSG  Geometry  Chapter  13  < 


See  also  Coxeter  Intro . to  Geometry 

Be  sure  to  include  families  of  tar.  it  circles  and 

condition's  that  lead  to  these. 

Section  k.  Tangent  plane  curves  and  tangent  curved  surfaces : 

If  this  is  handled  'WSTWS'IWS'I^  it  might  he  quite  Interesting!  esga, 
two  tangent  sine  curves.  However^  it  might  be  too  difficult  to  estab- 
lish what  is  meant  by  "tangency"  under  such  conditions.  It  should  be 
worth  a try  on  a highly  intuitive  level  just  to  assure  that  the 
students  have  at  least  tried  to  think  about  such  things. 

Might  consider  such  things  as ; 

(a)  two  tangent  parabolas  at  some  point  other  than  the  vertlceB^ 

(b)  a family  of  parabolas  tangent  at  the  vertices^ 

(c)  the  family  of  curves  of  the  form  y = n 01 

(d)  y = 7 and  + y^  = 1, 

(e)  two  tangent  ellipses  or  families^ 

(f)  two  tangent  spheres  oo«  or  families^ 

(g)  a cylinder  tangent  to  a sphere  (aha  Mercator) ^ 

(h)  a cone  tangent  to  a sphere  (aha  Lambert), 

Section  Tangent  Envelopes ; 

Teaching  note:  do  not  have  long  discussions  of  these  --  EXPLORE^ 

Each  sub-section  (5*lj5»2j5»3)  might  easily  be 
done  In  one  day.  If  the  students  get  intrigued, 
let  them  change  the  given  conditions  and  see  what 
happens  on  their  own. 

5.1  The  conics, 

(a)  Parabola;  given  a line  and  a point  not  on  the  line. 

Fold  the  given  point  onto  one  point  of  the  line. 
Repeat  for  many  other  points  of  the  line. 
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(b)  Ellipse;  Given  a circle  and  a point  interior  to  the  circle. 

Fold  the  given  point  onto  one  point  of  the  circle . 
Repeat  for  many  other  points  of  the  circle. 

(c)  Hyperbola;  Given  a circle  and  a point  exterior  to  the 

circle.  Fold  the  given  point  onto  one  point 
of  the  circle.  Repeat  for  many  other  points  of 
the  circle. 

5.2  Joining  points  on  a circle. 

Several  Interesting  ''twists  ' can  he  put  on  Problem  1 of  Section  1,1 
Example ; n-^2n  (mod  36) 
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Extension: 


n + b (mod  36) 


Some  students  will  really  carry  this  a long  way  if 
plenty  of  labeled  circles  are  provided  to  help 
minimize  the  ^'busy  work-’  . 


5*3  Working  in  a co-ordinate  systerri. 


Problem^  Consider  the  set  of  lines  t 


2 

a , 


Directions:  Draw  some  of  these  lines  using  at  least  these  values 


5 ^ h Pursuit  Curves  * 

Note:  Should  these  be  included  since  the  others  have  actually 

been  members  of  the  tangent  envelope  to  one  curve  under 
consideration? 

(a)  Dog  who  ”re-aims"  every  2 sec*  is  chasing  a rabbit  who  runs 
in  a straight  path, 

(b)  Same  rabbit  but  smarter  dog  --he  ” re -aims"  every  second. 

(c)  Rabbit  who  runs  In  a circle  where  the  dog  (who  re-aims 


Section  6.  Line  tangents  to  any  curve  * 

Work  from  the  preceding  tangent  envelopes  toward  some  understanding 
of  the  tangent  to  a curve  at  a given  point  in  terms  of  the  limiting  posl 
tion  of  the  secants  through  the  point.  Give  lots  of  curves  and  Btress 
looking  for  the  point.  Give  lots  of  curves  and  stress  looking  for  the 
entire  tangent  envelope  — then  pick  out  some  "interesting"  points  on 
the  curve  to  look  at  specific  members.  The  student  should  be  able  to 


Teachers  note:  This  gets  the  tangent  envelope  for  the  curve 


3 

whose  equation  is  y ==  x so  it  included  one 
example  of  a line  tangent  to  a curve  at  a point 
of  inflection.  Don-t  let  this  be  missed* 


every  2 sec.)  is  at  the  center. 


develop  some  feeling  in  terms  of  tangents  relative  to  curvature,  cusp 
as  opposed  to  turning  point  and  points  of  inflection » Take  what  the 
student  is  sensing,  and  discuss  in  terms  of  the  secants  at  each  point 
Be  sure  the  student  develops  some  ability  to  verbalize  relative  to 
these  things.  The  brave  of  the  bold  or  the  fool-hardy  might  tiy  a 
discussion  of  the  tangents  to  y = |x|. 

Note:  this  section  is  very  Important.  Section  5'  "brings  on  the 

cannon"  but  Section  6 fires  itL 

Section  7,  Line  of  supporjt'r 

See  some  material  on  linear  programnilng  --  this  is  a somewhat 
different  sense  of  tangency  but  might  be  discussed  at  this  point . 
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GRADE  9 - CHAPTER  11 


MEASURE 


Very  brief  outline: 

1*  Use^  in  parts  y material  found  in  Geometry  ^ SMSGj  Volume  2^ 

Chapters  12^  15  and  16.  It  can  be  exprected  that  not  much  of 
this  material  will  find  its  way  into  the  10th  grade  semester 
course  of  geometry. 

2*  Measurs  was^  in  the  following  order ^ treated  earlier: 

Grade  7 - Chapter  5 
Grade  8 : Chapter  11 

Grade  9 - Chapter  4 (measure  theory) ^ 

Concentrate  in  this  round  of  measure  on  developing  further  the 
understanding  of  the  concept  of  similarity  by  providing  examplee  of 
linear^  quadratic  and  cubic  measures* 

Example : What  are  the  changes  in  the  perimeter^  area^  volume  of  an 

object  if  a dimension  is  doubled^  halved ^ etc*? 

Try  to  aim  at  theorems^  Informally  only^  to  show  their  power:  we 

don't  have  to  compute  the  surfaces  or  volumes  of  two  similar  solids  in 
order  to  compare  them. 

Start  possibly  with:  How  many  geometric  objects  can  you  name? 

What  formulas  do  you  know? 

Make  a list  (with  some  ordering  principle) : 

Name  | Diagram  | Dimensions  | Perimeter  ] Area  | Surface  | Volume 
(well  labelled)  which  ever  applies* 
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The  purpose  of  this  would  be  three-fold: 


(1)  Motivation::  this  may  become  more  and  more  of  a problem  when 
review  does  not  contain  some  ingredients  of  preview^  and 
topics  have  appeared  repeatedly, 

(2)  Review  and  summary* 

(3)  A ready  list  of  reference  to  use  in  the  subsequent  discussion 

the  formula  should  be  more  than  a recipe  to  get  answers? 
this  can  become  an  important  link  In  bringing  algebra  and 
geometry  together . 

Include  the  following  questions^ 

(a)  1^  Givenia.  square  region  of  side  s|  double  the  side^  What  is 

the  effect  on  on  A?  Itoke  a diagram^ 

2o  Given  a 30-60-90  triangle;  multiply  sides  by  3^  What 
happens  to  the  altitude  and  median  upon  the  hypotenuse? 

To  the  perimeter?  To  the  area?  Repeat  for  either  values: 


3-  The  radius  of  a circle  is  halved.  What  is  the  effect  on  c^ 
on  A?  Gan  you  tell  from  a diagram  In  this  caBe  as  much  as 
you  could  in  Exercise  1 and  2? 

Generalises  Do  we  have  to  carry  out  the  computation  or  can  we  draw  con- 
clusions? What  will  hold  generally? 

(b)  Next  change  the  questions  to: 

1®  How  mUBt  tne  edge  of  a cube  be  changed  if  it  is  to  be  eight 
times  as  large?  be  twice  as  large  In  volume? 


a A circular  region  is  to  be  divided  into  3 equal  parts  by 
Goncentrlc  circlese  How  can  this  be  done? 


-378- 


2 


(c)  Before  turning  -.o  volumes^  contrast  the  relation  of  linear  mea- 
sures  and  areas  of  similar  figures  to  questions  of  the  type, 
(emphasis  on  analysis  of  the  algebraic  formulas): 

1,  Given  a triangle  with  base  c and  height  h-  What  Is  the 
effect  upon  the  area  if  the  base  is  multiplied  by  3 and 
the  height  halved?  If  the  base  and  the  height  are  multi- 
plied by  5? 

2-  The  radius  of  a circle  is  multiplied  by  5-  What  happens 
to  the  area?  to  the  circumference? 

3-  What  happens  to  the  volume  of  a cylinder  (r,h)  if  the 
height  is  doubled?  If  the  radius  is  doubled?  If  the 
height  is  halved  and  the  radius  doubled?  If  the  radius  is 
halved  and  the  height  doubled? 

4,  Which  will  make  the  volume  of  a cone  larger,  doubling  the 
radius  or  doubling  the  height? 

Now  discuss  similar  solids,  produced  by  passing  a plane  parallel 
to  planer  of  bases 


By  comparing: 

(a)  jedges,  altitudes,  radii,  etc- 

(b)  areas  of  cross  sections,  lateral  faces,  etc* 

(c)  vol-umes  of  similar  solids. 


develop  now  systematically  the  relation 


-379- 


3S4 


NOTE  I: 


It  may  seem  wiser  to  complete  the  work  on  measure  with  the 
"WST”  development  of  surface  and  volume  of  the  sphere  now, 
rather  than  present  It  In  Grade  8^  Cha^.;ter  11.  This  would 
leave  for  Grade  8^  The  Earth  as  a representation  of  a sphere 
and  allow  more  time  to  discuss  more  fully f 


great  circles 
small  circles 

location  of  a point  on  the  earth 
measurement  along  a meridian 
time  difference^ 
etc , 


NOTE  II:  In  the  original  outline  appears:  Pythagorean  relationship 

and  trigonometry  ^ 

The  g-c^  feel  that  this  should  he  omitted  at  this  point. 

However^  the  following  suggestion  is  fox"  inclusion  when  this  topic 
is  handled,  in  its  proper  setting: 

Given  a right  triangle  and 

(a)  any  two  parts  (sides)^the  third  side  can  he  computed  hy  the 
I^thagorearii  Theorem  (no  angles  can  bee  determined)  . 

(b)  any  two  parts  (one  side  and  one  acuta  angle ^ or  two  sides)^  the 
triangle  can  he  determined  completely  hy  trigonemetrlc  functions j 
sides  and  angles  can  he  computed . 
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SUMMAiiY  OUTLIMij  GRAJDES  ?-9 


Grade  T 


Chapter  1 

Non-metrlc  Geometry  - The  Structure  of  Space 

Point j line,  plane.  Incidence.  Separation.  Convexity. 
Orientation  on  a line,  in  a plane. 

Chapter  2 

Graphs , Panctions , Variables 

Coordinates.,  Fianction.  Graphs  of  functions. 

Chapter  3 

The  Set  of  Ratlonals  - Solution  of  Mathematical  Sentences 

Definition  of  rational  number;  Addition  and  subtraction  of 
ratlonals.  Decimal  names  for  ratlonals.  Ordering  the  ra- 
tionals.  Per  cent.  Solving  equations  and  Inequalities. 

Chapter  4 

Congruence  - Replication  of  Figures 

Congruence  of  segments,  of  angles.  Addition  property  for 
segments.  Subtraction  property  for  segments.  Addition  and 
subti'actlon  property  for  angles.  Vertical  angles.  The 
concept  of  congruence.  Congruence  of  a figure  ■with  itself. 
Congruence  of  triangles.  SSS  congrue-^ce  property,  SAS. 
ASA.  Motions  by  means  of  a coordinate  system. 

Chapter  5 

Measure 

Linear  units.  Angular  and  arc  measure = The  Pythagorean 
property  and  applications.  Equivalence  of  polygonal  re- 
gions^ "Greater  than"  for  se^ents^  angles^  planar  regions^ 
spatial  regions. 

Chapter  6 

Ratio  and  Similarity 

Magnification  and  contraction.  Concept  of  similarity.  Ratio 
and  proportion.  Defining  similarity.  Sufficiency  properties 
for  triangles.  Similarity  mappings. 

Chapter  7 

Probability 

Fair  and  unfair  games.  Finding  probabilities.  Counting 
outcomes  - Tree  diagrams.  Pascal’s  triangle.  Estimating 
probability  by  observation.  Organization  of  data  leading 
to  average  and  expectation.  P(A  U B) . P(A  D B). 

Chapter  8 

Graphs  of  Linear  Functions]  Multiplication  of  Ratlonals 

Review  of  negative  ratlonals.  Multiplication  of  positive  by 
negative.  Graphs  of  multiplication  by  positive  ratlonals. 
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Multiplication  of  positive  by  negative  and  Dijtribublve  Law* 
Mult ipl teat:*  on  by  nega'^'ive  nationals.  Addition  and  subtrac- 
tion revisited.  Opposite  functionj  absolute  valiv'^  function* 
Applications.  Graphing  x=^ax  + b- 

Chapter  9 Solutions  of  Systems  of  Equations  and  Inequalities 

Solving  systems  of  equations.  Systems  which  do  not  have 
unique  solutions.  Graphs  of  inequalities.  Systems  of 
inequalities. 

Chapter  10  Decimals  ^ Square  Roots  ^ Real  Number  Line 

Motivation.  Numbers  which  are  not  rational.  Names  of  imtional 
nmnbers.  Irrational  nmnbers.  Real  mmber  line.  Properties 
of  real  number  system. 

Chapter  11  Parallelism 

Parallel  one=dimensional  objects^  two-dimensional  objects. 
Transversals.  Transversals  to  three  or  more  lines  and  planes. 
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Grade  8 (Sequence  A) 


Chapter  1 


Chapter  2 


Chapter  3 


Chapter  4 


Chapbe  r 5 


Chapter  6 


Chapter  T 


Chapter  8 


Perpendicularity 

Perpiendieularlty  of  one -dimensional  ohjects^  of  two-dimensional 
objects. 

Coordinate  Systems  - Distance 

One -dimensional  coordinate  system.  Two-dimensional  coordinate 
system.  Three  -dimensional  coordinate  system.  Polar  coordi- 
nate system. 

Displacements  (Vectors) 

Quantities.  Vector  quantities  a Vectors.  Physical  multipli- 
cation of  vectors  by  a number.  Translation.  Decomposition, 
Applications.  Extension  to  fectors  in  three-space- 

Froblem  Analysis 

Translation  of  phrases.  Translation  of  sentences.  Problem 
analysis  and  strategies. 

Number  Theory 

Even  and  odd  integers.  Informal  discussion  of  statements  and 
proof.  Factors^  divisibility^  tests  for  divisibility  and  the 
division  algorithm^  Prime  numbers^  the  sieve  of  Eratosthenes^ 
prime  factorization.  The  Euclidean  algorithm  and  the  GCD. 

The  Real  Numbers  Revisited  - Radicals 

Motivation.  Review  of  facts  about  the  real  number  system. 

Roots  of  numbers.  Computation  with  radicals.  Review  of 
properties  of  the  real  numbers  and  the  real  number  line. 

Tmth  Sets  of  jyhthematlcal  Sentences 

Review  addition  and  multiplication  properties  of  equality  and 
Inequality.  Apply  to  inequalities  and  to  problems.  "Permis- 
sible Operations."  If  a “ b^  then  = b2  and  converse. 
Fractional  equations  and  restrictions  on  denomlrLator.  Squar- 
ing both  sides  of  equation  and  equivalent  equations. 

Quadratic  Polynomials  as  Fimctlons 

Graphing  a quadratic  function.  Factoring  poljmomlals.  Solv- 
ing quadratic  equations.  Going  from  ax^  + bx  + c to  a(x-h)2+k. 
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Chapter  9 

Probability 

Dependent  and  independent  events.  Conditional  probability. 
Bayes'  Theorem.  Expectation.  Variation^  standard  deviation 
Normal  distribution.  Physical  obs  ations. 

Chapter  10 

Parallels  and  Perpendiculars 

Regions.  Comhining  parallel  and  perpendicular  relationB. 
Distance  between  parallel  lines  and  parallel  planes  - The 
quadrilateral  properties.  Symmetries.  Angle  sum  proofs. 

Chapter  11 

Properties  and  Mensuration  of  Geometric  Figures 

Motivation  of  numerical  measure  for  areas.  Arbitrary  unit 
versus  standard  unit.  Assigning  measure  to  segments  and 
regions.  Properties  of  regular  polygons.  Models  of  solids. 
The  sphere. 

Chapter  12 

Spatial  Perception  and  Locus 

Relationships  between  two  or  more  point  sets.  Using  a set 
of  points  to  evolve  another  set  of  points.  Sets  of  points 
meeting  given  conditions. 

Chapter  13 

Systeins  of  Equations  in  Two  Variables 

Solution  sets  of  systems  of  equations  and  inequalities. 
Equivalent  equationsj  equivalent  systems.  Systems  of  linear 
equations.  Graphical  solutions  of  systems  of  inequalities. 
Applications . 

o 
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Chapter  1 

Exponents j Logarithms ^ Slide  Rule 

Laws  of  exponents.  An  exponential  function^  t:n-^  2^.  Oompu 
tatlon  using  powers  of  10.  Introduction  of  log  notation. 
Slide  rule  construction  and  use.  Exponential  and  logarithmic 
functions. 

Chapter  2 

Transformations 

Rigid  motions  and  reflactlons.  Projection.  Composition  of 
transf oCTiations . Congruence  as  an  isometric  correspondence. 

Similarity  as  a ratio  preserving  correspondence.  Further 
work  on  s^mimetry. 

Chapter  3 
and  U 

Systems  of  Sentences 

Chapter  5 

Measure  Theory 

Distance.  Measure.  Angle  measure . Other  measures. 

Chapter  6 

Statistics 

Organisation  of  data  Histrograms.  Mean.  Variance.  Confi-» 
dence  intervals  for  meanr  Hypothesis  testing.  Binomial  theo^ 
rem.  Normal  distribution.  Central  limit  theorema 

Chapter  7 

Deductive  Reasoning 

Illustrations  of  logical  relationships  between  statements. 
Suggestions  for  geometric  examples.  Illustrative  problems. 

Chapter  8 

Vectors 

Chapter  9 

Circular  Functions 

Periodic  motion.  Slne^  cosine^  tangent  functions.  Domain 
and  range*  Circular  fuinctions  and  angles.  Radian  measure ^ 
Functions  of  angles.  Numerical  values  of  fionctlons.  Trigo- 
nometry of  the  right  triangle*  Graphs  of  functions. 

Chapter  10 

Tangency 

Circles  and  line  tangents.  Tangent  lines  and  planes  in  two- 
and  three -space*  Tangent  plane  curves  and  tangent  curved 
surfaces.  Tangent  envelopes.  Line  tangents  to  any  curve. 
Line  of  support* 

Chapter  11 

Measure 

Chapter  12  Complex  Numhers 


COMPARISON  OF  THE  NEW  OUTLINE  AND  THE  ORIGINAL 


Mathematics  for  Junior  High  School^  Volvune  1 


Chapter  and  Topics  Location  in  Mew  Outline 


Chapter  1 

What  is  Mathematics? 

No  comparahle  chapter 

Chapter  2 
2.2 
2.3 

Nume ration 
The  rteeimal  System 
Expanded  Numerals 
(other  number  "bases) 

No  chapter. 
Gr.  7,  Ch.  10 
Gr«  T,  Oh.  3 

Wo  mention. 

Chapter  3 

Whole  Numbers 

No  explicit  treatment. 

Chapter  4 

Non-Metric  Geanetry 

Gr.  7,  Ch.  1 

Chapter  5 

Factoring  and  Primes 

Gr.  8^  Oh.  5 

Cliapter  6 

The  Rational  Number  System 

Gr.  7,  Ch.  3.  8 

Chapter  7 

Measurement 

Gr.  7^  Ch.  5 

Gr.  8,  Ch.  11 

Gr.  9,  Ch.  5 and  11 

Chapter  8 

Area^  Volume^  Weighty  Time 

Gr,  8,  Ch.  11 

Chapter  9 

Ratio^  Percents^  and 
Decimals 

Gr.  7j  Ch.  3,  6^  10 

Chapter  10 

Parallel^  Parallelograms^ 
Triangles^  Ri^t  Prisms 

Gr.  7j  Ch.  11 
Gr.  8,  Ch.  10 

Chapter  11 

Circles 

Gr.  Tj  Ch.  5 
Gr.  8,  Ch.  11 
Gr.  9,  Ch.  10,11 

Chapter  12 

Mathematical  Systems 

No  chapter. 

Chapter  13 

StatisticB  and  Graphs 

No  compara'ble  chapter. 
Gr.  9,  Ch.  6 

Chapter  l4 

Ifethematics  at  Work  in 
Science 

No  compara'ble  chapter. 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapte  r 
Chapter 

Chapter 

Chapter 

Chapter 

Chapter 


Mathematics  for  Junior  High  School^  Volumie  2 


Chapter 


and  Topics 


Location  in  New  Outline 


1 

Rational  Numbers  and 

Gr. 

. 7,  Ch. 

3, 

8 

Coordinates 

Gr, 

. 7,  Ch. 

s 

Gr, 

. 8,  Ch. 

2 

2 

Equations 

Gr, 

, 7,  Ch. 

3 

Gr, 

, 8^  Ch. 

h 

3 

Scientific  Notation^  Decimals ^ 

Gr, 

9,  Ch. 

1 

Metric  System 

Gr. 

8,  Ch. 

11 

4 

Constructions^  Congruent 

Gr. 

7,  Ch. 

5.  6 

Triangles  ^ Pythagorean 
Property 

5 

Relative  Error 

No 

treatment. 

6 

Real  Numbers 

Gr. 

7.  Ch. 

3, 

10 

Gr. 

G,  Ch. 

6 

7 

Pe  miu t at  i on s and 

Selections 

No 

treatment. 

8 

Probability 

Gr. 

7,  Oh. 

7 

9 

Similar  Triangles  and 

Gr, 

7 , Ch. 

6, 

8 

Variation 

10 

Non=Metrlc  Geometry 

No 

comparable 

chapter. 

11 

Yolxmes  and  Surface  Areas 

Gr. 

8,  Ch. 

11 

Gr. 

9,  Ch. 

11 

12 

The  Sphere 

Gr. 

8,  Ch. 

11 

Gr. 

9,  Ch. 

11 

13 

What  Nobody  Knows  About 

Mathematics 

No 

comparable 

chapter. 
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First  Course  in  Algetra 


Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 

Chapter 


Chapter  and  Topics 

1 Sets  and  the  Nmnber  Line 

2 Numeral  and  Variables 

3 Sentences  and  Properties 

of  Operations 

4 Open  Sentences  and  English 

Phrases 

5 The  Real  Numbers 

6 Properties  of  Addition 

7 Properties  of  Multiplication 

8 Properties  of  Order 

9 Subtraction  and  Division 

for  Real  Numbers 

10  Factors  and  Exponents 

11  Radicals 

12  Polynomial  and  Rational 

Expressions 

13  Truth  Sets  of  Open  Sentences 

14  Graphs  of  Open  Sentences  in 

Two  Variables 

15  Systems  of  Equations  and 

Inequalities 

16  Quadratic  Polynomials 


Location  in  New  Outline 


Gr. 

■ 1, 

Oh. 

3 

No 

chapter. 

Gr  = 

, 8, 

Ch. 

7, 

13 

Gr, 

' T. 

Ch. 

9 

Gr. 

8. 

Ch. 

4 

Gr. 

7. 

Ch. 

10 

Gr. 

8. 

Ch. 

6 

No 

spe 

cific  chapter, 

Gr. 

7, 

Ch. 

8 

No 

comparable 

chapt^ 

Gr. 

Ch. 

10 

Gr. 

8. 

Ch. 

6 

Gr. 

7, 

Ch. 

10 

Gr. 

8. 

Ch. 

5 

Gr. 

9, 

Oh. 

1 

Gr. 

8. 

Ch. 

6 

No 

polynomials 

Quad.  Gr, 

8^  Ch.  8 

Gr. 

7> 

Ch. 

3 

Gr. 

8. 

Ch. 

7 

Gr. 

7. 

Ch. 

2. 

o 

Gr. 

7, 

Ch. 

9 

Gr. 

8. 

Ch. 

13 

Gr. 

8. 

Ch. 

8 

Gr. 

7, 

Ch. 

2 

Gr. 

8, 

Ch. 

8 
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Chapter  17 


Functions 


ON  APPLICATIONS 


C lyde  L . C o r c o ran 

This  "second  round"  planning  group  vas  given ^ as  one  of  its  tasks ^ 
the  problem  of  imparting  to  the  student  some  understanding  of  the  role  of 
applications  of  mathematics  to  the  real  world.  This  was  supposed  to  be 
done  for  the  students  in  a meaningful  way-  I submit  that  we  have  not 
really  faced  this  problem  sq^uarely  as  yet^  and  there  are  some  good  rea- 
sons why  this  is  so* 

It  is  easy  to  say^  "Let-s  get  the  sequence  of  mathematical 
topics  organized^  and  then  the  writers  can  Illustrate  the  use  of  the 
ideas  where  appropriate."  This^  I claim^  will  result  in  artificial 
situations  of  little  value. 

2.  Real  "practical"  applications  of  mathematics  do  not  tend  to  be 
permanent  entities.  For  example ^ while  applied  problems  in  percent  might 
be  valuable  to  present  suburban  resident^  they  really  could  be  termed 

vital  to  a pioneer  crossing  the  plains  a hundred  years  ago.  The  mathe- 
matics of  the  "honeycomb"  was  interesting  to  a very  few  twenty  or  thirty 
years  ago^  but  now  this  interests  a whole  spectrum  of  individuals  con- 
cerned with  lightweight  metal  constmction  and  fusion  processes. 

3*  Most  meaningful  applications  require  extensive  backgrounds  in 
subject  areas  other  than  mathematics.  Most  students  do  not  have  these 
extensive  backgrounds  and  hence  understand  neither  the  mathematics  in- 
volved nor  the  application.  Usually  the  situation  which  Is  described  in 
a few  sentences  is  so  artificial  or  trivial  that  the  student  Is  not  inter- 
ested and  is  unable  to  see  any  use  of  it  in  the  real  world. 

I submit  that  we  really  do  not  wish  to  teach  "applications"  as  such 
but  that  we  really  should  try  to  e:xpose  the  student  to  the  techniques  of 
applying  mathematics.  speaking  of  the  techniques  and  reasoning  pro- 

cesses whieh  allow  a professional  mathematician  to  analyze  and  solve 
problems  in  many  diverse  fields  of  study  without  really  being  eKpert  in 
those  fields. 

I also  submit  that  we  should  make  clear  to  the  student  that  there 
are  at  least  two  categories  of  important  applications  of  mathematics. 
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One-  is  the  application  of  mathematics  to  itself  (i«e,^  algebra  to  geometry) 
to  de:^rive  additional  rnathematics  ^ and  the  other  is  the  application  of 
mathematics  to  other  fields  of  study,  I feel  that  the  ‘'internal”  appli- 
cation of  mathematics  was  slightly  exposed  in  the  first  round  SMSG  hut 
that  it  is  important  enough  to  he  e^licitly  pointed  out  as  it  occurs  in 
this  second  round  development. 

If  we  accept  the  hypothesis  that  we  should  concentrate  on  teaching 
the  techniq.ues  of  applying  mathematics  to  "practical”  situations  rather 
than  trying  to  teach  specific  techniq^ues  for  handling  certain  practical 
problems^  then  we  should  devise  a program  which  will  at  least  illuminate 
these  procedures, 

A possibility  for  one  such  program  could  be  as  follows:  It  might 

be  possible  to  create  a series  of  units  for  each  grade  level  which  would 
allow  the  teacher  to  select  and  present  an  "application  problem”  in 
depth.  The  major  purpose  of  this  approach  would  be  to  expose  the  tech- 
niques for  applying  mathematics  rather  than  try  to  say  that  we  are  teach- 
ing mathematics  applied  to  biology^  home  economics ^ mechanics^  economics^ 
chemistry^  and  so  on. 

It  is  hoped  that  problems  within  the  ability  of  the  students  could 
be  devised  so  that  the  student  would  experience  many  of  the  same  proce- 
dures that  mathematicians  would  use  in  tackling  a problem.  Also  it  is 
hoped  that  many  different  parts  of  mathematics  would  enter  naturally  into 
the  analysis  and  solution  of  the  problem  (arithmetic^  algebra geometry^ 
probability^  linear  algebra^  etc-).  I would  hope  that  the  student  would 
ei^erience  the  necessity  of  having  to  clarify  the  problem  (deeid 
the  basic  quesbions  are)j  plan  methods  of  attack^  search  out  and  culiweb 
data^  and  organize  that  data  to  reveal  information  about  the  problem^  as 
well  as  develop  models  of  the  problem  as  needed. 

Many  of  the  Hltuations  in  the  Mathematics  Through  Science  series  or 
in  Nfe^thematics  and  Living  Things  might  be  redesigned  to  accomplish  the 
above  objectives.  Some  linear  programing  problems  like  the  standard 
"diet"  problem  also  might  have  soma  possibilities  for  this  kind  of  e^^o- 
sitiorio  The  seventh  grade  problems  could  be  highly  structured^ ^ but 
eighth  and  ninth  grade  problems  could  leave  more  to  the  student origi- 
nality and  creativity  with  some  open-ended  questions  Included  to  forestall 
the  Impression  that  all  problems  can  be  answered# 
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To  summarize > I think  that  we  are  on  firmer  ground  if  we  attempt  to 
teach  "basic  techniques  for  applying  mathematics  rather  than  try  to  teach 
specific  applications  of  mathematics.  Perhaps  we  would  even  satisfy 
some  of  the  critics  who  say  that  these  publications  are  too  concerned 
with  formal  mathematics  rather  than  ?nathematics  of  the  "real"  world. 
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SOME  COMMENTS  ON  THE  HOLE  OF  ''FLOW  CHARTING'' 


IN  JUNIOR  HIGH  SCHOOL  MATHEMATICS 
S , Shorron 

There  is  no  need  to  list  the  ways  in  which  the  computer  has 
iDecome  an  essential  part  of  the  everyday  technological  world- 
Suffice  it  to  say  that  any  student  who  attends  high  school  today 
should  have  the  opportunity  of  exposure  to  a curriculum  that  in- 
eludes  some  recognition  of  the  role  of  computers  in  our  technologi- 
cal society- 

Having  made  this  premise^  one  is  confronted  with  the  problem  of 
the  nature^  degree^  and  location  of  this  topic  in  the  high  school 
curriculum.  To  understand  the  operational  aspects  of  a computer  is 
a varied  and  complex  undertaking  that  is  not  entirely  in  the  pro= 

Vince  of  a mathematics  course.  At  least  an  appreciation  for  the 
mathematical  activities  associated  with  computer  use  should  be  part 
of  uhe  high  school  mathematics  program.  A student  should  be  able  to 
think  in  terms  of  computer  problem  solving  techniques  (even  if  only 
at  basic  or  introductory  levels)  if  he  is  to  prepare  for  almost  any 
vocation  in  a world  where  there  are  seemingly^  unlimited  horizons 
of  activity  for  the  ever  irxcreaslng  use  of  the  computer, 

A method  of  cornmunication  between  an  individual  and  the  computer 
has  been  accomplished  by  the  development  of  procedural  languages  which 
have  as  their  purpose  the  task  of  relating  to  the  computer  some  ■'un- 
ambiguous plan  telling  how  to  carry  cut  a process  in  a finite  number 
of  steps."  The  algorithm  (as  the  plan  is  called)  requires  a highly 
sequential  step  by  step  method  of  computing  a problem  and  an  early 
link  in  this  line  of  communication  is  the  "flow  chart"  (a  first  trans- 
lation from  English  to  diagram) . Because  of  the  careful,  well  dis- 
ciplined procedure  required  in  preparing  a flow  chart,  a student 
would  of  necessity  need  to  have  the  mathematical  algorithm  well  in 
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mind  if  he  is  to  complete  a successful  flow  chart.  A suGcessf*ul  flow 
chart  is  one  which  could  he  converted  to  the  appropriate  machine  lan- 
guage for  a particular  computer  and  which  will  enable  that  computer  to 
complete  the  problern  successfully. 

Almost  immediately  a high  school  mathematics  teacher  sees  here  a 
real  world  related  method  of  reinforcing  computational  skills..  Nor 
only  does  tl  student  become  motivated  by  the  idea  of  computer  work^ 
but  he  must  develop  a working  knowledge  of  the  mathematics  involved., 
Some  points  seem  worth  m fioning  at  this  time: 

(1)  One  should  bear  In  mind  that  the  flow  chart  though  less  for= 
mai  than  the  machine  language^  requires  the  student  to  put  down  a 
series  of  low  order  steps  (with  well  disciplined  care  and  forethought) 
for  a simplerr^* nded  machine^  This  is  the  prime  puu’pose  of  flow  chart- 
ing. It  is  not  intended  to  be  an  end  in  Itself^  end  unless  it  uiti= 
mately  ends  up  in  a computer  after  having  been  translated  to  the 
appropriate  machine  language  with  the  results  for  the  student  to  seej 
the  motivational  factor  for  flow  charting  becomes  shaky. 

(2)  The  knowledge  of  flow  chart  language  notation  required  for 
effective  computer -oriented  work  requires  preparation  and  learning 
time^  The  SMSG  test^  Algorithm  Computation  and  MathematicB , concerns 
most  of  its  size  with  this  objective.  A brief  presentation  directed 
at  a lower  level  fo^  ?th  to  9th  graders  could  be  made^  but  practice 
and  reinforcement  Is  still  required  if  any  usable  degree  of  technique 
is  to  be  achieved . 

(3)  A flow  chart  Is  an  early  step  in  computer  prograimnlng,  and 
the  completed  program  is  useful  to  the  computer  In  that  It  can  be 
stored  and  reused  whenever  needed.  Once  a successful  flow  chart  has 
been  constructed,  it  beconies  available  for  repeated  use  as  written 
communication  structured  in  detail  form  to  serve  an  asBortment  of 
machine  languages.  For  the  student  who  constructs  a flow,  .chart,  the 
experience  of  exploiting  a mathematical  algorithm  may  be  rewarding 


and  of*ten  he  gains  insight.^  dut  the  flow  chart  itself  is  not  usually 
a necessary  part  of  the  student working  e^^uipme:  t in  order  for  him 
to  function  In  matlematicSn  In  other  words^  the  flow  chart  referred 
to  is  often  employed  as  a part  of  the  chain  of  events  leading  to 
effective  use  of  a computer. 

(h)  Many  (not  all)  assumed  to  he  simple  mathematical  algorithms 
when  flow  charted  offer  a method  of  primitive  manipulation  not  suit- 
able  (though  perhaps  interesting)  for  the  si^ills  we  hope  to  have  the 
students  reinforce^  see  the  New  Orleans  report^  page  30^  Long 

Addition  Algor iuhm  (l)  and  (2) , 

It  may  appear  that  the  points  raised  are  sufficient  reason  to 
drop  the  whole  thing « On  the  contrary^  these  points  are  intended  to 
indicate  difficulties  to  be  overcome  and  pitfalls  to  avoid*  The 
original  premise  still  stands^  hut  dt  is  not  intended  that  the  junior 
high  school  niathematlus  program  should  become  a course  in  computer 
px^ogramming  if  for  no  other  x'^eason  than  that  flow  charting  is  essentially 
an  application  or  exploitation  of  mathematics  and  is  not  usually  mathe= 
matics  per  se. 

Often  in  trying  to  construct  a flow  charts  one  finds  a need  for 
more  mathematics  or  a better  understanding  of  the  mathematics  he 
already  has  available*  This  Is  desirable  in  the  interest  of  teaching 
mathematics  and  situations  spread  out  through  the  7th  to  9'th  grade 
will  occxir  where  some  flow  chart  activity  will  be  effective*  For 
example^  the  development  of  the  flow  chart  for  the  Euclidean  algorithm 
(gaCado)  as  shown  SMSG  test^  Algorlthnis  Computation  and  Mathematics ^ 
chapter  3^  section  2,  pages  113-121  offers  an  excellent  opportunity  for 
a student  to  gain  depth  in  understanding  this  topic  which  is  part  of 
the  proposed  8th  grade  chapter  on  number  theory. 

In  7th  grade ^ the  introduction  of  flow  charting  could  begin  with  / 
computers  (a  discussion  on  what  they  are  and  how  they  are  utilized),/ 
and  the  flow  chart  symbols  and  variables  applied  to  simple  problems/ 
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such  86" 


(See  SMSG  text  Algorithms  Computation  and  Mathematics  ^ chapter  2) 

If  du2-ing  the  course  of  the  year  the  student  is  introduced  to  a 
selected  number  of  flow  chart  experiences  (little  more  than  one  per 
chapter  starting  with  flow  charting  as  one  example  of  modeling) ^ he 
should  be  ready  to  reap  more  of  the  benefits  in  8th  grade  offered  by 
flow  charting  problems  like  the  Euclidean  algorithm^  making  decisions 
(is  A > if  so^  what  then^  or  if  not^  what  then?)^  and  looping 

(to  do  iterative  processes).  Again  in  8th  grade  the  activity  should 
be  a limited  number  ox  selected  problems  giving  preference  to  those 
appropriate  for  understanding  the  mathematics  in  the  8th  grade  pro- 
gram over  the  techniques  required  for  programming . 

It  would  appear  that  flow  charting  the  long  addition^  subtraction^ 
mult iplica t ion  and  division  algorithms  are  too  involved  in  computer 
orientation  to  give  the  best  returns  for  mathematical  benefit  to  the 
students  Another  caution  to  be  exercised  in  the  selection  of  flow 
chart  activities  can  be  illustrated  by  the  following  example.  Grade 
7 5 chapter  10^  (proposed)  introduces  a method  of  approximating 
to  a specified  number  of  digits  by  an  iteration  method.  The  flow 
chart  foi"  this  process  shown  in  chapter  5^  section  1^  pages  223-225 
of  the  earlier  referenced  text^  is  an  excellent  opportunity  fox'  the 
student  to  gain  a thorough  understanding  of  the  Newton  method^ 
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but  the  mathematics  used  in  getting  assignment  box  3 is  more  advanced 
than  his  grade  levels  If  a i .ow  chart  activity  is  to  be  used  at  this 
time,  consideration  would  have  to  be  given  to  the  student frame  of 
reference . 

Early  in  the  7th  grade  the  teacher  should  introduce  the  uses  to 
which  computers  have  been  put  in  industry,  a brief  history  of  how 
computers  have  developed,  and  a look  Into  the  future.  This  is  the 
preface  suggested  to  the  introduction  of  flow  charting.  The  SMSG 
text.  Algorithms  ^ Computation  and  Mathematics  hereafter  referred  to 
simply  as  the  ACM  text  offers  considerable  data  along  these  lines  In 
Chapter  I,  Section  1-1,  l-Sj  which  could  be  reworded  and  made  more 
suitable  for  Tth  grade  i. 

An  interesting  activity  based  on  an  idea  by  Engelbart  provides 
a game  atmosphere  along  with  educational  results  that  tends  to  dis- 
sipate  the  mystery  associated  with  computers . 
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Four  children  are  arranged  in  a line  in  front  of  the  class  from 
left  to  right « 


4 

Audience 


Teacher  (the  primary 
signal  source) 


They  are  told  that  their  right  hand  must  be  clearly  up  or  down  in 
doing  what  follows*  The  child  ^ on  the  extreme  left  is  told  t-hat 

his  signal  comes  only  from  the  child ^ 0,  on  D‘s  Immediate  left. 

The  signal  is  C dropping  his  hand  from  up  to  down.  At  such  a signal 
from  D changes  the  position  of  his  right  hand.  Child  C gets 

his  signal  only  from  child  B on  Ch  s immediate  left  and  the  signal 
is  the  same;  that  is^  C accepts  a signal  only  from  B which  takes 
place  when  B drops  his  hand  from  up  to  down.  Upon  receiving  such  a 
signal  from  B;,  C changes  the  position  of  his  hand.  Similarly  B 
gets  his  signal  when  A drops  his  right  hand  from  up  to  down.  Notice 
that  raising  a hand  from  down  to  up  Is  no  signal  Child  A is  the 
only  one  who  gets  a signal  from  the  teacher^  by  meane  of  a hand  clap 
or  a finger  snap. 

Practice  may  be  necessary  before  the  teacher  begins  to  signals 
The  teacher  begins  the  first  signal  after  having  each  hand  in  the 
down  position^  Notice  that  after  l6  pulses  (teacher  signals)  all 
the  hands  are  in  the  down  position  again. 

When  the  four  element  system  seems  to  be  functioning  smoothly, 
the  children  are  given  cards  lahelled  1,  2,  4 and  8 distributed 
to  A,  B,  C,  and  D respectively « The  pulses  begin  again  and  is 
interrupted  occasionally  to  ask  how  many  signals  have  been  given. 

Each  time,  the  class  will  notice  that  the  number  of  signals  given  is 
equal  to  the  sum  of  the  numbers  held  up.  If  one  is  interested  in 
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pursuing  the  binary  system^  the  class  may  be  given  the  opportunity  to 
figure  out  how  specific  numbers  (which  cards  to  be  held  up)  should  look. 
Aiso^  the  limit  of  the  counter  can  be  increased  to  31  by  add’ ag  an= 
other  element  (child). 

One  interesting  activity  that  may  be  performed  is  to  have  the 
teacher  signal  enough  pulses  to  enter  a number^  say^  ^ on  the  com- 
puter Having  done  that^  he  can  add  another  n nberj  say^  6 to  the 
system.  The  result  will  be  cards  held  up  in  which  the  numbers  will 
totrul  11^  The  last  activity  can  be  varied]  but  taking  into  considera- 
tion the  limitatioris  of  the  rnachine^  the  class  can  see  from  this  demon= 
stratlon  that  the  teacher^ by  his  selection  of  pulses,  actually  pro= 
grams  the  numbers  to  be  added . 

The  idea  of  a flow  chart  to  give  expression  to  an  algorithm  is 
inherent  in  this  demonstration  but  it  needs  further  discussion  and 
direction  when  the  teacher  transfers  this  experience  to  real  compu- 
ters^ A follow-up  activity  could  be  something  on  the  order  of  the 
exercise  shown  below ^ 

Complete  the  exercises  using  the  sample  as  a guide . 


Sample : 
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Exercises ; 
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(d) 


The  previous  exercises  were  inrende[3  "to  show  "that  ■there  is  ai  least 
cne  order  ^hat  could  be  associated  with  the  regions  of  each  problem. 
The  following  exercise  gives  the  student  an  opportunity  to  arrange  a 
sequence  for  a list  of  actions  based  on  a given  situation. 

Exercise : Often  we  go  into  a supermarket  without  any  idea  of  how  we 

are  going  to  accumulate  the  items  we  wish  to  purchase  and 
the  result  is  that  we  end  up  walking  back  and  forth^  eome= 
times  unnecessarily  so.  Arrange  a tour  through  the  store 
below j using  arrows  so  that  the  shortest  trip  is  made  in 
order  to  pick  up  the  items  on  the  list. 
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frozen  meat^  fish 
and  poultry 


dciiry  products 


r paper  • 
goods 


1 

-U 


soft 

drinks 


canned  ! 
meat 
i and 
fish 

I J 

j canned 

I fruits 


canned 
fruit 
f Juices 


a a line  a 

vege-- 

tables 


i d-og 
! and 
i c at 

i 

:f  oods 


frozen 
! vege- 
j tables 
and  Ty 
dinners 


bx  cad 
and 
baked 
goods 


: house- 
hold , 
' and 
I sundry  ' 
l^i  terns  i 

frozen  j 
dessertsi 
I and  icej 
I cream  ; 

r 

( ^ 
candy  ' 


I fresh 
vege- 
tables 


: fresh 
j fx'uits 


X 


List 

1 doz  ^ eggs 

2 cans  of  peas 
4 T.V.  dinners 

2 Lbs.  fresh  tomatoes 
1 box  face  tissues 
1 can  opener 
1 -^oaf  of  bread 
1 oarton  diet-^cola 

g*  doz , muffins 


An  expression  of  how  to  do  soriiething  is  essentially  what  is  meant 
by  a flow  chart | however^  it  is  expedient  for  pedagogic  reascas  as  well 
as  our  desire  to  have  this  work  computer  oriented^  to  adopt  a suitable 
flow  chart  notation*  The  Introduction  of  this  notation  could  take  the 
following  form I 

The  action  box  is  for  action  to  be  taken « We  will  use  a rec- 
tangle which  contains  a statement  describing  the  action  to  be  taken^ 
e * g * ^ 
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sei-  the  clock 


divide  ten  by  two 


This  could  be  followed  by  an  exercise  consisting  of  statements  which 
imply  action  and  some  which  do  not « It  would  be  the  task  of  the 
stuacnt  to  select  those  statements  which  would  be  appropriate  for 
use  In  an  action  box  (assignment  box  is  the  term  we  wish  to  use 
eventually  but  it.  would  be  too  confusing  to  use  at  this  bime)^. 


bhat  time  is  it? 

( no) 

Close  the  door 

(yes) 

A brown  house . 

( no) 

Add  seven  to  three.. 

(yes) 

Inasmuch  as  flow  charting  concerns  itself  with  classes  of  prob- 
lems and  not  a specific  problem^  it  is  questionable  as  to  whether  or 
not  the  following  early  examples  should  include  constants^  since  they 
really  never  appear  on  a flow  chart.  However^  the  reason  for  em- 
ploying  a flow  chart  sequence  of  a problem  using  constants  at  this 
stage  is  to  try  to  relate  specific  problems  with  which  the  child  is 
already  familiar  to  the  idea  of  a class  of  problems « 

The  input  box  is  reserved  for  information  that  must  be  given  in 
order  to  solve  a problem^  e,goj 

A car  travels  at  an  average  rate  of  65  mph  for  a period  of 

3 hours . 


car  rate i 65  mph 
time : 3 hrs 
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The  left  corner  Is  cut  to  resemble  the  popular  version  of  a 
punched  card.  (Ref.:  Algorithms ^ Computation  and  Mathematics , 

SMSG^  page  39) 

The  output  box  is  represented  by  the  form 


which  suggests  a piece  of  paper  torn  from  a typewriter  or  line 

printer. 

Suppose  in  the  example  Just  given  you  are  to  find  the  distance 
traveled  for  the  given  time;  then  the  output  box  would  have  in  it 


which  is  the  Information  resulting  from  the  solution. 

If  we  want  to  construct  a flow  chart  for  the  same  problem  then 
we  can  use  the  boxes  and  arrows  together  to  get 


The  circular  start  and  stop  boxes  suggest  the  round  buttons  commonly 
used  to  start  and  stop  pieces  of  machinery. 

(a)  Which  is  the  output  box? 

(b)  Which  is  the  input  box? 


O 
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(c)  Which  is  the  action  box? 

(d)  Construct  a flow  chart  for  finding  the  distance  a car 

travels  if  it's  average  rate  of  speed  is  inph 

the  tirtie  in  travel  is  6 hours . 

(e)  How  does  this  flow  chart  differ  from  the  first  one? 

(f)  Using  R to  represent  the  rate  of  speed,  T to  repre- 
sent the  time  in  travel,  and  D to  represent  the  distance 
try  to  design  a flow  chart  that  could  be  used  to  express 
an  entire  class  of  problems  of  the  same  klnda 


(it  is  not  likely  that  the  student  will  produce  the  chart  illustrated 
here,  since  there  are  many  ways  of  denoting  what  is  to  take  place. 
After  proper  recognition  of  any  creative  result  on  the  part  of  the 
student,  it  Is  suggested  that  a discussion  lead  by  the  teacher  and 
Inspired  by  the  variety  of  attempts,  be  used  to  introduce  the  form 
above.  The  purpose  is  simply  to  provide  consistency  in  form  and 
notation,  and  to  be  expedient  In  our  objective  of  learning  how  to 
use  flow  charts  as  an  expression  of  an  algorithm.) 

The  input  box  Is  repreBentatlve  of  a set  of  punch  cards  each  of 
which  has  some  Input  data  which  will  involve  the  conetants  necessary 
to  perform  a specific  problem,  but  the  flow  chart  being  an  expression 
of  an  algorithm  is  not  Intended  to  be  concerned  with  specific  problems 
and  so  variables  rather  than  constants  are  used.  Samples  of  variables 
as  used  In  qomputer  language  are; 


O 

ERIC 


Xj  T,  Rj  Y or  such  descriptive  combinations  of 
letters  as;  DIST^  AREA_,  LMGTH,  FLRR.  (For  a more  detailed 
explanation  of  variables  as  used  In  computer  language^  see 
ACM  Sec.  2-4.) 


Notice  that  the  variables  are  limited  to  upper  case  Roman  letters 
v/hlch  are  the  usual  symbols  available  to  compu'cers . Also,  there 
are  not  enough  letters  available  for  use  as  variables  so  combinations 
of  letters  are  employecl . Sometimes  a descriptive  combination  of  let- 
ters helps  to  remind  us  of  hou  the  variable  is  being  used.  We  regard 
an  unbroken  string  of  letters  (no  intervening  punctuation,  operation 
symbols  or  parentheses)  as  one  variable  or  one  symbol.  That  is  to 
say,  an  expression  like  XN  is  not  considered  to  contain  either  of 
the  variables  X or  N but  rather  to  be  a symbol  in  its  own  right. 


When  used  for  flow  charting,  no  variable  should  be  considered  to 
appear  as  part  of  another  variable.  Samples  of  acceptable  and  un- 
acceptable symbols  for  variables  could  take  the  form  of  an  exercise. 


e,g 

(1) 

p 

(yes) 

5) 

A 

B 

(no) 

(2) 

P X Q 

(no) 

(6) 

A + B 

(no) 

(3) 

125 

(no) 

(7) 

AB 

(yes) 

(4) 

VARIABLE 

(yes) 

(8) 

6 

(no) 

"In  any  c 

omputing  problem, 

there 

corres 

ponds  to 

used  in  that  problem  a location  in  the  computer's  storage.  By  assign- 
ing a number  to  a variable  we  mean  simply  reading  the  number  (des- 
tructively) into  the  storage  location  corresponding  to  tlmit  variable. 
When  evaluating  arithmetic  expressions  a variable  is  to  be  treated  as 


a name  for  the  number  to  be  found  in  the  corresponding  storage  location. 
The  number  in  the  corresponding  storage  location  is  referred  to  as  the 
value  (or  current  value)  of  the  variable.  During  the  course  of  a com- 
putation many  different  values  (perhaps  even  millions)  nay  be  assigned 
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to  a given  variable.  Thus  it  will  not  be  meaningful  to  speak  of  the 
value  of  a variable  without  specifying  the  time  or^  more  precisely, 
the  stage  of  the  computing  process . But  once  the  stage  of  the  process 
is  specified,  the  value  of  the  variable  is  uniquely  determined. 

A storage  location  may  be  hard  to  visualize.  If  so,  here  is  an 
analogy  which  cannot  lead  to  error.  Consider  that  to  each  variable 
there  corresponds  a wooden  box.  To  make  the  correspondence  clear  we 
engrave  on  the  boxes  the  corresponding  variables.  (But  remember  that 
the  variable  is  a name  not  for  the  box  but  for  the  number  inside.) 


Three  boxes  with  Identlf Icatlon 

Now  If  we  want  to  assign  2. 5 to  the  variable  X,  we  open  the  box 
labeled  X,  dump  out  the  contents  and  put  in  2.5-" 

Assignment  may  be  done  in  an  input  step  as  in  the  previous  flow 
chart  example.  When  we  come  to  the  input  box 


we  empty  out  the  boxes  labeled  R and  T and  fill  thetii  respectively 
with  the  values  punched  on  an  input  card . 

Another  important  way  of  making  an  asBlgnment  Is  by  means  of  the 
action  box  which  hereafter  will  be  referred  to  as  an  assignment  box. 
In  our  previous  flow  chart  example  the  assignment  box  looked  like  the 
following i 


j 
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The  product  of  B and  T Is  assigned  (indicated  by  a left- 
pointing  arrow)  to  variable  D.  At  this  time  we  empty  out  the  box 
labeled  D and  fill  it  with  the  product  resulting  from  R x T* 

Some  examples  of  Inadmissible  and  admissible  assignment  boxes 
will  help  the  student  to  understand  their  limitations. 


Admissible  or  not  Reason  if  not  admissible 


(s) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 

(i) 


(no) 

(yes) 

(no) 

(yes) 

(yea) 

(yes) 

(no) 

(no) 

(yes) 


Assignments  are  made  only 
to  variables^  not  to 
constants . 


R X D is  not  a variable » 


Assignments  are  never 
made  to  constants . 

2 X (L  + w)  is  not  a 
variable . 


Referring  once  more  to  the  previous  flow  chart  example^ 


-408- 


413 


We  have  Learned  about  three  basic  kinds  of  steps  that  occur  in  the 
sequence  of  a flou  chart  called  "Input",  "assignment",  and  "output". 

Step  2 is  the  box  (assignment) 

Step  3 is  the  box  (output) 

Step  1 is  the  box  (input) 

Note:  The  problems  shown  below  are  based  on  some  that  appear  in 

the  SMSG  Mathematics  For  The  Elementary  School  Grade  6,  Part  II , This 
is  a very  elementary  stage  in  flow  charting  and  does  little  more  than 
offer  the  student  a plan  by  which  he  can  visualize  the  procedural 
sequence  for  a given  problem  from  start  to  finish.  It  does,  however, 
provide  exercise  In  the  use  of  variables  as  developed  in  the  earlier 
flow  chart  discussion.  Perhaps  this  stage  of  the  development  would 
be  most  suitable  with  the  proposed  Grade  7,  Chapter  5 on  Measure. 


Exercises . 

In  each  of  the  following  exercises  your  job  is  to  convert  the 
Instructor's  problems  into  a flow  chart  similar  to  that  of  Figure  1. 

1.  Mike  went  bicycle  riding  every  day  after  school  for  a week  and, 
he  kept  a record  of  the  distances  he  traveled.  The  distances 
were  A,  B,  C,  D,  and  E miles.  What  was  the  average  dis- 
tance traveled  per  day? 

2.  Terri  divided  Q quarts  of  ginger  ale  among  F friends  at  her 
birthday  party.  How  many  ouncss  did  each  guest  get?  (There  are 
32  ounces  In  a quart.) 

3.  How  many  shoe  boxes  can  be  packed  In  a carton  whoBe  base  is  2 
sq , ft.  if  the  carton  is  b ft.  high?  Each  shoe  box  is  g-  ft. 

by  I ft.  by  j ft. 
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Answers  to  Exercises ■ 


1. 


If  a flow  chart  is  truly  an  expression  for  a class  of  problems 
then  the  same  flow  chart  should  be  an  effective  representation  for 
the  solution  of  rtiany  specific  problems  of  the  same  type  j Consider 
the  car  problem  again,  only  this  time  there  ere  many  situations  which 
require  a solution  and  the  data  for  each  of  these  is  given  in  the  table 
shown . 


CAR  PROBT.EM  DAIA.  TABLE 
R(mph) T(hrs) 


4?  ,0 

6,3 

54,6 

2.7 

11,7 

0,1 

36^8 

0,5 

64,-4 

3,2 

58.3 

2.9 
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If  we  have  a stack  of  input  punch  cards  each  containing  a differ- 
ent single  line  of  data  for  R and  the  corresponding  T from  the 
table,  then  this  stack  could  represent  the  entire  table.  The  only 
change  needed  to  be  made  to  the  flow  chart  In  Figure  1 is  that  it  be 
repeated  and  simple  repetition  is  easy  to  express  in  flow  chart 
language,  by  forming  a loop  as  shown  in  Figure  2. 


low  the  flow  chart  tells  us  that  after  starting: 

Step  1.  Assign  the  data  from  the  first  punch  card  to  the 
variables  R and  T in  the  input  box.  One  may 
think  of  a messenger  who  takes  the  number  47.0 
from  the  first  punch  card  to  the  wooden  box  labeled 
R,  dumps  out  what  may  be  in  it,  and  puts  the 
47 «0  into  It  Instead.  He  also  puts  6,3  in  the 
wooden  box  labeled  T in  the  same  manner,  (This 
is  what  is  meant  by  destructive  read-ln. ) 

Step  2.  The  product  of  R and  T is  assigned  to  D, 

This  time  our  messenger  empties  the  wooden  box 
labeled  D and  replaces  the  contents  with  the 
number  resulting  from  the  product  of  R and  T, 

Step  3-  This  step  merely  calls  for  printing  the  current 

value  of  D (just  computed  in  Step  2)  along  with 
the  first  punch  card  constants  for  R and  T, 

Instead  of  stopping  the  process  after  Step  3,  the  flow  chart 
tells  us  (by  the  arrow  leaving  the  output  box)  to  go  back  to  the 
input  box,  remove  the  first  punch  card  from  the  stack,  allowing  the 
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next  c' rd  (if  there  is  any,)  to  become  first,  and  repeat  t.  e process, 
it  is  understood  that  if  a flo'w  chart  arrow  carries  us  into  an  input 
box  and  there  aren*t  any  punch  cards  left  in  tne  stack,  then  the  com- 
putation is  to  stop.  Otherwise,  Figure  2 would  suggest  an  endless 
loop  with  no  way  of  stopping. 

Since  by  this  repetitive  process  there  Is  likely  to  be  many 
printings  (each  to  indicate  a value  of  D) , putting  the  variables 
R and  T along  with  D in  the  output  box  of  the  flow  chart  arrange 
for  the  printing  of  the  contributing  data  with  each  value  of  D. 

This  enables  a person  to  know  Just  which  specific  problem  the  value 
of  D is  a solution  to.  A sampi.e  of  the  print -out  for  the  first 
three  punch  cards  is  shown  below. 


When  a person  attempts  to  solve  a problem  one  technlgue  in 
organizing  his  thoughts  is  to  make  a list  of  the  things  to  be  done 
which  Includes  the  order  to  be  followed.  There  are  times,  however, 
when  one  approaches  a fork  in  the  road  and  what  follows  Is  a direct 
consequence  of  the  decision  made  at  the  fork.  For  example. 
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Which  way  to  go  after  Step  2 depends  on  the  answer  to  the  question  In 
Step  2,  If  the  answer  is  yes  the  next  step  is  k. 

This  new  addition  to  our  flow  chart  language  is  called  a decision 
box  or  a condition  box  and  will  appear  oval  in  shape. 


With  this  new  flow  chart  tool  we  hasten  to  Improve  our  car  prob- 
lem -flow  chart  to  that  of  Figure  3- 


Figure  3 

At  this  stage  of  our  flow  chart  development  we  have  accumulated  some 
basic  essentials  adequate  for  expressing  many  mathematical  algorithms. 


ax  + b = 0 


Suggested  for  the 
prop-sed  Grade  7; 
Chapter  8,  either  as 
an  exercise  for  the 


The  prime  factorization  of  whole  number  A,  A ^ 0 


The  flow  chart  that  follows  is  a suggestion  that  takes  liberties 
with  the  more  formal  notation  actually  used  in  computer  work.  It  is 
done  in  the  interest  of  providing  a clear  picture  of  the  mathematical 
algorithm  involved  with  loss  of  the  intricacies  of  a more  complex 
flov7  chart.  For  example,  it  is  assumed  in  the  chart  below  that  a 
list  of  primes  is  available.  This  is  certainly  a possibility  and 
there  are  flow  chart  procedures  for  calling  on  these  rather  than 
saying  "assign  the  next  prime  to  P"  in  Step  4. 

A Likely  place  for  this  activity  appears  to  be  the  proposed 
Chapter  5^  Grade  8,  on  number  theory. 
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Note:  For  box  3,  the  teacher  may  prefer  to  check  for  P as  a divisor 

of  A by  using  the  greatest  integer  function 


For  box  7j  the  teacher  may  prefer  to  use 
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PROBABILITY  MD  STATISTICS 


Richard  Dear  and  Martha  Zellnka 


•Put  succinctly the  goal  for  the  prohability  and  statistics  material 
in  grades  seven  through  nine  is  the  capability  of  understanding^  for  ex- 
ample^ the  report  of  the  Surgeon-Genei"!  on  smoking  and  cancer.  The  gen- 
eral attack  is  to  present  in  grades  seven  and  eight  the  material  on  prob- 
ability written  by  SMSG^  INTRODUCTION  TO  PROBABILITY_,  which  Is  now  being 
revised.  The  material  for  grade  nine  on  statistics  does  not  appear  to 
have  been  written,  and  we  give  here  only  the  briefest  of  outlines  for  it. 
Undoubtedly  we  are  trying  something  new  herej,  but  we  have  in  our  new 
syllabus  for  seven  through  nine  more  power  and  a considerably  more  so- 
phisticated student.  Remember  too  that  the  slower  student  is  expected 
to  take  longer  to  do  all  tl'.is  material.  The  grade  placement  of  all  the 
material  should  be  Judged  only  for  the  college -capable  student.  No  one 
has  yet  challenged  the  utility  of  statistics  nor  the  social  responsibility 
of  mathematics  to  present  it.  What  remains  is  the  real  challenge  of  writ- 
ing it  so  that  it  becomes  feasible  for  students  at  this  level. 

A number  of  "tie-ins"  exist  to  connect  probability  and  statistics 
wluh  the  envisaged  seven-nine  syllabus.  In  grade  seven  computation  of 
probabilities  gives  rise  to  computation  with  positive  ratlonals  and  in- 
equalities between  positive  ratlonals.  Computation  of  the  probabilities 
of  the  form  P(A  u B)  and  P(AnB)  even  use  a little  set  theory!  The 
use  of  tree  diagrams  is  a crude  flow  chart j perhaps  a real  flow  chart 
could  be  drawn  to  solve  a whole  class  of  probability  problems.  Of  course 
the  entire  subjeot  is  an  open  invitation  to  modeling^  but  basically  the 
most  often  used  tool  is  combinatorial  counting.  Please  note  that  this 
Is  done  in  seven-nine  without  a tedious  development  of  the  calculus  of 
permutations  and  combinations.  Such  a development  Is  particularly  true 
of  the  use  of  Pascal's  triangle^  which  is  done  WST#  as  the  attached 
sample  shows , 


WST  = "With  Simple  Tenderness",  an  instruction  to  the  pianist  from 
Mciiowel,  "To  a Waterfowl", 


o 

ERIC 
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In  grade  eight,  variance  and  standai d deviation  call  for  squares  and 
square  roots;  a relocation  of  the  origin  to  coincide  with  the  mean  uses 
translation  of  cooidinates,  change  of  scale^  negative  numbers^  and  abso- 
lute value.  Also  probability  provides  an  opportunity  to  have  another  set 
function  and  to  point  out  still  one  more  "ineasure." 

Nondiscrete  probabilities  can  be  finessed  on  a problem  such  as 
‘■What  is  the  probability  that  when  a stick  Is  broken  at  two  places^  the 
three  resulting  parts  form  a triangle."  This  problem  uses  two-dimensional 
inequalities  and  further  accentuates  probability  as  area. 

The  notion  of  expected  value  arises  with  the  measurement  of  any 
physical  quantity  and  the  inherent  expe:  tr^-ntal  errors. 

General  remarks:  INTB.ODUOTION  TO  PROBABILITY  was  written  without 

presuriilng  the  notion  of  "function."  In  rewriting , it  will  probably  be 
expeditious  co  use  this  concept  to  obtain  a simplified  exposition.  The 
same  is  true  of  absolute  value ^ Introduced  In  Chapter  10. 

Special  topics  in  Volume  ?- -Bernoulli  trials^  Bertrand’s  ballot 
problem,  and  Markov  chains--ean  be  reserved  for  grades  ten  through 
twelve.  A similar  remark  holds  for  permutations , combinations^  nl, 
and  Sterling’s  formula. 


Topics  in  Probability 
Grades  7;  8;  and  9 


Introduction  to  Probability 

Parts  I and  II,  Student  Text,  SMSG,  I966 

This  text  Is  programed,  and  therefore  the  numbt-r  of  pages  used  for 
any  topic  might  be  misleading.  It  is  important  also  to  check  with  re- 
vised  version  (currently  being  done). 


Grade  T * 

Chapters  1-6,  approximately  three  weeks 

Chap « 1 

Fair  and  Unfair  Games 

Chap.  2 

Finding  Probabilities 

Chap.  3 

Counting  Outcomes i Tree  diagrams 
Paaca.l'  a triangle  without  binomial  theorem 

Chap.  4 

Estimating  Probabilities  by  Observation; 
organization  of  data  leading  to  notion  of  average  and 

Chap.  5 

expectation 

P(A  U B)  ^ 

fWST) 

Chap.  6 

p(A  n B)  ) 

Grade  8; 

Part  I,  Chapter  7^  approxim_ately  three  weeks 
Part  II,  Chapters  8 and  10 

Chap.  7 

Dependent  and  Independent  Events 
(Review  P(A  U B)  , P(A  n B). ) 

Chap.  8 

Conditional  Probability 

Bayes'  Theorem 
Chap.  10  Expectation 


Variation,  Standard  Deviation 

Normal  Distribution  ) . . 

(WSTI .'  ) 

PhyBical  Observations  ) 

Grade  9; 

Chap.  1 

Organization  of  data --grouping,  histograms 
Continuous  model  of  discrete  situation 

Computation — algorithms'  for  mean,  variation,  for  grouped  data 
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Grade  9*  (continued.) 

Chap.  2 Estimation  of  mean  and  variance 

Confidence  intervals  for  mean 
Chebyshev's  Inequality  (WST) 

Chap.  3 Hypothesis  Testing  (Null  hypothesis*  Quality  Control  Errors 
of  first  and  second  kind) 

Chap.  Binomial  Theorem 

Normal  Distribution 
Central  Limit  Theorem  (WST) 
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Pascal's  Triangle 


Introduce  it  as  in  Part  I of  Prolatility , Chapter  3^  page  23-  Ito 
a little  more  than  in  Part  Chapter  3« 

List  outcomes  of  tossing  1,  2,  3j  and  1 coins.  Make  tree  diagram, 
and  list  result  xn  form  of  table.  Continue  as  in  Part  2,  Chapter  9-3^ 
page  207. 

First  Second 

Coin  Coin 


H H 
H T 
T H 
T T 

As  the  number  of  outcomes  increaEas,  keeping  track  of  the  possible 
outcomes  is  more  difficult.  One  useful  way  of  listing  them  is  by  means 
of  a "tree"  diagram,  as  pictured  below: 


First  Coin  Second  Coin 

H 
T 
H 
T 


Possible  outcomes  are 
HH,  HT,  TH,  TT.  There 
are  four. 


If  a third  coin  is  added,  the  number  of  poBsibllltleB  is  doubled 
again,  as  is  seen  in  this  diagram: 


First  Coin  Second  Coin  Third  Coin 


Possible  outcomes  are 
HIE,  HHT,  mH,  HTT,  THH, 
THT,  TTI,  TTT.  There 
are  eight. 


First  Three  Coins 


Fourth  Coin 


Possible  outcomes  are 
HHH,  HHHT,  HHTH,  HHTT^ 
etc.  There  are  sixteen 
outcomes . 


Now  list  the  results  in  form  of  a table.  How  many  times  do 
3,  2f  Ij  0 heads  appear? 


L 

coin 

1 head 

0 heads 

1 time 

1 time 

2 heads 

1 head 

0 heads 

2 

coins 

1 time 

2 times 

1 time 

3 heads 

2 heads 

1 head 

0 heads 

3 

coins 

1 time 

3 times 

3 times 

1 time 

4 

4 heads 

3 heads 

2 heads 

1 head 

0 

heads 

coins 

1 time 

4 times 

6 times 

4 times 

1 

time 

Next  write 

1 1 

12  1 
13  3 1 

1 6 4 1 

and  Pascal  is  born. 
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At  this  point,  frequency  distributions  can  be  Introduced  aiming  at 
recording  properly  data  obtained  in  experiments. 

Look  at  Part  II,  Chapter  10-2,  leading  up  to  Expectation. 


VECTORS  ON  A LINE 


Hassier  i^/hitney 


Background ; 

Positive  rationals;  Integers  under  addition;  SMSG  Grade  6, 
Purpose ; 

(a)  To  show  the  theory  of  directed  measurement,  i«e.,  one 
dimensional  vector  space. 

(h)  The  rational  numhers  operate;  the  operation  on  the 

rationals  comes  out  as  a corollary,  in  a natural  manner 

Remarks ; 

This  is  an  outline,  showing  a general  method;  hence  some  of 
it  is  rather  sketchy,  hut  should  he  easily  filled  in.  Here  are 
three  principle  examples : 

Example  1.  An  actual  line,  or  line  with  origin;  elements 
pictured  as  vectors  (arrows).  We  tip  the  line,  to  hinder  any  con 
cept  of  "the  natural  direction" . 

Example  2.  Directed  interval  of  time. 

Example  The  rationals , or  reals . 

The  exposition  is  thought  of  as  carried  out  for  all  these 
examples,  an  each  point.  Of  course  other  examples  may  he  brought 
In,  We  hope  to  end  with  some  remarks  on  areas,  for  further  under 
standing  of  both  the  general  principles  and  applications. 
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I,  Vectors. 


We  think  of  a line^  and  vectors , 
picttired  hy  arrows ^ which  may  slide 
along  the  line.  As  a picture^  each 
arrow  has  a start  and  an  end. 

Two  vectors  are  added  as  follows: 

Usual  way. 

Associative  law  trivial.  Commuta- 
tive law:  Interchange  the  two  arrows. 

If  one  of  them  has  the  opposite  direction^ 
swing  around  a parallelogram  for  the 
picture . 

By  turning  an  arrow  around ^ we  form  the  opposite , Clearly 

opp  opp  V = v; 

V + opp  V = oppv  + V = 0. 

(We  note  that  we  now  have  a group.) 

Ex . For  real  numbers^  opp  3 = 3j  opp  3=3* 

Ex.  Time:  If  u is  the  time  interval  t^  = t^  (say  10  min.) 

and  V is  the  time  Interval  - tg  (say  -13  mln.)^  then  u + v is 
the  time  interval  t^  ~ t^  (say  -3  min.). 

Exercise . If  Ann  was  3 when  Beth  was  'born,  and  Beth  was  2 
when  Carol  was  born,  how  old  was  Ann  when  Carol  was  born?  (Ans: 

5 or  6.) 

2 , Ratlonals  as  operators . 

First  define 

Ov  - 0,  Iv  = V,  Ev  = V + V,  etc. 

Just  as  the  positive  number  line  was  extended,  we  now  extend  the  abbve. 
This  obviously  gives: 
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-Iv  = opp 


-2v  ■ opp  V + opp  Vj  etc. 


Note  that 


Oppv  + opp  V 5=  opp(v  + v) . 


More  generally. 


opp  U + opp  V = Opp(u  + v); 


How  did  one  picture  l/3  on  the  numher  line?  Go  one  third 


Thus  if  this  is  v', 

v’  + v’  + v'  = V,  v'  = (l/3)'V. 
We  now  picture  (£/3)v:  this  is  2((l/3)v): 


We  now  find  (m/n)v.  Just  as  for  positive  rationals, 

ry  + sv  - (r  + b)v,  positive  rationale  r,  s. 

Again  (picturing  v as  going  from  0 to  l) , the  fact  that 
r = opp  r makes  clear  that 

rv  + sv  = (r  + s)v,  all  ratlonals  r,  s. 

Prom  the  picture,  it  is  clear  that 


the  way  from  0 to  1.  Do  this  with  0 and  v,  giving  (l/3)v. 


(2/3)v  a opp(  (2/3)v)  - (2/3)(opp  v), 

which  is  the  above  with  2/3  replaced  by 
"(2/3).  Thus  we  have: 


It  is  equally  clear  that 


-(2/3)v  ^ opp((2/3)v)  = (2/3) (opp  v). 


) 
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eric 


431 


(opp  r)v  = opp(rv)  = r(opp  v), 


any  rational  r. 


Apply  tills  to  opp  v: 

(opp  r)(opp  v)  = rv. 


Now  (perhaps  not  before)  apply  this  to  the  rationals: 


(opp  r)s  = opp(rs) 
(opp  r)(opp  s) 


r(opp  s) 


all  rationals  r^  s. 


Giv-=-  various  numerical  examples  I Go  through  some  proofs  again,  with 
numMere  on  number  line  in  place  of  vectors  in  general. 

It  is  also  clear  on  a picture  that 

r(u+v)  =ru+rv. 

Next  we  note  an  obvious  fact  from  picture:  If  nu  = nv,  then 

u = V.  Converse  clear.  Hence  also,  obtain: 

If  ru  = rv,  r rational,  r ^ 0,  then  u = v. 

We  still  need  the  associative  law.  Take  any  v,  and  rational 
s , We  bave : 

3C(i  b)v]  = (|  s)v  + (|  s)v  + (i  s)v 
= (js+-s-f-  - sjv  = sv, 

3Cj(sv)]  = j(sv)  + = sv  = (i  +.i  + i)(sv) 

= BV, 


hence 


more  generally. 


ii  s)v 


= ^(sv) 


(i  s)v 


— ( sv) . 
n 


=427“ 


AlsOj  we  have 


(i  ,)^  + (i  + (1  3)v  . (1  s + 1 s + i s)v 

. [(^  + ^ + i)3lv  - (i  3)v, 

^(sv)  -+  i(sv)  + “(sv)  - ^ + “)(sv)  - |(sv)j 


n 


n 


n 


n 


n 


n 


n 


using  what  was  proved  ahove  gives,  replacing  3 hy  m, 

(rs)v  = r(sv) , 

where  at  the  moment  r must  be  a positive  rational.  But  if  r is 
negative,  then  opp  r Is  positive,  and  we  have  x writing  r'  = opp  r, 

(rs)v  = ((opp  r')s)v  = (opp(r's))v  = opp((r's)v)  = opp(r’(sv)) 

etc.  Hence  the  above  holds  for  all  rational  r and  s. 

Applying  this  to  the  number  line  gives  the  associative  law  for 
multiplication. 

Note  that  we  have  proved  that  our  vector  line  Is  a vector  space' 
or  at  least  when  we  have  proved  that  the  real  numbers  form  a field. 

For  this,  we  must  still  show  that  multiplication  is  commutative. 

As  a Little  earlier,  we  find  that 

n(i  s)  , i 3 + ...  + ^ = (j  + •••  + i)s  . is  = 8, 

n(s«-)  = s + + s«-=s(i+  ...  +i)  = s»l  = s; 

n n n n n 

hence 

1 1 

s = s « 
n n 

Continuing^ 

m(-  s)  = = 8,  m(s  »-)  = s . - j 

hence 


rs  = sr, 

at  the  moment  if  r is  positive.  For  r negative,  apply  opposites 


\3 
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as  before.  The  required  properties  of  our  vector  space  and  rational 
number  system  are  proved . 


3,  Subtraction,  multiplication , division . 

We  study  these  operations  in  the  rational  number  system, 
how  do  we  solve 

3 + ? = 7? 

By  examination,  we  see  that  i is  the  answer.  Here  is  another  way; 
From  3?  we  wish  to  get  to  ?•  Just  go  back  to  0,  then  go  to  7: 

3 + ("3  + 7)  = 7; 

our  new  answer  is  3 + 7^ 

This  seems  foolish^  for  three  reasons^  It  is  complicated;  It 
takes  us  through  a much  longer  Journey  (is  this  really  the  same  as 
4?)^  hud  it  requires  using  negative  numbers^  not  needed  in  the  answer. 
However j our  symhols  are  supposed  to  be  simply  names  for  things ; 

3+7  another  name  for  4^  and  Just  our  picture  of  it  looks 
like  a Journey, 

The  new  method  is  helpful  when  we  wiE:i  t'  tell  a person  how  to 
get  from  one  number  to  another^  i,e.^  solve 

r + X = 

in  some  fashion:  the  answer  can  be  written  as 

X = opp  r + s * 

Suppose  we  give  two  definitions  of  the  minus  sign: 

-r  = opp  r;  s - r = s + ( -r) # 

These  do  not  conflict^  and  the  second  reduces  to  ordinary  subtractloni 
for  a “ b = c if  and  only  if  a = c + b. 


Various  common  properties  are  immediately  verified.  Thus, 


-0  = 0|  -(-r)  = n 

-fr  + s)  = -r  + (-s)  = -r  - s| 

-(r  - s)  = -r  + s = s - r; 

(x  + z)  - (y  + z)  = X - y; 

(x  - z)  - (y  - z)  = X - y. 

(The  last  two  will  be  compared  with  formulas  for  multlipllcatlon 
and  division.) 

We  knov  already  that 

(-x)y  = x(-y)  = -xy, 

(-x)(-y)  = xy. 

Two  more  easy  formulas 2 

x(y  - z)  = xy  - xz^  (-x)(y  - z)  = x( z - y)  = xz  = xy. 
Others  now  follow . 

Theo^rem,  In  a vector  space ^ rv  = 0 If  and  only  if  r = 0 
or  V = 0. 

We  know  that  Ov  = 0 (two  senses  of  "0");  rO  = 0,  at  once 
from  definition.  If  v ^ 0 and  r ^ 0,  the  definition  of  rv  shows 
that  rv  ^ 0 (use  (l/n)v,  then  (m/n)v.)  For  the  rationale , the 
usual  theorem  on  xy  = 0. 

For  ease  in  studying  division,  we  wish  something  like  "opposite" 
which  works  for  multiplication  in  place  of  addition,  Wliat  replaces 
0?  Its  property  for  addition  Is:  x + 0 = 0+-x  = x,  all  x.  For 
multiplication,  1 has  this  property:  1 • x = x • 1,  = x,  all  x. 

Now  In  place  of  "opposite"  we  have  "reciprocal"; 

Theorem.  If  x ^ 0,  there  is  a unique  niomher  y such  that 
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xy  = 1. 


If  X = m/n,  use  y = n/m;  proof  immediate,  as  in  Grade  6. 

In  fact,  see  the  diagram  for  a special  case:  x = 3/5?  3 third  of 
X is  l/5j  and  five  thirds  of  x is  5/5  = !•  For  negatives,  say 
X = -3/5,  use  y s:  -5/3- 

Now  find  the  unique  solution  of 

ax  = b (where  a / O) : 

from  a,  go  back  to  1,  then  to  b:  Use  x = (rec  a)  -b: 
a • ((rec  a)  • b)  = (a  • (rec  a))  • b = 1 • b = D. 

Just  as  we  introduced  the  minus  sign,  now  introduce  fractions: 
For  X / 0,  l/x  = rec  x,  and  y/x  = y(rec  x) . 

Wow 

X • (l/x)  = (l/x)  • X = 1, 
l/x  = y if  and  only  if  xy  - 1 , 

As  for  a formula  for  subtraction^  ve  have 

A ^ i . 1 

xy  X y * 

Two  formulas  for  subtraction  give^  for  division: 


1 _ y ^ _ X 
X “ X ^ zy  y ' 
y 


The  following  are  very  easily  proved: 

I - a;  I = 0 (h  / 0) I I / 0 if  a / 0 (b  / o) . 

Now 


a _ ^ 
b “ bd  ^ 


£ 

d 


be 

bd 


(b  , d / 0)  . 


g = |-  If  and  only  if  ad  • be  (b  , d / O) . 


Two  formulas  we  specifically  mentioned  for  subtraction  give,  (same 
method)  for  division, 


£ . - ££ 
b a ~ bd  ' 

® • 5.  - S.  . ^ _ si 

b " d b c b c 

The  rules  for  addition  are  easily  proved* 

a_  b _ a + b S.  + £ _ ad  + be 

c c c ^ b d bd 


(b,d  ^ 0), 
(b,c,d  ^ 0) . 


As  using  opposites^  using  reciprocals  correspondingly  give 


Now  we  find  at  once 


£ £ _ ad  - be 

b ” d ^ bd 


Note  that  in  all  these ^ the  symbols  may  represent  any  rational  num- 
bers. (Look  at  particular  cases^  integral  and  non-integral-) 

All  the  usual  working  with  fractions  follows  with  ease  from  the 
above  # 


4.  Directed  measurenient . 

We  suppose  we  have  a set  of  ^quantities”  ^ which  form  in  a 
natural  way  a vector  space* 

Example  1.  Directed  line  segments^  parallel  to  a given  line^ 
Example  2 . Directed  time  Intervals* 

Example  3*  Possible  changes  in  quantity  of  water  in  a reservoir* 

We  know  then  how  to  add  quantities,  and  multiply  them  by  rational 
(or  real)  numbers. 
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Here  is  a particular  question:  In  the  given  vector  space,  suppose 

we  choose  a fixed  non-zero  vector,  say  V,  and  wish  to  compare  quanti- 
ties (vectors)  with  this  one.  How  do  we  do  this? 

For  any  vector  v,  we  may  write  v = aV  for  some  number  a. 

This  gives  a correspondence 

: V ->aj  thus  Fy(^)  = a, 

associating  with  the  vector  v the  numher  a.  If  we  call  V the 
"unit",  then  we  may  say  v "has  a units";  this  means  merely  that 
V = aV, 

We  can  choose  various  "unit"  vectors  V;  each  gives  an  isomor- 
phism of  the  vector  space  onto  the  vector  space  of  real  numbers. 

Suppose  we  had  the  unit  V,  and  now  choose  another,  W.  Then 

write 


W = cV,  V = d¥- 


Now  for  any  vector  v,  if 


V = aV,  V = b¥. 


then 


V = a(dW)  = (ad)W;  b - ad; 

V = b(cV)  = (bc)V;  a = be. 

However,  it  Is  much  simpler  to  work  directly  in  the  vector  space,  and 
not  in  the  numher  system,  since  the  Isomorphism  depends  on  the  choice 
of  unit. 

Example . With  directed  distances,  ft  and  /.In  ; are  vectors, 
and  1 ft  = 12  inches . This  is  a real  equality . Length  ^ 

3 ft  for  instance. 
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OUTLINE  VECTORS 


H.  S.  Moredock 
¥.  H.  Sandmiann 


Part  I — Developing  a Mathematical  System 


I,  Scalars 


Many  of  the  quentitiee  -which  we  encounter  can  he  desorlhed  hy  a number 
( or  measure  ) and  a unit  of  measure. 


ExOTipleg^: 

Length  of  an  object 
Outside  temperature 
Mass  of  an  object 


5 Inches 
6k  degrees 
315  grams 


Volume  of  a tank 


11  cubic  feet 


Speed  of  an  airplane 
Time  to  eat  lunch 
Distance  between  two  cities 


530  miles  per  hour 
35  minutes 
118  miles 


etc.  (Ex.  from  physics  - mass^  energy^  change 


metric  units  ) 


In  each  case  the  measurement  ca^i  be  represented  by  a distance  ( interval  ) 
on  an  appropriate  scale.  These  are  numbers  obtained  from  scale  readings. 


For  these  reasons  we  call  these  numbers  scalars. 

Operations  with  scalars  - ( real  numbers  ) 

Problems  that  call  for  adding^  subtraction^  multiplication^  diYlsion. 

^ ( Review  properties  of  an  ordered  field.  ) 

Have  students  actually  combine  volumes^  masses^  etc.  to  fix  operational 
propartias  of  scalars. 


II.  Vector  Quant it las 

Thera  are  quantities  that  cannot  be  adequately  described  by  a measuramant 
on  a scale  alone. 

A.  Describing  trips. 

If  wa  wish  to  know  the  dlstMice  between  two  cities^  we  do  not  care 
to  know  particularly  if  the  distance  is  measured  from  city  A to  city 
B or  from  city  B to  city  A.  ¥e  are  interested  only  in  a scelar^  II5  mile 


However , if  we  are  making  a trip,  it  would  make  a differ tnice  to  wc 


frcm  city  A to  city  or  to 
to  indicate  these  trips. 


Trips  of  two  miles  east  along  a road: 


fro:':i  city  B to  city  A.  Wu  use  arrows 


From  B to  A 


At  various  places: 


Notice  that  these  arrows  convey  two  pieceG  of  information. 

Their  length  represents  the  distance  traveled,  and  the  points  cl'  their 
arrows  indicate  direction.  Each  arrow  has  a starting  point  and  an 
ending  point. 

B.  Developing  Meanliig  of  a Vector. 

It  would  be  impossible  to  represent  all  the  trips  of  2 miles  east. 

We  would  like  to  generalize  all  2-inile  trips  east  by  a singe  representation. 

In  other  words^  we  would  like  to  form  a,  mathematical  model  of  all  physical 
trips  which  are  2 miles  east. 

Place  a piece  of  acetate  over  the  arrows. 

On  the  acetate^  mark  the  starting  point  of  each  arrow. 

Select  one  arrow.  Slide  the  acetate  ( without  rotating  ) 
so  that  the  mark  for  the  starting  point  of  this  arrow  moves  to  the  ending  point. 

Look  at  the  other  arrows.  Are  the  marks  on  the  acetate  for  their 
starting  points  now  at  the  ending  points? 

Then  the  movement  of  the  acetate^  using  one  of  the  arrows  as  a guide ^ 
provides  a representation  for  the  various  2-mile  east  trips  shown. 

Start  over  again.  This  time  mark  some  other  possible  starting  points 
on  your  paper  for  2-mile  east  trips. 
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Place  the  acetate  in  the  same  beginning  position  as  befoi’e,  Me.rk  on 
it  the  additional  starting  points  you  just  made. 

Using  one  of  the  arrows  a,s  a guide  move  the  acetate  without  rotating 
so  that  the  mark  for  the  starting  point  now  coincides  with  the  ending  point 
of  the  arrow. 

Lobk  8,t  the  position  of  the  new  marks.  They  show  the  ending  points 
for  the  new  arrows.  ( might  make  indentations  for  these  ending  points  through 
the  acetate  onto  the  paper  so  that  the  new  arrows  can  be  dra,wn,  ) 

This  shows  the  generality  of  the  representation.  This  on  movement  of 
the  acetate^  using  a single  arrow  as  a gulde^  represents  all  the  2-mile  east 
trips  by  showing  the  ending  point  for  any  given  starting  point. 

Go  on  to  other  examples^  This  time  on  paper  show  only  one  arrov, 
representing  a ti’lp,  and  some  scattered  starting  point  for  trips  of  the  same  type. 


Place  acetate  on  arrow  and  points,  and  mark  the  starting  points  on 
a.cetate.  Move  acetate  as  indicated  by  the  one  arrow.  The  marks  on  the  aceta.te 
now  show  the  ending  points.  From  a few  of  the  starting  points  draw  arrows  to 
show  that  these  are  trips  of  the  saine  type  --  i.e.,  same  distance  and  direction. 

Do  enough  of  these  to  show  that  only  one  arrow  Is  needed  to  provide 
the  Instructions  for  moving  the  acetate. 

This  gives  an  enlarged  meaning  for  an  arrow,  from  that  of  represent- 
ing a single  trip.  As  a "programmer"  for  moving  the  acetate,  this  arrow 
becomes  a representative  of  a type  of  trip. 


With  this  broader  meaning,  the  arrow  can  now  represent  our  idea,  of 


O 
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a vector. 


At  this  tiiiie,  the  phrase  "type  of  trip"  car  be  replaced  by  the  term 
"displacement . " 

Use  the  nev  terminology  to  develop  familiarity. 

III.  Displacements  B « 


C • 


Given  displacement  a as  defined.  Apply  this  displacement  to  points 
A,  B,  C,  C. 

Lay  on  the  acetate  and  mark  the  starting  point  of  the  arrow  s 1 the 
points.  Move  the  acetate  according  to  the  arrow  representing  the  displacement. 
Mark  the  ending  points  on  paper  and  label  them  02^,  and  Dp  respectively. 

Ai  is  the  result  of  applying  displacement  a to  etc. 

Do  the  inverse  also.  Given  the  application  of  a displacement  to  some 
points.  Find  the  displacement. 

Given;  the  application  of  a displacement  to  point  A results  in  A^^. 

Find  and  represent  the  displacement. 


A** 

Displacement 

Lay  on  acetate  and  mark  point  A and  starting  point  where  arrow 
representation  Is  to  be  made.  Slide  acetate  to  where  mark  coincides  with  A. 

Mark  ending  point  for  arrow.  Eien  draw  the  arrow  representing  the  displace- 
ment. 

Might  consider  extending  displacement  to  objects  and  give  representations. 
Have  student  move  an  object  ( block)  on  the  blackboard  or  a chair  in  the  room 
and  have  students  represent  the  displacement  on  paper  by  a vector. 


Keeping  separate  the  representation  of  a displacement  and  the 
representation  of  its  applications  helps  to  keep  -chese  two  ideas  separate 
for  the  youngsters . 


Develop  definition  for  equality. 


A ^ 


Suppose  displacement  when  applied  to  A results  in  and  suppos 
when  displacement  b is  applied  to  is  also  the  result. 


Combining  two  displaGements . 


Displacement  a Dieplacement  b 


Given  displacement  a and  displacement  b as  represented  above.  What 
is  the  effect  of  combining  these  two  displacements  on  point  A below?  By 
"Combining^^  we  mean  applying  one  displacement  and  then  the  other,  Obsemre 
the  effect  of  applying  to  point  A displacement  a followed  by  b.  We  shall 


call  this  combining^  £ + b ^ and  represent 


it  as  shown. 


/ 

/ 

/ 

/ 

/ 

/ 

/ 

A ¥ 


(displacement  a followed  by  displacement  b 


Place  acetate  on  arrow  for  a and  point  A,  Move  acetate  according 
to  arrow  for  a*  Mark  point  A^^  on  paper.  Now  place  acetate  on  arrow  for  b 
and  point  Move  acetate  according  to  arrow  for  b.  Mark  A^  on  paper. 

The  location  of  various  points  should  be  spotted  on  acetate.  Point  A2  is 
the  result  of  applying  displacement  £ followed  by  b to  point  A. 


What  would  be  the  displacement  that  results  in  Ag  directly  when 
applied  to  A?  Let  us  call  it  c. 


A, 


A 


2 


Displacement  c 

Since  displacement  a.+b  and  displBcement  c have  the  same  result  when 
applied  to  point  A,  we  write:  a+b  = e.  This  Is  summarized  in  the  vector  diagram 

b 


(note;  might  introduce  "resultant"  here.  If  this  is  done  it  should 
remain  with  the  physical  model.) 

Give  many  problems  of  this  type: 


Given:  Displacement  c+d,  a combination  of  two  displacementB . Find 

a single  displacement  e which  gives  the  same  result.  Relate  these  representation 
to  dlsplacenients  of  objects.  Wow  go  on  to  this  type  of  problem. 


Given;  displacement  c.  Find  two  displacements  a and  b which  when 
combined  give  the  same  result  as  displacement  c_.  (note;  relate  this  to  want- 
ing to  displace  an  object  to  a.  certain  point  but  there  are  obstacles  in  teh 
way.  Find  a combination  of  displacements.) 


way. 


Students  will  find  that  there  ere  many  correct  answers  for  this 


problem. 


Show  analogy  with  numbers.  Given  a number^  17,  there  are  several 
pairs  of  numbers  which  have  17  as  sum;  12;  8,  9J  etc.  But  for  any  pair 

of  numbers  there  is  a unique  sum.  Is  this  true  of  vectors? 

Discuss:  closure  property  for  vector  addition.  This  helps  in 

physics.  Student  needs  closure  in  later  work  where  closure  mathematically 
has  correspondance  to  physical  world. 


B . Coiiimut  at  1 ve  Pr in  c Iple . 


Investigate  another  property.  Given: 
combined  In  different  order. 


Displacement  a + b 


two  displacements  a_  and  b, 


Apply  these  two  dlEplacementB  to  a point,  A.  ( Use  acetate  In 
usual  fashion, ) 


a + 


/ 


b + a 


Do  you  get  the  same  result? 

Have  students  try  come  examples  on  their  own  before  any 
generaliaatlons  are  made* 
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Since  displacement  a+b  and  displacement  b+a  have  the  same  result 
when  applied  to  point  A,  we  write ^ 

a + b = b + a 


This  is  a commutative  property  for  vector  addition.  This  is 
summarized  in  the  vector  diagram 


Give  serveral  other  exercises  of  this  type. 


where  displacement  c is  the 
single  displacement  which 
has  the  same  result  as  either 
combination  of  displacements 
a and  b 


C , Associative  Principle 


Combining  three  displacements.  Given:  three  displacements 

a,  and  c . Fine  the  combination^  a + b + c . Since  displacements 
are  combined  in  pairs,  there  are  two  ways  of  finding  the  combination, 
keeping  the  same  left-to-rlght  order  of  a + b + c , 

I.  Find  a + b,  then  find  ( a + b ) + c 

II.  Find  ( 5.  ) then  find  £ = ( b + £ ) 


Let  us  look  at  the  vector  diagram  for  each  way. 


( a + b ) + c 

Note  that  d is  found  as  the 
single  displacement  for  a+b 
tben  p is  the  single  dis- 
pii' cement  for  d+c  or(a  + b)+£ 


a + ( b + c j 

Note  that  e is  found  as  the 
single  displacement  for  b+c, 
so  q is  the  single  dis- 
placement for  a+e  ora  + (£+£) 
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NoWj  apply  displacements  of  p and  q to  point  A.  ( use  acetate 
and  the  arrows  for  p and  q ^ioove.) 


Do  you  get  the  same  result? 

Then  ( a + b)  + c = B4-(  ^+c  ) 

This  is  the  asaociatlve  property  for  vector  addition.  Have  students 
go  through  this  development  with  other  vector  triples. 

Relate  to  numbers:  (5+7  )=6^5+(7+6) 

The  coirimutative  and  associative  properties  together  give  a great  deal  of 
flexibility  for  vector  addition. 

Have  studerits  provide  twelve  expressions  for  adding  three 
displacements  a,  b,  c_  . 

(a+^)=b,  (b+e)+a,  c+(b+a)^  etc. 

Have  them  draw  a vector  diagram  for  each  expression  and  observe 
if  the  final  single  displacement  in  each  case  Is  the  same. 

This  should  give  them  a feeling  that  the  commutative  and  associative 
properties  yield  a rather  significant  result. 

Compare  with  addition  of  numbers  having  the  seme  flexibility.  Relate 
this  flexibility  to  displacement  of  objects 

D.  Special  Displacements , Zero  and  Opposite . 

Think  of  the  displacement  whleh  leaves  a,  point  in  its  original 
position. 

¥e  call  this  the  zero  displacement  and  use  the  symbol  0 to  name  it. 

Consider  the  displacement  a + © and  apply  it  to  point  A.  (make 
drawing  ) Do  you  get  the  same  result  as  if  you  had  applied  only 
displacement  a ? Then  a + 0 = a.  Likewise  0 + a - a . 


Displacement  0 is  the  identity  displacement  for  vector  addition. 


Compare  with  the  number  0 , 

Another  special  displacement: 

Think  of  a displacement  a which  displaces  point  A to  as  shown. 


Now  think  of  the  displacement  which  displaces  back  to  A.  We  call 
this  displacement  the  opposite  of  displacement  a ^ and  name  it  displacement 

Consider  displacement  a + ( ^ ) and  apply  it  to  point  A.  ( make 
drawing-  ) Does  it  leave  the  point  in  its  original  position  as  would  zero 
displacement  ? 

Then  a + ( -a  ) = 0 j also  ( -a  ) + a = 0 


Have  students  find  and  show  opposites  of  given  displacements.  Also 
find  oppoites  of  opposites^  etc. 

Relate  to  returning  objects  to  original  positions.  ( Reciprocating 
motion^  pendulums^  clock  balance  wheels  ) 


Apply  displacement  a+b  to  point  A resulting  in  Then  find  the 

displacement  that  displaces  A2  to  A.  "Bils  Is  celled  the  opposite  of  a+b 
or  “ ( a+b  ) and  is  shown  below. 
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Have  students  do  some  of  these  problems. 


Nov  find  displacement 


» a, 


( - b ) 


The 


Displacement  -a  + ( -h  ) displaces  Ag  to  A as  did  displacement  - ( a + b ). 
Then  - (a+b)  = -a  +(-b) 


Notice  that  displacement  -b  + ( -a  ) when  applied 

displaces  Aq  to  A through  A^^  reversing  the  displacement  a + 


to  point  Ag 

b . 


Relate  this  "back-traclclng"  or  reversing  of  original  dis- 
placement of  objects. 
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E.  Summary  s.nd  Review  of  Properties  of  Mdltlon. 


For 

any  displacements  a,  b, 

and  c 

1. 

a + b is  a displacement 

2. 

a + b = b + a 

3. 

(a  + b)  + c = a + 

( b + c ) 

4. 

There  is  a.  displacement 

© , called  the  zero  displacement. 

such  tha.t 

a + © = © + a 

= a 

5 For  eSjCli  displaceriieiit  s there  Is  a displscenient  —Sj  called,  the 
opposite  of  displacement  a,  such  that 
a+  (-a)  =(-a)+a=© 


Relate  these  properties  to  those  for  the  addition  of  numbers.  Point 
out  that  these  properties  malce  the  addition  of  dlsplacenients  structurslly  the 
same  as  the  addition  of  numbers  ( integers,  rationals  or  reals.  ) 

(Note:  This  may  be  the  first  time  that  students  have  encountered  a 
mathematical  system  for  something  other  than  numbers.  Make  the  most  of  it.  ) 


F.  Subtraction 

(Note:  The  main  reason  for  introducing  subtraction  at  this  point  is 

to  continue  the  structural  similarity  with  numbers  and  show  that  subtraction 
is  related  to  addition  for  vectors  In  the  same  way  as  for  numbers.  Ihe  physical 
interpretations  for  vector  subtraction  is  quite  limited  at  this  level.  To 
Introduce  relative  displacement  and  relative  velocity  for  junior  high  students 
seems  questionable,  Use  of  vector  subtraction  to  deteimlne  change  in  velocity 
may  be  discussed  In  connection  with  acceleration  later..  In  the  meantime  this 
limits  applications  of  vector  subtraction  to  displacements'  and,  velocities  that 
are  "in  line.") 

The  following  example  show  how  addition  and  subtraction  are  related 
for  numbers. 

What  number  is  8 - 5 ? It  is  that  number  which  when  added  to  5 equals  8. 
Then  it  is  the  number  3.  (in  formal  terms,  a-b  = n if  and  only  If  n+b  = a.  ) 
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We  define  subtraction  for  displacements  in  the  . •'me  way. 

Displacement  a - b is  that  displacement  which  when  added  to 
displacement  b has  the  same  result  as  displacement  a. 


This  can  be  shown  by  the  following  vector  diagram. 


Given;  displacements  a and  b as  show. 

Find:  displacement  a - b 

The  dotted  arrow  represents  displacement  a,-b  because  it  shows 
that  the  addition  of  a-b  to  b results  in  a . 

Wow  find  b 


Hie  dotted  ari-ow  represents  dlspla, cement  b - a because  it  shows 
that  the  addition  of  b - b.  to  a results  in  b. 


Have  students  do  this  type  of  exercise  with  given  pairs  of  dls- 
placements . Emphasize  connection  with  addition.  Also  have  students  find 
displacement  a + b along  with  displacement  ^ ~ b.  Note  that  subtraction 
is  not  coiimutative . 


Ihe  physical  counterpart  of  this  would  be  as  followB:  two  objects 

start  from  some  point]  object  A is  given  displacement  aj  object  B Is  given 
displacement  b.  a-b  is  the  relative  displacement  of  object  A 1th  respect 
to  object  B in  the  process,  b - a is  the  relative  displacement  of  A with 
respect  to  A. 

This  would  probably  be  a difficult  idea  to  get  acroBS  to  Junior 
high  youngsters,  even  with  "in  line"  displacements.  There  is  some  work 
on  this  later  with  velocities. 


rt  might  be  possible  to  find  applications  from  economics  and  linear 
programming  that  would  be  helpful  here.. 


Problem;  Spaceship  docking  is  accomplished  by  ground  telling  spaceship 
where  it  is  with  respect  to  the  trailer.  It  is  hard  to  find 
things  in  space  just  by  looking.  Ground  launches  trailer  and 
keeps  trackj  also  it  knows  the  location  of  the  spaceship.  It 
tells  the  spaceship  where  to  look  for  the  trailer. 

Showing  subtraction  another  way; 

Since  each  displacement  has  an  oppositej  subtra.ction  can  be  shown 
another  way. 

Have  students  show  displacement  a - b [ see  drawing  below  ) in  the  way 
they  have  Just  learned.  Then  have  them  represent  displacement 

a + ( -b  ) as  shown  in  the  following  drawing. 


Do  the  displacements  a - b and  a + ( ^ ) have  the  same  re suit j 
that  is,  the  same  direction  and  magnitude  ? 

Then  ^“b  = a+(-b). 

Give  exercises  asking  students  to  show  subtraction  in  these  two  wBys, 

Show  analogy  to  numbers  5-8  = 5+(-8). 

Show  that  a - a = 
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TJ.  Multiplication  df  Vectors  by  Scalars 


A.  Developing  meaning 

Mult ipl lest ion  by  scalars  can  be 


a + a + a + a 


introduced  through  repeated  addition. 

Have  students  represent  the 
repeated  addition  of  a dis- 
plaoement  such  as  a+a+a+a 


After  having  them  do  a few^ 
including  some  that  require  ex- 
tensive repeated  additions  that 
may  run  off  the  paper,  suggest 
that  these  laborious  repeated 
additions  can  be  replaced  by  a 
single  displacement  having  the 
same  result , 


Note  displacement  above  -which  describes  the  same  displacement  as 
a+a+a+a  . Note  that  4 is  a scalar  and  a Is  the  vector,  and  that  they 
are  combined  In  this  special  -way  shich  is  called  multiplication  of  a vector 
by  a scalar. 


Give  exercises  having  students  represent,  for  example, 
b+b+b+b+b+b  and  6b.  Have  them  describe  but  not  draw  displacement  137b 


Develop  meaning  for  1 a, 

left,  and  for  ^ B. 

1.8  a,  etc. 

Include  0 a and  1 a. 


as  shown 


,21a 

f " 


Develop  meaning  for  multiplication 
by  negative  scalar  as  show  for 

( -2  ) a. 

2a  (-2)a 
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Note  the  following  distinction; 

( -2  ) a ; multiplication  of  a by  negative  2 

~ ( 2 a ) : the  opposite  of  displacemtn  2 a 


These  displacements  have  the  same  result , ( -2  ) a = - ( 2a  ) . 

Then  we  can  think  of  displacement  -2a  either  way. 


Have  students  make  representations  of  several  displacements  of 
this  type,  including  -7  a.,  -3«2a,  etc. 

fp- 


Develop  idea  through  the  activity  below  that  for  any  scalar  k and 


displacement  a there  is  a displacement  ka  . 


Given  displacement  a and  point  A.  Have  students  mark  points 

showing  various  displacements  of  A such  as  3 a,  - 1 1 ~ 5.  2.^ 

^ w 3 

Lead  them  to  sketching  the  line  where  all  these  displacements  of  A will  be, 
and  that  for  eveiy  scalar  k there  is  a point  on  this  line  for  displacement  ka 
applied  to  point  A, 

Now  turn  this  around.  Choose  an  arbitrary  point  on  this  line  for  a 
displacement  of  A,  Is  there  a scalar  k such  that  k a is  the  dis- 
placement applied  to  A ? 

We  asseit  that  there  is,  although  In  finding  k,  we  often  have  to 
resort  to  an  approximation. 

This  develops  the  idea  of  a one  - to  - correspondence  between  the 
points  on  this  line  and  scalars. 
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Have  students 


work  this  kind  of  exercise*. 


/ 


/ 

/ 

/ 

/ 


/ 


/ 


Given  displacement  h and  point  k. 
Find  displacement  kb  which  displaces 
A to  . Also  find  displacement  kb 
which  d-isplaces  A to  Ag. 

Students  find  k approximately. 


'A  > 
1.- 


With  this  kind  of  aotlvity,  students  will  soon  realize  that  this  is 
ilmilar  to  measurement j using  b as  a.  unit. 


To  make  these  activities  easier  for  students^  it  might  be  well  to 
consider  scaling  the  vector  representations  of  the  displacements  so  that  they 
will  have  a scale  available. 


At  left  shows  the  vector  represent at ion  of 
displa.cement  c scaled  In  tenths.  Also 
the  UL3e  of  the  rulings  on  ruled  paper  might 
be  considered. 


( It  might  be  worthwhile  to  develop  a telescoping  vector. 


sliding  tube  or  board 
Felt  could  let  It  stick  to  paper  or  acetate.  A blackboard  vector 

would  be  handy.  ) 


B.  Some  Properties  of  Mult Ipllc at ion  By  Scalars . 


The  first  drawing  shown  on  bottom  of  preceding  page^  shows  the 
construction  of  displacement  2 ( a + b ).  The  second  shows  the  construction 

of  2 a + 2 b.  Comparison  of  these  two  representations  shows  that  they  have 
the  same  direction  and  magnitude. 

then^  2(a+b)  - 2a+2b. 

Have  students  make  similar  constructions.  Try  3 ( a + b ) and 

3a  + 3b  j p (a  = b)  and  1 a + 1 b . 

2 2 2 

Lead  to  general  pattern:  k (a+b)  = ka+kb.  Note  that 

that  + sign  is  for  vector  addition. 

Next  have  students  make  a representation  of  displacements  ( 8 + 3 ) a 
and  of  2 a + 3 s^nd  compare.  Does  ( 2 + 3 ) a equal  2 a + 3 a ? 

More  investigations  of  this  type  should  lead  to  the  genera  result*, 
for  scalars  k and  m . and  displacement  a, 

(k+m)a  = ka  + ma 

Note  the  use  of  + sign  for  addition  of  scalars  and  for  addition 
of  vectors. 


Have  students  study  these  two  expressions  to  detemnlne  what  they  mean: 


( 2 X 3 ) a 2 ( 3 a ) 

Then  have  them  construct  representations  of  these  displacements  In 
stegesj  and  compare  results. 


Note  the  multiplication  of  two  scalars  ( k X m ) and  the  multiplication 
of  a vector  hy  a scalar  ( ( k X m ) a } 

Surmarize  these  properties  by  discussing  different  ways  of  constructing 
and  naming  a displacement. 

For  example^  have  students  describe  the  construction  of  ; 

12  a 5 ( a + b ) 

( 4 X 3 ) a also  5 a + 5 b 

U ( 3 a ) 

( 4 + 8 ) a 

4 a + 8 a 

etc , 


Developing  a System  for  Describing  Displacements 

A,  Describing  a Displacement  in  Terms  of  Two  Given  Displacements. 


After  seeing  that  a displacement  may  be  described  in  different  waySj 
the  students  should  be  ready  to  discuss  the  Important  idea  of  describing  a 
displacement  in  teims  of  other  displacements, 

(Note  that  the  ideas  discussed  here  are  those  of  linear  dependence 
and  Independencej  and  a vector  basiSj  but  are  not  labeled  as  such.) 


Shown  at  left  is  a case  in  which  one 
displacement,  b f can  be  expressed  in 
terms  of  another  displacement,  a,  as 


follows: 


2 a 


Whenever  this  occurs  for  two  displacements  a and  b such  that 
b = k a,  they  are  said  to  be  parallel . 
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£ = + 2 a 

Include  a case  in  ■which  the  scalars  k and 


Suppc:  :e  a and  b are  two  non-zero 
non-parallel  disp.i ^cements  (one  cannot 
be  expressed  in  terms  of  the  other 
and  c is  another  displacement.  Ex- 
press £ in  terms  of  a and  b. 

Draw  displacement  c.  Then  sketch  lightly 
a line  for  a and  one  for  b to  find 
where  they  meet.  Draw  k a and  mb  as 
shown,  ^en  find  what  the  scalars  k 
and  m are . 

This  shows  another  way  of  drawing  k a 
and  m b and  finding  the  same  result 
for  scalars  k and  m. 

Present  other  displacements  to  be  ex- 
pressed in  terms  of  displacements  a and  b 
Help  the  students  get  started  on  the 
constructions . 

m are  approximated.  Also  Include 


cases  where  k or  m is  negative. 

Provide  enough  experience  so  that  students  see  that  there  is  a,  general  result: 

For  ai^  displacement j say  c , there  are  sclars  k and  m such  that 

c = k a + m h 


Start  with  another  pair  of  non-zero,  non-parallel  displacements  and  lead  to  the  seme 
general  result:  any  other  displacement  can  be  expressed  in  terms  of  these  two 

displacements . 


O 
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B,  A Convenient  Way  of  Naming  Displacements 


The  idea  that  any  displacement  ( in  2 dimensions  ) can  be  expressed 
in  terms  of  two  non-zero^  non-parallel  displacements^  can  be  used  to  set 
up  a convenient  way  of  dlsignating  displ^  mentSi 


Ask  students  to  provide  suggestions.  Keep  raising  question  of 


convenience.  Give  hints  when  needed. 


Show  two  orthogonal  unit  displacements. 
Why  at  a right  angle?  VJhy  both  unit 
displacements?  What  are  the  advantages? 

A unit  suggests  8-  scale^  Develop  one. 
Why  can  we  go  in  negative  direction  also 

Students  begin  to  see  the  familiar  co- 
ordinate system, 

Now^  discuss  expressing  another  displace 
ment^  say  c as  shown^  in  term  of  the 
two  unit  dlspla-cementB^  ^ and  J_  , 


Have  students  develop  the  two  expressions  shown^  and  show  how  they 
are  obtained:  c = 3 1 + £ J 

= 2 J + 3 i 


Then  provide  other  displacements  to  be  expressed  similarly, 

Next^  provide  a variety  of  expressions^  such  as  a = 5i+("^)^ 
and  have  students  provide  the  drawings  related  to  each. 


Given  displacement  a 


a = 4 i + 5 j_ 

Note  that  the  displacement  could 
he  described  by  Just  naming  the 
scalars  in  an  agreed  upon  order, 
a : (4,5) 


Give  students  experience  In  using  this  notation. 


Given  displacement  a,  (4,2).  Apply 
this  displacement  to  point  A. 


■A 


1.  Use  this  new  notation  and  go  back  to  consider  addition  of 
vectors,  and  multiplication  by  scalars, 

2.  Position  vectors. 

3 . Dot  product . 
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Part  II  — Enlarging  the  Physical  Development 


I.  Scalars 

A.  Have  students  look  at  physical  quantities  which  are  completely 
specified  by  a "number"  and  a unit  ( volume,  mass,  time,  temperature,  period, 
etc.  ).  The  discussion  of  physical  scalars  should  not  be  general-  or  abstract. 

The  point  to  emphasize  is  that  there  is  more  to  a volume  than  is  indicated  by 
considering  porous  materials  like  sponges  or  coke.  In  this  case  there  are  two 
volumes  of  possible  interest:  the  air  volume  and  the  solid  volume.  In  each 

sclar  considered  the  student  should  see  and  hadle  examples  of  the  material 
being  discussed.  It  would  be  helpful  if  the  discussion  included  how  one  would 
assign  a value  to  the  quantity  being  discussed.  It  would  be  veiy  desirable 

to  discuss  the  whole  idea  of  measurement, 

B.  Kie  physical  quantities  selected  above  are  used  tu  introduce 
the  algebra  of  scalars.  Since  the  algebra  of  units  is  a.  very  confusing  area 
the  whole  problem  may  be  sidestepped  by  introducing  the  mathematical  model.  If 
each  set  of  scala.rs  is  always  reduced  to  the  same  unit  basis  then  the  mathematical 
model  becomes  the  "number"  associated  with  the  physical  scalar.  The  mathematical 
model  is  then  a set  of  numbers.  The  Idea  of  forming  a mathematical  representation 
of  a physical  quantity  or  system  helps  a great  deal  later  in  the  development  of 
vectors.  Multiplication  of  a vector  by  the  scalar  produces  another  physical 
quantity.  The  mathematical  model  will  have  different  meaning.  As  an  example, 
Newton's  second  law  (p  = ma).  Force  and  acceleration  are  physicrily  different 
but  the  mathematical  model  in  some  cases  will  be  the  same.  Introducing  the 
mathematical  model  at  this  time  should  pave  the  way  for  its  use  at  these  later  times. 

If  some  physical  quantities  are  listed  which  are  not  scalars  it  can 
be  established  or  made  reasonable  that  a description  of  the  " real  world"  may  need 
different  or  entended  mathematical  ideas. 


Displacement  in  the  form  of  ( chess  or  checkei  moves  ) can  he  introduced  as 
an  example  and  can  he  tied  in  with  the  follovlng  vector  development.  There 
are  probably  better  examples  than  the  board  moves  in  checkers  but  they  should 
be  something  the  student  can  actually  The  examples  should  not  be  thought 

experiments  s.e.  hypothetical  trips  etc. 


II.  Vectors 

There  is  a class  of  phytiical  quantities  which  need  for  their  de- 
scription a number  and  a direction  ( also  units  ),  This  section  will  define 
a vector  and  develop  the  algebra  of  vectors.  Since  displacement  is  an  idea 
which  is  easily  grasped  the  difinltlon  will  be  fomulated  in  these  terns.  'The 
formulation  of  a mathematical  model  from  experience  in  the  "real  world"  should 
be  carried  throughout. 


A,  The  definition  of  a vector  follows  from  "physical"  experience. 

The  use  of  a frosted  acetate  overlay  allows  the  student  to  develop  for  himself 
the  basic  properties  he  associates  with  vectors.  The  formal  definition  and 

representation  — — m-  as  a directed  movement  of  a plane  should  be 

quite  logical  and  real.  This  may  be  a good  place  to  have  the  student 
tentatively  Identify  other  physical  quantities  with  vectors  --  velocity^ 
acceleration,  force.  The  question  Is  raised  how  do  we  determine  whether  or  not 
any  of  these  quantities  can  be  represented  by  vectors.  To  do  this  we  must 
establish  the  algebraic  properties  of  vectors. 

B.  Return  to  the  acetate  and  establish  the  rules  for  vector  operations 
of  addition,  multiplication  by  a scalar  ( number  ),  etc.  Introduce  additive 
Inverse,  zero  element,  m^be  unit  vector,  Follow  these  with  the  laws, 

All  of  this  should  be  done  with  acetate  by  the  student  --  operations  are 


to  be  made  reasonable. 


There  should  be  no  formal  mathematical  proofs.  It  should  be  emphasized  that 
the  displaced  acetate  is  the  physical  world  and  can  be  represented  by 
mathematical  systems  of  vectors. 


C.  Using  experiments  have  the  student  discover  and  test  other 
physical  quantities  as  to  the  feasibility  of  using  a vector  model  to  represent 
them.  In  this  section  there  should  be  come  exampl -s  which  do  not  lend  them- 
selves to  vector  representation.  Pressure  might  be  a reasonable  example, 
electric  current  another.  As  an  example  of  vectors,  velocity  seems  to  be 
quite  straightforward.  Acceleration  whould  be  considered.  Coricurrent  forces 
could  also  be  introduced.  If  forces  and  acceleration  can  be  introduced  than 
scalar  ( physical  ) multiplication  -an  be  considered  in  an  operational  sense, 
s.e.  mass  multiplying  acceleration  is  equal  to  force. 

D.  Since  multiplication  by  a scalar  is  introduced  in  the  section  on 
displacement  the  extension  of  this  in  physics  could  be  very  helpful.  In  dis- 
placement the  multiplication  by  scalars  is  essentially  a change  in  scale.  No 
new  physical  quantity  is  generated  by  this  multiplication.  There  are  some 
cases  in  which  multiplication  by  a scalar  generates  a new  physical  quantity. 
Momentum,  for  example,  is  formed  by  the  scalar  multiplication  of  mass  and 
velocity.  Force  Is  related  to  acceleration  multiplied  by  mass.  This  approach 
could  lead  a long  way  to  establishing  the  operational  ideas  in  science.  Cause 
( foxce  ) and  effect  ( acceleration  ) can  be  established  at  this  time.  It  is 
here  that  the  idea  of  a mathematical  model  helps  considerably.  The  force 
diagram  and  acceleration  diagram  are  different  in  the  real  world  but  to  the 
mathematical  model  they  are  equivalent.  Note;  If  Newton's  second  law  is  the 
resultant  force  which  is  the  cause  of  the  acceleration,  physicslly  it  Is  hard 


to  find  the  resultant  force. 


O 
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RepresenLing  the  forces  by  a vector  model  we  can  quite  easily  find  the  sum  or 
resultant  vector . This  vector  referred  to  the  physical  situation  can  give  the 
magnitude  and  direction  of  the  acceleration.,  Another  utilitarian  aspect  of  the 
mathematical  model  comes  when  we  Ignore  rotation.  The  model  does  not  have  to 
correspond  directly  to  the  physical  case.  If  rotation  is  to  be  ignored,  the 
mathematical  model  will  have  all  vectors  meeting  at  a point.  This  model  will 
describe  the  motion  of  the  bodies  center  of  mass.  Sometimes  this  Is  enough  for 
the  physical  situation  and  makes  life  much  simpler.  Forces  should  be  considered 
only  after  the  student  is  fairly  familiar  with  vectors, 

E.  Eie  possibility  of  introducing  dot  products  should  be  investigated. 
This  is  not  easy.  The  mathematical  concepts  are  hard  and  experiments  involving 
energy  are  difficult  to  make  work.  They  are  possible,  however. 

Also  the  feasilllity  of  rotations  must  be  considered.  This  means  not 
only  rigid  body  sort  of  rotations  but  also  point  rotations.  PSCC  does  not  discus 
rigid  body  rotations  or  torques. 

F.  Added  note  to  outline. 

Introduce  the  idea  of  constructing  a mathematical  model  from  kinematics 
( displacement,  velocity,  acceleration  ),  Kinematics  does  not  clutter  up  the 
situation  with  physical  constructs  like  force,  momentum,  and  energy.  This  allows 
a student  to  study  physical  systems  without  considering  the  cause  of  the  systems 
behavior.  'Wher  algebra  of  vectors  and  development  of  models  is  fairly  well  es- 
tablished then  introduce  physical  constructs  ( force  etc.  ) and  cause  and  effect 
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A possible  "flow"  diE^gram  might  aid  in  establishing  the  procedure , 


Physical 

Mathematical 

Model 

Model 

V 


Physical  Model 

Results  of 

based  on 



Operations  on 

Mathemat i cal 

^ 

Mathematical 

Model 

Model 

Sphere  1 fast 

Sphere  2 slow 

Drop  each  sphere  hy  Itself  and 
ohsarve  its  motion.  The  student 
can  he  told  or  demonstrate  for  him- 
self that  each  sphere  falls  at  a 
constant  rate  or  ve”*^^lty*  There 
are  a number  of  methods  by  which  one  can  describe  the  motion  of  the  ....  A sat  of 
ordered  pairs  can  be  obtained  by  observing  the  distance  covered  by  the  sphere  from 
some  origin  during  various  time  Intervals.  A graph  of  these  ordered  pairs  can  be 
used  to  describe  the  motion  of  the  sphere^  If^  Instead  of  the  sphere  falling^  a 
bubble  is  Introduced  a“iD  the  bottom  and  allowed  to  rise  we  have  a different  situation. 
Again  raeasurements  can  be  made  and  a graphical  model  developed  to  describe  the  motion. 
Another  possible  way  which  conveys  as  much  infoamiatlon  Is  to  state  the  rate  at  which 
the  ball  moves.  Since  the  object  may  move  either  up  or  down  a direction  should  be 
assigned  to  the  rate.  This  discuBSion  leads  one  to  suspect  a vector  representation 


III.  Velocity  as  a Vector 

Investigate  the  falling  sphere  case: 


^ay  be  possible. 
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any  pocition  aJ.ong  the  tube  the  sphere  falls  at  a constant  rate  ( speed  ) and 
is  moving  either  up  or  down.  Therefore  let  us  make  a mathematical  representation 


of  this  motion  by  using  a vector  of  a length  proportional  to  the  rate  and  pointing 
in  the  direction  of  the  motion.  This  does  not  establish  that  a vector  representation 
mS  possible  or  velc^^‘ity  but  we  can  test.  it.  Do  velocities  ooey  the  algebra  of 
vectors?  Let  us  describe  the  motion  of  two  balls  in  the  oolurm  of  liquid.  Let  Q 
represent  a fast  ball  and  (D  represent  a ball  which  moves  at  a slower  rate 
than  CD*  Eelease  the  and  time  Its  fall  over  a known  distance  on  the 

scale.  Prom  this  data  the  velocity  of  the  ball  corresponds  to  a vector  with  a 


suitable  magnidude  and  pointing  downward.  Wow  perform  the  experiment  with  two 
balls.  Eelease  the  first  and  let  ib  drift  downward  to  a prescribed  mark  on 

the  scale.  As  it  moves  past  the  mark  release  the  Q and  start  the  timer.  Wlian 
the  two  balls  pass  one  another  the  fast  hall  has  traveled  a distance  relative  to 


slow  ball  equal  to  their  initial  separation.  Dividing  this  distance  by  the  time 


gives  v've  relative  velocity  of  the  two  balls.  This  relative  velocity  can  hopefully 


also  be  represented  by  a vector.  Our  two  experiments  have  provided  the  velocity  of 
one  object  referred  to  the  scale  and  velocity  of  a second  object  with  respect  to  the 


first  object.  Our  vector  representation  of  these  velocities  says  that  the  addition 
of  the  (J)  velocity  and  the  relative  velocity  should  give  the  velocity  of  Q 
referred  to  the  scale.  Perform  the  siun  of  the  two  velocities  and  check  by  a third 
experimeni:  Dropping  (f)  by  itself  and  computing  its  velocity. 


The  introduction  of  subtraction  can  be  accomplished  by  inserting  a straw  in 
the  dropping  tube  and  blowing  a bubble.  An  alternative  way  to  produce  a rising 
sphere  would  be  to  seat  a light  ball  on  the  end  or  the  straw  ajid  push  it  to  the 
bottom.  The  rising  sphere  is  considered  to  have  a negative  velocity.  Measui ament 

procedures  similar  to  those  de- 
scribed In  the  previous  section 
yield  the  necessaiy  velocities. 
By  using  three  balls  it  can  be 
demonstrated  that  the  CAt^  laws 
hold.  The  motion  of  a sphere  in 


in  a viscous  medium  is  used  only  as  one  of  may  possible  means  of  introducing  students 
to  vector  ideas.  Other  possible  schemes  that  seem  possible  are: 


1.  Longitudinal  pulses  propagating  down  springs.  A 
very  weak  spring  under  low  tension  will  have  a 
reasonable  velocity  of  propagation. 


O 

ERIC 


462 


A moving  endless  belt  with  a ball  rolling  on  it. 


2. 


ball 


belt 


Two  pulleys 
on  same 
axle 


Ramp  can  be  fonnea  y bending  a plastic  ruler.  It  is 
attached  to  the  system  and  allows  smooth  injection  of 
the  ball  onto  the  belt . The  ramp  should  pezmilt  var-ious 
velocities  to  be  reproduced.  Tapes  cemented  to  the  flor 
and  belt  make  distance  measurements  easy  and  from 
corresponding  time  measurements  the  velocities  can  be 
Gsleulated. 


When  the  student  has  convinced  himself  that  velocities  can  be  rep- 
resented by  vectors  he  should  proceed  to  develop  the  mathematicad 
model  o±^  the  physical  situation  has  has  been  observing. 


? 


? 


Vq  is  relative  to 

is  relative  to  scale 


V* 


Operation  ^ 
of  addition 
to  find  V 
with  respect 
to  scale 


back  to 

physical 

model 


Physical  Model 
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Mathematical  Model 


The  result  of  the  vector  addition  is  referred  to  the  physical  situation. 


For  the  ease  of  the  rising  hall  the 


o 


operation  of  subtractions  and  fol- 


lows the  above  sequence  of  operations. 


? 


The  mathematlGal  modal  is  not  tied 


o 


to  any  reference  plane  since  there 


lias  been  no  discussion  of  bound  vec- 


tors, The  operation  ( s ) to  be  applied 


to  the  mathematical  model  are  inferred  from  the  physical  situation.  It  is  in  the 
physical  world  that  we  associate  velocities  with  scales  and  reference  frames.  It 
is  also  possible  in  the  mathematical  model  to  have  reference  frames^  but  at  this 
stage  a reference  to  e^es  would  probably  just  confuse  the  Issue.  It  should  be 
mentioned  also  that  we  are  working  in  velocity  space,  distances  should  not 
appear  on  the  physical  model. 

The  previous  dlecussion  has  been  concerned  with  in  line  velocities.  It  may 
be  worth  while  to  extend  the  treatment  of  velocities  to  oblique  motions.  A simple 
method  mey  be  through  the  use  of  clear  Incite  tubes  on  aluminum  vee  rails  with 
marbles.  These  systems  should  be  fairly  friction  free  and  the  velocities  constant. 


Laid  'on  a- 
horizontal  * 
surface 


Even  if  friction  is  a problem  a small  piece  of  tape  at  one  end  of  the  tube 


or  rail  should  establish  a unlforai  velocity.  The  analysis  should  follow  that 
diBcuased  above  or  in  the  section  on  displacement. 


IV.  Acceleration 


If  acceleration  is  introduced  through  in  line  motion  some  conceptual 
difficulties  can  be  avoided.  In  more  general  motions  acceleration  occurs  both 
from  a change  in  length  of  ^ velocity  vector  and  also  from  a change  in  direction 

There  is  much  to  be  said  for  follo'wing  the  pattern  used  in  physics  of  discussing 

accelerat — ons  where  analytic  length  of  the  velocity  vector  changes  and  then  follow 
ing  with  changes  only  in  direction.  Consideration  of  motion  where  both  changes 

occur  18  left  to  the  last.  The  standar  ballistic  problem  of  shooting  a projectile 

in  a horizontal  direction  also  presents  unnecessary  compile at ions . It  combines 
both  a constant  horizontal  motion  with  a vertical  linear  acceleration.  The 
complication  In  this  situation  comes  from  resolving  the  vectors  into  orthogonal 
components  --  vertical  and  horizontal.  At  this  stage  the  vectors  should  be 
left  free, 

The  question  arises  as  to  how  far  to  carry  the  investigation  of 
acceleration.  A change  in  length  of  the  velocity  vector  will  establish  in  the 
students’  minds  that  acceleration  can  be  represented  by  a vector.  In  a physical 
sense  the  change  in  direction  is  Important  but  at  the  early  stages  not  completely 
necessary.  If  straight  line  motion  becomes  the  common  thread  throughout  the 
book,  changes  In  direction  should  not  be  attempted. 

There  exists  a great  problem  in  measuring  acceleration.  At  present 
we  do  not  have  simple  acceleration  measuring  Instruments.  The  standard  and 
maybe  the  best  treatment  probably  lies  along  using  a tape  which  is  marked  by  a 
spark  at  equal  time  intervals.  Successive  differences  in  dlatance  and  the  time 
interval  gives  the  acceleration.  An  attwood's  machine  or  inclined  plane  will 
give  low  accelerations  and  make  measurement  quite  easy.  Also  they  operate  with 
constant  accc^leratlon  and  hence  average  accelerations  do  not  enter. 
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Hop  fully  there  are  more  imaginative  ways  of  introducing  accelerations.  The 
major  criterion  for  an  experiment  should  be  that  the  measurements  should  be 
simple  and  obvious  and  the  accelerations  easily  calculated.  The  vector  charac- 


teristic is  the  important  Item^  not  the  exper?lment  or  the  physics.  Finally^ 
the  analysis  can  be  carried  out  in  a manner  smilar  to  displacement  and  velocity 

V*  Forces 

In  this  experiment  the  student  is  limited  to  a discussion  of  concurrent 
forces.  Omit  for  the  present  the  observation  of  forces  exerted  on  extended 
bodies  distributed  forces.  A force  table  is  an  easy  piece  of  equipment  to 
work  with  involves  only  concurrent  forces.  In  describing  the  operation 

of  a force  table  the  student  should  understand  what  is  meant  by  strings.  A 
string  can  'oransmit  a force  only  along  its  length]  s.e*  it  is  incapable  of 
sustaining  any  shear  forces. 


considering  physical  quantities  which  cause  something  to  happen.  Eiis  is 
different  from  merely  describing  the  motion  or  behavior  of  a system.  In 
scribing  physical  phenomena  we  introduce  new  quantities  which  are  considered 
to  be  the  cause  of  something  happening*  Force  is  such  a qumtity.  If  a system 
is  at  rest  or  in  unifo™  motion  and  this  state  Is  observed  to  change  a net  force 
is  acting  on  the  system.  Later  we  can  consider  quantitatively  the  effect  of  new 
force  on  the  motion  of  a body. 


mathematical  models  corresponding  to  general  situations  is  quite  difficult#  By 
this  we  mean  a generalization  or  inference  from  a specific  example  is  liable  to 
lead  to  quite  erroneous  conclusions. 


I.  Forces  in  general. 


Forces  are  associated  with  dynamics  and  for  the  first  time  we  are 


Forces  are  subtle  physical  quantities  and  the  development  of 


466 


ring 


II • Equili’briu' 1 on  a force  table. 


If  we  consider  tLw  case  where  the  two  strings  exert  equal  and  opposite 
forces  on  Llie  ring  there  is  no  motion*  Before  the  strings  were  attached  there 
was  no  motion  and  no  net  force  on  the  ring*  There  still  is  no  motion  and  the 
state  of  the  system  remains  the  same^  hence  there  is  no  net  force  acting  on  the 
system*  The  problem  Is  now  to  describe  the  paysical  system  by  a mathematical 
model*  If  we  remove  “the  ring  slides  to  the  left.  Removing  allows  the  ring 
to  move  to  the  right*  If  we  change  either  or  Fg  one  at  a time  similar  changes 
in  the  state  of  the  ring  occur*  Since  both  direction  and  magnitude  are  involved 
we  can  try  as  a.  possiblity  a vector  model.  Let  and  P^  correspond  to  two 
vecto^'  s which  add  to  give  the  null  vector.  If  vector  F^  is  shortened^  then  the 
sum  does  not  result  in  the  null  vector  we  have  a new  vector  to  the  right 

which  gives  the  correct  direction  to  the  motion  in  the  physloal  case*  Shortening 
Pg  also  yields  a correct  result*  If  one  of  the  forces  is  replaced  by  two  vec= 
tors^  the  various  algebraic  rules  can  be  establiehed. 

This  analysis  does  not  show  that  forces  can  always  be  represented  by  a 
vector  model  of  this  type.  Forces  cannot  in  general  be  moved  arbitrarily* 

The  physical  situation  determines  where  forces  are  applied  and  the  points  of 
application  must  be  considered  in  discusBlon  of  the  detailed  motion.  The  force 
table  has  no  problems  along  these  lines  since  the  forces  always  act  at  a point. 

_ inally^  the  analysis  should  be  extended  to  forces  acting  at  various  angles. 


kej 


RESTRICTING  AND  FREEING  THE  ITiTUITION 


H.  0.  Poliak 

A coimrient  in  the  ''Suggestions  to  SI^G  on  the  Secondairy  School  Mathe- 
matics Program"  is  that  algebraic  topology  is  the  applied  mathematics  of 
the  future « I am  not  sure  oi"'  the  immediacy  of  this  threat]  at  the  pres- 
ent I know  of  the  applications  to  physics^  like  the  many^body  problem  and 
general  relativity^  the  many  diverse  applicat iOi^s  of  graph  theory^  uses 
of  fixed  point  theorems  in  engineering  and  economics^  applications  of 
cohomology  theory  to  the  analysis  of  structures ^ as  well  as  attempts  to 
use  topology  in  understanding  large  electrical  networks.  However^  the 
question  of  building  up  some  intuition  on  topological  notions  somewhere 
in  the  secondary  school  is^  it  seems  to  me^  wid  open^  regardless  of  the 
irraninence  of  a flood  of  applleations . There  are  a lot  of  interesting  con- 
cepts i dimension^  defomation^  orientation^  fixed  points^  triangulation ^ 
homotopy;  cutting  and  pasting^  eonnectedness  and  multiple  oonnectedness^ 
open^  closed^  compact^  curves --open  and  closed  and  arcs --surfaces^  knots ^ 
geodesic^  and  so  forth«  How  important  is  it  that  everyone  have  a feel- 
ing for  some  of  these  things? 

Just  in  case  we  don^t  feel  like  solving  this  problem^  let’s  general^ 
Ize  it.  ¥e  had  quite  a discussion  about  automatically  restrict ing  a stu- 
dent’s intuition  by  always  using  rectangular  coordinate  systems.  How 
much  more  do  we  restrict  the  intuition  by  always  using  the  invariants  of 
Euclidean  geometryi  Anyway^  how  do  you  tell  when  an  implied  restriction 
of  the  intuition  is  a good  thing  and  when  it  is  a bad  one?  The  first  non- 
rational  numbers  the  student  sees  are  /W’  and  tt  ^ but  we  are  careful  to 
keep  open  from  the  vei^  beginning  that  there  are  more.  From  the  begin- 
ning of  BVBG  9 drew  a positive  number  line  with  an  extra  stub  to  the 
left.  We  make  sure  that  our  first  examples  of  functions  as  functions  are 
not  all  given  by  simple  formulas  or  are  even  all  continuous.  But  when 
we  introduce  complex  numbers^  I don’t  recall  that  we  do  anything  at  all 
to  keep  the  intuition  open  for  quaternions.  beginnings  of  plane 

trigonometry  ignore  spherical^  and  I am  not  sure  that  there  are  any  dis- 
coveiy  exercises  for  non-euclidean  geometry  in  SI^G  10.  Most  of  these 


-468- 


choices  seem  iimnediately  intuitively  correct  to  me«  Vfliy?  How  do  I tell 
a restriction  on  uhe  intuition  I like  from  one  I don’t  like?  Future 
importance  of  the  generalization^  ease  of  keeping  the  possibilities  open^ 
applicabi li ty  of  the  more  general  concept  all  have  something  to  do  with 
it  but  don^t  seem  to  be  the  whole  story= 

The  question  of  the  long  uninterrupted  stretch  of  rectang'ular  coor- 
dinates^ incj= ’lent ally raises  the  question  of  local  coordinates.  In 
factj  every  application  of  coordinates  I can  think  of  has  the  feature 
that  the  coordinate  system  is  only  locally  valid-  ”Two  aisles  up  and 
three  aisles  over'’  in  the  supeimiarket  is  not  supnosed  to  take  you  through 
the  wall  Into  the  laundromat  next  door.  The  numsjring  system  on  El 
Camlno  Real  begins  over  again  In  each  community to  my  original  confusion 
In  Michigan  there  is  a global  numbering  system  on  major  roads  which  is 
interrupted  by  a local  numbering  system  in  Incorporated  units  and  reBumed 
when  you  get  out  into  the  farms  again®  "When  we  count  tree  rings ^ the 
very  deformation  of  the  polar  system  gives  us  significant  information® 

I think  maybe  a case  can  be  made  for  some  intuition-building  for  local 
coordinate  systems.  When  is  it  legal  to  think  of  the  earth  as  flat? 

VJhen  noon  at  the  North  Pole? 

In  SMSG  6 last  year^-  my  son  had  a certain  amount  of  trouble  with 
one  particular  aspect  of  graphing;:  How  do  you  pick  the  origin  and  the 

scale  on  the  little  piece  of  graph  paper  you  get  for  doing  the  homework 
so  that  the  problems  all  fit  and  don’t  run  over  into  other  problems  and 
are  not  so  small  that  you  can-t  see  what  you  are  doing?  With  the  usual 
introspection^  I find  that  in  my  own  work  I always  make  a quick  Judgment 
on  this  point  before  I start  plotting®  We  never  teach  the  kids^  as  far 
as  I can  rernember^  how  to  make  sueh  a Jud^ent®  This  is  both  another 
example  of  the  local  coordinate  question  and  also  an  application  of 
approximations . 


ON  THE  DJTRODUCTION  OF  MATIffiMATlCAL  CONCEPTS 
Hassler  Nhitney 

We  shall  illustrate  some  of  the  in  which  a question  may  be 

posed  or  a system  may  be  set  up  for  study^  which  will  lead  in  a natural 
manner  to  the  elucidation  of  concepts.  The  important  thing  is  first  to 
und^erstand  the  workings  of  a simple  situation^  then  to  pull  out  some 
underlying  notions.  The  notions  thus  will  be  xmderstood  before  being 
formulated. 

Just  as  in  mathematical  research^  some  qu  .tions  may  lead  to  a 
variety  of  concepts  and  topics.  Each  of  these  is  often  worthy  of  study. 
Then  those  topics  may  be  compared  and  their  relations  studied.  Thus  a 
much  fuller  understanding  of  the  general  situation  becomes  possible. 

Over  a months  term^  or  year^  one  wishes  to  cover  certain  topics. 

If  one  Is  led  to  study  and  comprehend  various  notions  and  their  rela= 
tions  without  at  first  demanding  that  they  occur  in  a certain  order ^ it 
is  then  easy  to  simimarize  the  principal  facts  and  thus  present  the  final 
material  in  an  orderly  fashion  which  will  be  understood  rather  than 
memorized. 


I.  Some  Topics  From  Number  Theory 

1.  Divisibility.  Let  us  look  at  a multiplication  table  and  ask  some 


natural  questions.  For  instance^ 
what  numbers  appear  In  this  table? 
All  (natural)  numbers^  clearly. 

But  this  is  because  of  the  first 
row  and  column.  Suppose  we  dis- 
card  these.  Then  we  can  fird 
numbers  not  appearingj  for  instance 

1.  2,  3,  5.  T, 


1 

2 

3 

4 

5 

6 

T 

8 

2 

4 

6 

8 

10 

12 

14 

16 

3 

6 

9 

12 

15 

l8 

21 

24 

4 

8 

IS 

Aju 

20 

24 

28 

32 

11^  . . . 


Some  nmnbers  appear  several  times  in  the  table.  What  does  this  mean? 
They  are  answers  to  different  multiplication  problems*  12  ^ 2 • 6 = 
3 • U = k * etc. 
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This  suggests  a,  definition:  The  nurnher  n is  coraposite  if  there  exists 

numbers  a and  both  sma.ller  than  n^  such  that  n = ab. 

Tlieorem  1.  7 is  not  composite^  for  trying  2^  3^  5^  6^  none  of 

these  works . 

Theorem  2.  9 is  composite^  for  3 is  less  than  9^  3 is  less 

than  9^  and  3 ^ 3=9- 

Remark:  ‘'There  are  two  nLnnbers  a/b"  needs  comment « The  coirmionly 

used  "two''  is  not  meant  in  the  strict  sense ^ 

Remark:  After  a few  such  exajTiples^  one  may  point  out  the  use  of 

"there  exists"  and  "for  all."  In  testing  9^  we  find  3j  in  testing  12, 
we  find  2^  3,  6;  in  testing  7j  to  find  nothing.  In  the  latter  case 

all  test  numbers  fail.  Negations  of  quantifiers  are  already  understood 
in  a basic  manner-. 

Remark:  Is  1 "prime”?  The  fact  that  mathematicians  choose  mean- 

ings of  symbols  (in  particular,  of  words)  becomes  apparent.  We  consider 
several  choices  and  finally  pick  one  that  seem.s  m.cst  useful.  Contrast 
with  everyday  argLunents,  which  in  reality  depend  on  word  usage. 

Why  bother  about  composite  versus  prime  numbers?  Severa]  answers 
may  be  suggested.  A eomposite  number  may  be  "simplified":  63  ==  7 • 9^ 

while  61  must  stay  as  is.  We  can  simplify  63  further:  £3=7.3* 

3.  We  are  running  into  the  fundamental  theorem  of  arithmetic. 

Multiplication  is  easy,  nariting  numbers  in  factored  foixi.  Add 
exponents.  Note  that  addition  is  difficult.  How  do  we  square?  What 
numbers  are  squares? 

Remark : Later,  in  considering  -/2  , what  sort  of  properties  are 

being  used?  Divisibility?  Let  us  consider  the  relation  to  the  fimda- 
mental  theorem.  That  was  easyl  How  about  other  roots?  Students  may 
i nd  general  theorems. 

What  numbers  are  divisible  by  2?  by  4?  Let  us  look  at  the  pattern 

123^56789  10 

~ 2 2 2^k-  ' ■ 2" 

We  see  a fact  that  may  be  expressed  in  several  ways. 

a,  A:,1  numbers  divisible  by  h are  divisible  by  2. 

b.  Those  numbers  divisible  by  4 form  a subset  of  those  divisible 


c.  If  n is  dtv-ldGd  by  it  is  divisible  by  2» 

In  c-  we  may  increase  clarity  by  inserting  ''for  all  n ^ ^ 

Another  interpretation  for  c:  Suppose  we  ai‘e  told  that  n is  some 

specific  natural  number.  We  wonder  If  it  is  divisible  by  4.  We  think 
of  c to  help  us.  Since  n is  given  (though  we  do  not  know  which  number 
it  la), 

n is  divisible  by  4 ^ Q-  n is  divisible  by  2 

are  atatementsj  i.e.;,  each  has  a definite  truth  value.  Then  c may  be 
shortened  to  ''If  then  Q.  " Tills  we  assert.  How  may  we  make  use  of 

this?  If  we  learn  that  P is  true^  we  may  at  once  assert  Q. 

Suppose  we  learn  that  n is  not  divisible  by  k;  i.e.,  P is  false. 

What  happens  to  e?  It  certainly  does  not  help  us  decide  about  Q.  But 
still  believe  in  c;  it  simply  gives  us  no  inf oimiation. 

With  still  further  examples^  it  wnl^  gradually  become  clear  that  the 
way  to  be  sure  that  a compound  statement  gives  no  inforTnation  is  to  see 
that  it  is  certainly  true  (without  further  knowledge).  This  will  turn 
out  to  be  the  reason  that  Pj,  then  Q"  is  called  true  if  P is  f alse - 

Remark  * It  is  useful  to  ask  for  proofs  of  such  things  as  ^ If  1^2^ 

then  For  instance^  1 = 2j  hence  2=1.  Adding:  3-3;  dividing 

by  3^  1=1.  However^  using  statements  whose  truth  value  is  obvious 

makes  definitions  of  logical  relations  seem  artitrary%  Using  statements 
with  unknOTOS  (l.e.^  q^uantif iers ) like  c forces  us  to  consider  the  dif- 
ferent possibilities  and  make  usual  logic  natural. 

It  is  not  hard  to  see  how  further  work  will  bring  us  to  simple  under- 
standing of  the  various  logical  connectives « Afterwards  their  meanings 
ma^'-  be  codified  and  clarified. 

2.  Modular  Arithmetic.  We  start  with  a pattern.  Let  a circle  be 
divided  into  n = 20  spaces.  Starting  at  0^  let  us  take  steps  of  length 
a ^ 6o  Mark  heavy  dots  at  each  spot  reachtsd.  The  first  five  are  shown 
in  the  figure.  What  will  the  pattern  of  dots  look  like  finally?  Here 
each  even  number  has  a dot*  Will  the  dots  be  evenly  spaced  like  this. 

In  all  cases?  What  will  the  final  spaces  between  dots  be  like?  One  can 
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ai3k  different  class  members  to  oxpei'i- 
ment  v/ith  different  n and  a , and  tr 
for  conclusions. 

Presenting  the  conclusions  so  far, 
the  gcd  of  n and  a appears.  Apart 
from  this,  various  ways  of  proving 
facts  occuring  here  may  be  suggested. 

For  instance,  a more  or  less  geometric 
proof  that  the  final  spacing  is  even 
may  be  worked  out.  Ibiis  is  certainly 
a good  topic  for  discussion  in  class,.  Later  a more  algebraic  proof  may 
be  given.  Now  the  two  proofs  may  be  compared.  The  fact  that  if  there 
is  a short  space  between  two  dots,  all  other  spaces  will  be  equally 
short  has  its  analogue  in  equations.  The  two  proofs  may  be  i-rritten  side 
by  side,  showing  their  final  identity. 

Having  marked  the  "4”  dot,  how  may  we  shov/  that  we  have  already  gone 
once  around  the  circle?  Different  ways  may  be  suggested.  In  particular, 
the  pattern  may  be  shown  along  a line  with  multiples  of  20  marked.  Here 
residues  mod  20  appear.  In  the  first  segment  cf  length  20,  the  least 
residues  appear.  Equivalence  (mod  20)  and  partitions  come  in  naturally 
(if  enough  time  is  spent  on  the  topic).  The  complete  pattern  shows  the 
ideal  generated  by  n and  a the  expression  of  (n,  a)  in  terjiis  of 
n and  a is  found.  The  usefulness  of  negative  numbers  is  also  .appar- 
ent. Finally,  if  n is  prime,  we  obtain  divisibility  properties  conc(_?rn- 
ing  primes.  From  here  the  proof  of  ’che  fundamental  theorem  is  ivapid. 
Comparison  with  a former  proof  is  in  order. 


II.  Multiplication  of  Negative  Numbers 

Having  experimented  with  addition  and  subtraction  of  positive  and 
negative  integers,  let  us  try  multiplication.  Here  is  one  type  of  experi- 
ment that  should  be  carried  out:  First,  mark  values  of  x • y In  a plane 
with  the  usual  coordinates.  Start  with  non-negative  x and  y ; use 
just  integers.  Now  look  for 


-12 

-9 

-6 

-3 

0 

-8 

-6 

-4 

-2 

0 

0 

0 


3 6 9 12  15 

2 k 6 8 10 

12  3^5 

0 0 0 0 0 

-3 

-6 


some  other  values.  The  pattern  certainly  suggests  negative  results.  Why 
should  we  choose^  for  instance ^ the  top  row  shown?  From  9;  subtracting 
3 gives  6:  subtracting  3 now  gives  3;  next^  0;  next,  -3;  etc. 

This  makes  a simple  pattern.  It  now  has  the  property:  From  -6,  adding 

3 gives  -3j  adding  3 gives  0;  adding  3 gives  3j  etc.  Let  us 
state  this  in  formulas;  Adding  3 to  3k  gives  3(k  + l)^  or 

3(k  + l)  = 3k  + 3 . 

How  about  bigger  steps  to  the  right?  Soon  the  distributive  law 
appears.  Thus  desiring  the  simple  pattern  is  equivalent  to  desiring  the 
distributive  law.  Note  that  a simple  pattern  appears  first,  use  of  a law 
later. 

Now  how  about  filling  in  the  lower  left-hand  part?  Clearly  we  desire 
positive  numbers  to  keep  the  symmetry.  We  have  found  the  product  of 
negatives. 

Since  many  feel  that  negative  times  negative  should  be  negative, 
let  us  try  this  pattern  also.  Keep  both  patterns  handy,  and  compare  the 
two  while  working  in  various  ways  with  integers  (or  real  numbers).  More- 
over, a model  with  product  equal  height  with  both  definitions  (two 
models)  is  useful.  One  has  sharp  edges  in  the  second  model  and  has  lost 
nice  symmetry. 


III.  Directed  Lengths 

Suppose  we  have  a line  with  a starting  point  and  a direction  along 
it.  We  have  also  a kit  giving  or  manufacturing  arrows  or  "vectors" 
which  may  be  laid  on  the  line,  each  in  its  given  direction,  from  the 
starting  point  0 or  from  certain  other  points.  We  shall  study  the 
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resulting  system.  The  application  to  measurement  along  a line  (without 
a starting  point)  will  he  clear  enoughj  we  do  not  consider  this  here. 

V/ith  any  vector  in  our  kit^  named  u for  instance^  laid  with  its 
"start"  at  0^  mark  its  "end"  with  the  symbol  u . This  gives  a picture 
of  a vector  from  the  kit. 

Let  us  assume  we  can  add: 

a.  Given  u and  v from  the  kit^,  we  can  manufacture  u + v ; 

V may  he  laid  after  u ^ giving  the  same  mark  as  u + v laid  from  the 
start. 


0 V u u+v 


The  construction  makes  clear  that  we  have  (or  require): 

h.  Given  u^  w from  the  kit^  we  have  (u+v)  + w = u + (v  + w) 

Assume  the  kit  contains  a knife  point  with  handle: 

c.  There  is  a vector  0 such  that  u + 0 = 0 + u for  all  u. 

Assume  a vector  can  he  turned  around;  rather^  it  can  he  copied  hack- 

wards  : 

d.  Given  u^  there  is  a vector  -u  such  that  u + -u  = -u  + u = 0. 

Finally^  assume  commutativity: 

e.  For  all  u^  v we  have  u + v = v + u. 

We  can  of  course  mention  "group/'  etc. 

Let  us  now  assiune  order  on  the  line  or  between  the  points  marked  on 
the  line.  (With  the  assumption  about  the  points  marked  we  need  not 
worry  about  the  order  being  Archimedian. ) 

f.  The  marks  are  simply  ordered:  if  u > 0^  then  u + v > v for 

all  V . 

Wow  we  ask^  "What  is  the  system  like?  What  is  the  set  of  all  possi- 
ble marks  on  the  line  like?"  One  soon  sees  that  thei'e  are  two  cases? 

Case  1.  There  is  a smallest  positive  vector.  In  this  case  it  is 
easy  to  see  (class  experimentation)  that  if  we  call  this  vector  a , for 
instance,  that 


a,  a + a,  a + a + a,  . . . , -a.,  -a  + a,  . . 

is  the  set  of  all  vectors  in  our  kit  and  gives  all  the  marks  on  the  line. 
Let  us  devise  a special  notation. 

( ’ )a-  = ( ' ■ )a  •-  a -I-  a,  ( ' • ' )a  = a + a + a, 

etc.  Also  some  similar  notation  for  negative  vectors.  We  now  have 

(''')a  +('')a  =a  +a  +a  + a + a = )a  , 

which  suggests  defining,  among  our  new  symbols. 

We  then  have  the  distrihutive  lav: 

na  + ma  (n  + m)a,  all 

in  fact_,  as  is  easily  seen  hy  using  u in  place  of  a 

Note  that  we  have  discovered  the  group  of  integers  and  have  found 
how  this  group  operates  on  our  kit  of  vectors. 

Remark : We  may  prove  the  commutative  law  in  this  case. 

Case  2p  There  is  no  smallest  positive  vector o 

In  this  case  it  is  interesting  first  to  consiaer  what  we  can  do  with 
just  two  vectors-  We  permit  ourselves  to  construct  others  from  these  o« 

It  may  happen  that  we  may  form  ma  + nh  ^ obtaining  0 (with  none  of  ^ 

b^  m^  n^  zero)o  This  brings  us  back  to  an  earlier  topic;  also  it  me 
be  used  to  introduce  rational  numbers  as  operators  on  our  kit.  If  tl  ^e 
is  no  such  relation^  the  class  may  experiment  with  what  may  be  done  ' uth 
the  two  vectors-  We  discover  that  we  may  manufacture  arbitrarily  small 
ones  and  are  thus  necessarily  in  Case  2« 

Consider  Case  2-  We  see  that  the  marks  on  the  line  are  dense-  This 
suggests  assuming  completeness « For  instance^  assume  mechanically  that 
we  may  lay  any  number  of  vectors  from  0 together  and  push  a block  down 
from  the  right  till  it  can  go  no  further  and  then  mark  the  point  reached. 

Through  our  mechanical  model;  consider  now  our  possible  operations. 
Choose  those  vectors  u which  (with  some  fixed  a ) have  the  property 
u 4*  u + u a c Lay  ail  these  from  0;  and  push  the  block  against  them; 
giving  V-  It  is  quite  easy  to  see  that  v + v + v = a»  Thus  we  may 
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"divide"  a vector  by  (’'')•■  Now  all  rational  numbers  operate  on  our 
kit.  By  completion^  all  real  numbers  operate.  We  have  now  constructed 
the  real  number  system  and  its  operation  on  our  kit. 

Summing  up,  the  theory  of  directed  lengths  on  a line  is  the  theory 
of  a simply  ordered  set  allowing  the  real  numbers  as  operators,  or  the 
theory  of  a one -dimensional  vector  space.  We  have  accomplished  several 
things:  We  understand  better  the  operations  of  measurement  in  one  dimen- 

sion; we  see  how  the  real  nurabers  come  in  of  necessity  to  measurement. 

Note  that  if  we  choose  a fixed  vector  a / 0 and  express  all  vectors 
as  multiples  of  a,  we  obtain  an  isomorphism  of  the  real  niombers  with 
the  system  of  vecto  s,  In  particular,  any  vector  equals  x 1"ch'-'S  '"^^1 
also  equals  y feet-  A true  equation  is 

1 ft.  =12  in. 

For  some  peculiar  reason,  many  present-day  texts  fear  to  Tise  lengths  as 
mathematical  objects  and  are  thus  forced  to  say  1 foot  "measures"  the 
same  as  12  inches.  Worse,  one  is  supposed  to  write  equations  in  numbers 
only,  making  difficult  the  keeping  track  of  actual  vectors  involved 
(especially  when  changing  "units"). 


IV.  Logarithms 

Having  worked  with  a "slide  rule  for  addition,"  let  us  try  a "slide 
rule  for  multiplication."  First,  choose  it  long  enough  to  include  0.1, 
1,  IG,  100,  1000,  say.  Wow  try  marking  2.  From  this  we  find  20.  Also 
mark  4,  8,  l6.  We  already  have  a test  for  our  choice  of  2:  Does  l6 
seem  to  be  at  a nice  point  between  10  and  20?  If  not,  move  2 a 
little.  Now  try  some  other  numbers  and  resulting  factors. 
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We  noon  note  a nice  property  of  the  decimal  system:  When  we  mark 

2,  we  may  at  once  mark  0.2,  20,  200.  Why  do  all  these  separately? 


Recalling  our  study  of  points  on  a circle,  let  us  construct  a circular 
slide  rule.  Here  0.1,  i,  10,  etc.,  vrill  all  "be  at  the  same  point.  With 
a carefully  made  cardboard  rotating  circle  and  a good  manner  of  marking 
and  erasing,  a group  of  people  can  soon  construct  a rather  accurate  rule. 
Playing  with  these  rules,  properties  of  logarithms  have  an  immediate 
clarity,  and  the  shape  of  the  logarithm  function  (transferred  to  a graph) 
has  a strong  reality. 
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ON  THE  ROLE  OF  LOGIC  IN  ELEMENTARY  MATHEMATICS 


Hassler  Whitney 

Vfe  shall  consider  here  the  question  of  what  logic  is  needed  in  the 
study  of  elementary  mathematics;,  say,  through  algebra  and  what  and  how 
such  logic  may  best  be  taught.  To  get  at  the  heart  of  the  matter,  sup- 
pose the  following  complaint  is  made  during  a class: 

"I  don’t  really  understand  what  is  going  on." 

Somewhere  there  has  been  a breakdown  in  communication  so  that  the  student 
cannot  follow  the  reasoning  process.  The  real  issue  is  that  of  the  reason- 
ing process  and,  more  generally,  of  the  c ommun ic  at  ion  of  the  ideas.  We 
shall  use  the  term  logic  to  cover  this.  For  instance,  in  studying  solu- 
tions of  quadratic  equations,  the  use  of  "variables,"  the  question  of 
whether  a given  "equation"  is  something  you  are  supposed  to  solve  or  is 
an  identity  or  defines  a function,  and  what  is  being  proved  versus  what 
is  being  discussed  will  be  puzzling  to  the  student.  All  such  matters 
must  be  considered  in  studying  the  logical  structure  of  an  exposition. 

Since  carrying  on  mathematics  consists  essentially  in  carrying  on 
precise  reasoning,  there  is  no  question  that  logic  must  be  considered  in 
the  teaching  of  mathematics.  One  extreme  position  is  to  hold  that  the 
student  intuitively  comes  to  understand  what  is  going  on  and  learns  the 
underlying  reasoning  process  through  actual  use.  This  is  the  classical 
position,  which  certainly  has  had  a large  degree  of  success.  However, 
one  must  also  realize  that  it  can  also  fail  to  a large  extent  (see  the 
quote  above).  At  the  other  extreme,  one  can  give  a course  in  logic 
perhaps  especially  for  mathematics  students,  say,  in  a formal  axiomatic 
manner.  The  result  is  apt  to  be  simply  a new  mathematics  subject  with 
little  actual  relation  to  other  math  courses.  (One  recent  text  omits  the 
existential  quantifier  as  being  too  complicated  for  a first  course.  ) 

In  between,  a text  may  contain  a chapter  on  logic;  it  most  likely  studies 
propositions  through  truth  tables  with  unreal  applications  to  real  life 
and  has  some  discussion  of  quantifiers.  Uses  of  symbols  (a  itait  towards 
good  communication)  may  appe  r.  Again  the  chapter  is  usually  largely 
forgotten  in  the  rest  of  the  :;ook. 


So  far,  no  good  solution  is  in  sight.  So  to  starts  let  us  look  at 
a few  statements  occuring  in  the  grades  and  see  what  formal  logical  ele- 
ments are  involved. 

a.  You  can  subtract  b from  a,  provided  that  b < a.  If  ... , 
then  3 , .... 

b.  If  h-  will  go  into  n^  so  will  2 (vn).  If  then  Q^. 

( Actually j,  existential  quantifiers  are  also  involved  if  one  used  the 
definition  of  devisibility. ) 

c.  If  2 is  divisible  by  n and  3 is  divisible  by  n^,  then 

6 is  divisible  by  n.  (vn)  ^n  ° 

d.  None  of  2^  3,  4^  5;  6 go  into  J.  Hence  7 is  prime. 

Not  3 ’ • • , hence  .... 

There  is  certainly  no  difficulty  in  the  student's  grasping  the  intui 
tive  meaning,  in  fact  the  precise  meaning,  of  the  above  statements.  Thus 
the  elements  of  logic  in  the  restricted  sense  are  well  within  the  student 
power.  When  the  logical  elements  get  more  complex,  it  becomes  worthwhile 
to  analyze  the  logical  structure.  To  this  end  the  structure  should  have 
been  examined  to  some  extent  earlier,  and  the  general  problems  of  com- 
munication should  'come  commonly  to  the  fore. 

We  suggest  now  a program  for  the  "teaching"  of  logical  concepts 
during  the  general  mathematical  studies.  The  division  into  grades  is 
rather  arbitrary,  given  for  the  sake  of  some  kind  of  outline. 

Early  grades.  The  notions  "true,"  "false,"  will  arise;  also  "for 
all,"  "there  exist."  Certainly  one  will  distinguish  between  all,  some, 
none.  Just  how  many  is  being  more  specific  yet.  Implication  in  5.ts 
general  sense  appears;  see  a above,  for  instance. 

Grade  J.  Here  is  a good  time  to  give  some  actual  number  theory; 
some  examples  of  statements  are  given  above.  One  can  examine  to  some 
extent  the  logical  notions  involved  without  introducing  logical  notations 
other  than  for  momentary  shorthand  notations.  Students  can  give  alter- 
native formulations  of  statements.  Those  may  be  written  out  and  com- 
pared. Thus  one  has  a real  start  toward  equivalence  of  logical  expres- 
sions. This  may  be  continued  in  grade  nine. 


-b8o- 


Grade  lOo  So  far  we  suppose  that  symbols  have  been  used  in  the  very 
concrete  sense  as  names  of  numbers  (or  other  things).  For  example;,  one 
may  have  done  some  elementary  work  in  solving  equations. 

Suppose  we  have  been  given  a number,  which  we  may  call  x.  We  are 
told  that  5x  - 2 = 2x  + 13*  Can  we  find  this  number?  From  the  meaning 
of  the  equal  sign^  we  know  that  we  may  add  the  same  number^  say^  2^  to 
both  sides.  Thus  5x  2x  = 13  2^  and  3x  = 15 » The  only  answer  to 

this  multiplication  problem  is  5 » Thus  x must  be  5«  (We  may  now 
check  to  see  if  5 is  really  such  a number.  ) 

Note  that  there  has  been  no  use  of  "variables^* j symbols  are  used  in 
their  normal  manner.  Through  further  such  examples  one  may  compare  the 
meaning  of  equivalences  and  implications. 

In  the  further  study  of  solutions  of  equations^  "solution  sets"  arise. 
If  we  write  down,  a series  of  equations^  as  would  be  done  in  solving  an 
equation  as  above ^ one  may  ask  a separate  questiono  Consider  each  equa- 
tion separately  without  being  told  that  x was  some  definite  nuraber. 

Then  each  equation  is  not  a statement  but  a pattern  with  which  we  asso- 
ciate a solution  setc  What  is  the  relation  between  the  equations?  The 
answer  is  obtained  mathematically  by  almost  the  same  procedure  as  in  the 
example  above  ^ but  the  meaning  is  now  logically  much  more  involved.  The 
difference  between  these  meanings  should  be  carefully  considered. 

Students  should  be  given  some  help  in  reading  and  understanding  the 
texts.  In  particular^  they  will  begin  to  realize  that  there  are  both 
assertions,  wu.th  strict  mathematical  meaning,  and  discussion,  wl.ich  may  be 
more  vague  in  character.  For  example^  "the  equation"  may  have  several 
meanings^  and  one  need  not  look  for  it  precisely.  Rather^  they  should 
"■'pull  out  the  mathematical  content  of  what  is  said. 

The  meaning  of  a statement  as  presenting  information  arises.  For 
example^  we  are  told  first  that  x is  a number  and  that 

(1)  + X - 6 = 0 . 

What  do  we  know  about  x ? From  (l)  we  derive 

(2)  X = 2 or  X = -3  . 


Now  we  learn  that 


(3)  X > 0 . 

It  follows  that  X = 2.  The  information  contained  in  (3)  is  larger 
than  that  in  (2). 

Note  that  after  having  leaxTaed  (2)^  v.'-e  may  say 
(1^)  If  X > 0^  then  x = 2. 

This  seems  extraordinary.  Frim  the  small  amount  of  information  x > 0, 
we  obtain  the  precise  information  x = 2.  This  is  so^  since  we  are 
assuming  all  the  time  that  (l)  holds.  Thus  the  meaning  of  a statement 
depends  on  what  has  been  said  before. 

Consider  now  the  statement 

(5)  If  X 0;  then  ^ ~ 

X 

This  is  obvious:  if  we  know  that  x is  not  0,  then  we  may  form  - 
and  get  the  answer  1.  The  general  interpretation  of  "if  ...,  then..." 
is  needed;  the  definition  from  truth  tables  will  not  do. 

It  is  apparent  that  one  is  getting  deeper  into  logical  concepts. 
However,  at  all  times  what  is  actually  happening  should  be  thoroughly 
understood.  Discussions  of  the  logic  merely  confirm  the  understanding. 

Higher  grades.  It  may  be  useful  to  work  with  mathematical  state- 
ments expressed  in  logical  form  to  some  extent  to  see  the  picture  clearly 
and  to  help  understand  the  workings  of  logic.  For  instance,  suppose  we 
guess  that  every  number  divisible  by  both  6 and  21  is  also  divisible 
by  126.  Later  we  think  this  is  not  ■'o.  How  do  we  express  this?  There 
is  a number  divisible  by  6 and  21  but  not  by  126.  ¥e  find  such  a 

number,  in  fact,  say,  42.  Logically,  we  have  seen  the  equivalence  be- 

tween the  statements 

not  -(Vn)(6  div  n and  21  div  n::^126  div  n), 

(an)  (6  div  n and  21  div  n and  not  126  div  n). 

In  particular,  we  note  the  manner  of  negating  the  implication,  provided 
that  both  parts  of  the  implication  are  statements  in  advance  (unlike  in 

(5)). 


O 
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As  in  all  parts  of  mathematics^  one  introduces  a notion  test  when  it 
is  needed.  Implication,  for  instance,  should  not  he  introduced  through  a 
definition  with  examples  like:  If  1 = c!,  then  3 = 3-  There  is  no  point 

in  defining  this.  In  "if  x > 5^  then  x > 25"  there  is  some  real  point 
in  a definition.  (Moreover,  the  test  definition  is:  This  tells  us  nothing 

if  X is  not  > 3}  and  this  definition  has  general  application,  which  the 
truth  tables  do  not.)  Is  there  ever  any  need  to  introduce  truth  tables? 

The  following  may  give  some  reason  for  this. 

Suppose  we  have  learned  that 

If  ab  = 0 and  a.  ^ 0 , then  b = 0 . 

We  would  like  to  prove 

If  = 0,  then  x = 0. 

Of  course  the  best  proof  is  to  note  that  if  x is  not  zero,  we  know 
that  is  not  0 » But  nevertheless ^ let  us  use  the  former  state- 
ment. Setting  a and  h eq,ual  to  x (say  x is  a given  number)^ 

ve  have 

p 

If  X = 0 and  x ^ 0,  then  x = 0. 

We  seem  to  need  an  extra  hypothe"  is  not  0;  but  certainly 

we  cannot  believe  this.  We  can  appose  x were  not  0,  '-c. 

But  this  is  strange  enough  that  it  calls  for  a very  clear  discussion  of 
truth  values.  The  truth  tables  may  help  here. 

We  do  not  suggest  going  into  a formal  treatment  at  any  point,  ex- 
cept in  a separate  course  for  those  inters bted.  For  instance,  consider 
the  following: 

We  see  that  if  6 div  n,  then  2 div  n.  Also,  if  6 div  n,  then 

3 div  n.  Vfe  may  state  this  as  follows:  If  6 div  n,  then  2 div  n and 

3 div  n.  If  there  is  any  possible  question,  let  us  test  this;  Suppose 
6 div  nj  we  wish  to  show  that  2 div  n and  3 div  n.  We  know  that  if 

6 div  k,  then  2 div  k for  all  k.  Hence  using  this  for  our  number  n, 

2 div  n.  Similarly,  3 n. 

Now  let  us  see  what  a formal  proof  requires.  The  required  formula 
is : 
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( vn)(6  cLiv  n=^2  div  n)  & (Vn)(6  div  n =i>  3 div  n) 

( Vn)(6  div  n=^2  div  n & 3 div  n)  . 

A formal  proof  in  almost  any  system  is  sure  to  be  long  and  complex,  cer- 
tainly hiding  the  inherent  extreme  simplicity  of  the  result. 

We  make  one  final  remark  to  illustrate  the  meaning  of  a statement. 

We  wish  to  show  that  is  not  rational.  If  it  were,  we  could  write 

^ P 2 

a“  = 2b  , for  some  smallest  pair  of  integers  a,  b.  Since  a is  even, 

2 2 

we  conclude  that  a is  even:  a = 2c.  Now  we  have  b :=  2c  , in  con- 
tradiction to  the  choice  of  a and  b . Hence  -f2  is  not  rational. 

We  note  two  things:  In  working  with  a and  b,  since  we  have  actual 
integers  before  us,  we  know  how  to  use  them.  In  the  end  we  found  that 
in  reality  there  were  no  such  animals.  How  explain  that  we  worked  with 
them?  All  our  statements  had  meaning  and  were  true  under  the  hypothesis 
that  -f2  was  rational,  not  separately  from  this.  Note  also  that  in  the 
proof  our  statements  were  both  true  and  false,  a contradiction  we  became 
aware  of  later. 


THE  USE  AND  IMPORTANCE  OF  DEFINITIONS  IN  MATHEMATICS 


H . 0 . Poliak 

One  of  the  criticisms  of  curriculum  reform  in  mathematics  which 
is  commonly  heard  is  that  the  material  has  become  too  formal « It  is 
claimed  that  the  use  of  simple  intuition  has  been  replaced  by  refer- 
ence to  definitions  and  strict  deductions  from  these  definition^  and 
that  this  is  not  in  the  spirit  of  good  mathematics  pedagogy,  I don't 
want  to  deal  with  the  question  of  the  validity  of  this  criticism,  but 
to  make  a comment  on  the  mathematical  point  which  it  involves. 

The  fact  is  that  definitions  mean  many  different  things  to  mathe- 
maticians at  different  times,  and  that  definitions  are  used  in  very 
different  ways . I can  best  illustrate  my  point  by  some  examples . 

A.  Consider  the  problem  of  defining  inverse  trigonometric  func- 
tions. A mathematically  satisfying  attack  on  defining  arc  sin  X is 
to  list  all  the  properties  that  you  would  like  this  function  to  have. 
You  find  that  it  is  impossible  to  have  all  these  properties  simul- 
taneously; that  is,  they  are  internally  inconsistent.  You  therefore 
have  to  give  something  up,  and  you  finally  choose  the  definition 
which  appears  to  be  most  consistent  with  the  calculus.  Once  you  have 
made  this  definition,  you  rigorously  stick  to  it  and  rarely  go  back 
to  the  intuition  on  which  the  definition  is  based.  The  reason  for 
this  is  that  the  intuition  is  unsafe.  The  only  way  you  will  compute 
correctly  with  inverse  trigonometric  functions  is  to  work  very  care- 
fully with  the  branch  that  is  consistent  with  the  calculus, 

B.  An  example  at  the  opposite  end  of  the  scale  is  the  definition 
of  an  ordered  pair  from  the  notion  of  an  unordered  pair.  This  is  an 
exercise  of  mathematical  showmanship  to  prove  that  you  are  clever 
enough  to  use  the  set  notion  in  order  to  define  an  ordered  pair.  You 
will  certainly  never  make  use  of  this  definition  in  working  with 
ordered  pairs . 
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C.  Most  examples.  I am  sure^  fall  somewhere  between  these  two 
ends  of  the  spectrum;  that  is^  we  will  sometimes  use  the  formal  defi- 
niti.on  and  sometimes  the  intuitive  background  to  the  formal  definition. 

The  formal  definition  of  a function  falls  into  this  category.  We  first 
build  up  an  intuition  for  the  notion  of  a function  from  considering  dif- 
ferent ways  to  define  it.  Thus,  we  may  use  a picture,  or  a graph,  or  a 
verbal  description,  or  a table  or  a formula,  or  a machine  (where  you 
imagine  putting  a number  in  at  one  end  and  another  comes  out  at  the 
other).  From  such  examples  and  many  nxore,  you  build  up  an  intuition  for 
the  notion  of  a function  and  finally  make  a formal  definition  as  a col- 
lection of  ordered  pairs.  Later  on,  when  you  work  with  functions,  you 
sometimes  use  the  definition  and  sometimes  return  to  one  or  more  of  the 
intuitive  pictures  which  are  behind  the  definition.  Thus,  it  you  want 
to  be  careful  in  distinguishing  between  a relation  and  a function,  you 
may  very  well  find  considerable  pedagogical  value  in  the  formal  definition. 
On  the  other  hand,  if  you  want  to  discuss  the  notion  of  a f .^.c+ion,  you 
will  probably  find  the  intuitive  machine  picture  easier  tha.  any  other 
way.  You  just  think  of  the  output  of  one  machine  as  the  inpuu  of  the 
next . 

We  must  not  make  the  mistake  in  our  curriculum  maueri.  . of 
assuming  that  definitions  will  be  used  in  only  one  way . If  a definition 
alxrays  supplants  the  intuition  which  leads  to  it,  this  may  result  in 
excessively  dry  materials.  If  a definition  never  supplants  the  intui- 
tion which  leads  to  it,  it  is  pretty  useless.  We  must  be  honest  wi“  -i 
tiie  students  and  let  the  mathematical  abstractions  take  over  in  any  of 
the  variety  of  ways  which  might  be  most  natural  to  the  particular  problem. 
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UNINVITED  COMMENTS  ON  THE  DEFINITION  OF  FUNCTION 


G - S . Y oung 

This  is  a footnote  to  Henry  Pollan's  wise  remarks  about  defini- 
tion, but  addressed  to  the  definition  of  function  as  a collection  of 
sensed  pairs. 

In  our  book,  Hocking  and  I give  the  definition  the  full  treat- 
ment: A function  f : A B is  a triple  (A,B,G),  where  A and 

B are  sets  and  G is  a collection  of  ordered  pairs  (a,b)  such 
that  the  first  element  of  each  pair  is  in  A,  the  second  element  of 
each  pair  is  in  B,  and  each  element  of  A is  the  first  element  of 
one  and  only  one  pair  of  G. 

One  could  comment,  and  I would  not  argue  on  logical  grounds,  that 
A is  not  necessary;  it  could  be  defined  by  taking  the  union  of  the 
first  elements  of  pairs  of  G,  But  this  is  unimportant.  In  topology, 
(and  in  some  other  places)  there  is  real  reason  for  signalling  out 
the  set  B.  With  A fixed,  and  with  the  same  collection  of  sensed 
pairs,  changing  B may  really  change  properties  of  a function.  Take 
for  example  A = {(x,y) ]x^  + y^  = 1 ),  B = B^,  B'  = B - (0,0),  and 

let  G be  the  collection  of  pairs  ( (x,y) , (x,y) ) . That  is,  each 

point  of  A is  paired  with  itself.  Let  f : A -^B,  g : A B'  be 
defined  by  this  collection.  Then,  f is  deformable  to  a point  (in 
B) , and  g is  not  deformable  to  a point  (in  B' ) . ¥e  say  f and  g 
are  different  functions  because  of  the  very  practical  reason  that  they 
have  different  properties.  Here  the  full  notation  and  definition 
f : A B is  really  useful.  You  need  the  fine  distinction. 

In  mathematics  through  calculus,  the  set  A,  the  domain,  needs 
to  be  carefully  specified  (even  though  it  can  be  reconstructed  from 
G) , but  B is  not  terribly  important,  so  long  as  it  is  big  enough  to 

contain  all  of  the  second  elements  of  pairs  in  G.  One  can  make  up 
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properties  of  elementary  functions  that  change  when  one  changes  B, 
hut  they  are  not  . aes  that  cause  confusion.  To  take  one  example;, 
let  f be  the  function  that  assigns  to  each  real  number  :x  the 

P 

number  x . One  set  that  I could  use  for  B is  the  set  of  real 
numbers.  With  this  it  is  true  that  B contains  an  open  set 

that  is  entirely  contained  in  the  image  of  A;  for  example,  the 
non-negative  reals . Another  set  I could  use  for  B is  the  set  of 
all  complex  numbers.  Then,  with  this  B it  is  not  true  that  B 
contains  an  open  set  entirely  contained  in  the  image  of  A.  If  you 
feel  you  want  to  emphasize  this  sort  of  point,  then  you  can  make  a 
fuss  about  f : A B,  in  an  early  course.  Otherwise,  I now  pre- 
fer to  say,  "A  function  f a set  A into  a set  B is  a collection 
of  ordered  pairs,  etc.'',  playing  down  A and  B,  and  always  calling 
it  f above  • 

I do  want  to  keep  the  ordered  pairs,  not  for  logical  reasons,  but 
for  pedagogical  reasons.  (l)  I believe  the  definition  emphasizes  the 
single-valuedness  better  than  any  ^ther.  (2)  It  emphasizes  the  fact 
that  you  really  do  not  want  a formula.  You  can  explain  how  much  free- 
dom you  have  in  defining  a function  easiest  by  considering  an  element 
a and  pointing  out  that  it  is  Just  for  that  one  a that  you  have  to 

decide  on  the  second  element  of  the  pair  (a, ),  (3)  It  seems  the 

easiest  way  to  get  across  that  A and  B need  not  be  sets  of  num 
bers,  that  in  particular.  In  real  life  A need  not  be  a set  of  num- 
bers, (^)  There  are  certain  points  of  precision  that  come  across 

best  in  this  framework.  Consider  the  following;  Given  the  relation 

2 2 

--if  you  want  the  term  --  x + y =1,  How  many  functions  on 
[-1,1]  are  defined  by  it?  It  is  a very  bright  freshman  who  ever 
says  anything  other  than  two  for  the  answer.  The  point  is,  of 
course,  that  for  each  x you  have  the  choice  of  pairing  with  it 

either  +/l  - x^  or  -Jl  - , and  clearly  can  get  uncountably 

many  different  functions.  Continuous  functions?  That's  a differ- 
ent functions.  Continuous  functions?  That's  a different  thing. 

2 

One  has  the  same  thing  on  the  inverse  of  y = x , 


O 
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It  is  for  reasons  like  these  that  I like  ordered  pairs.  It  is 
only  V7hen  I want  to  emphasize  such  points  that  I stick  with  the  de- 
finition of  ordered  pairs.  Otherwise,  I see  no  harm  in  saying,  "Let 

O 

f be  defined  by  f(x)  = x for  all  real  numbers  x" , or  even,  "Let 
f (x)  = x^"  , 

I agree  thoroughly  with  Poliak's  desire  to  use  all  sorts  of  ideas 
for  functions.  The  Begle  meatgrinders  (in  his  Calculus)  are  wonderful 
for  composition  of  functions,  for  example. 

There  are  all  sorts  of  mistakes  that  sensed  pairs  do  not  help 

2/3 

you  avoid.  The  minimum  of  y = x ' is  at  x - 0.  Wo  amount  of 
sensed  pairs  will  keep  some  freshmen  from  saying  y'  = 2/3x  , and 

setting  y'  = 0 and  concluding  there  is.  no  minimum.  Here  the  func- 
tion as  a graph  is  the  best  approach.  Incidentally,  was  anyone 
bothered  by  "y  = 


ERIC 
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ON  THE  SETTING  AND  FITNCTTON  OF  SETS  AND  FUNCTIONS 


Leonard  Gillman 


Mathemaricians  tend  not  to  care  what  an  object  but  only  what 
its  properties  are. 

(1)  A cardinal  number  is  an  object  (thing,  entity,  set,  element, 
gizmo)  associated  with  a set  in  such  a way  that  two  sets  have  the 
same  cardinal  number  if  and  only  if  they  are  equipotent. 

One  can  now  construct  the  theory  of  cardinals . 

(2)  An  ordered  pair  (a,b)  is  an  object  (thing,  entity,  set, 
element,  gizmo)  characterized  by  the  following  definition  of  equality: 
(a,b)  - (a',b')  if  and  only  if  a = a’  and  b = b'  (the  meanings  of 
the  last  two  equalities  being  already  known.)  „ 

One  can  now  proceed  to  work  with  ordered  pairs . 

(3)  We  did  not  say  what  a cardinal  number  ^ nor  what  an  ordered 
pair  but  only  what  their  characteristic  properties  are.  Those  who- 
work  in  logic  and  'foundations  may  supply  definitions  in  terms  of  prior 
notions.  For  example,  in  terms  of  sets,  we  have; 

Definition,  (a,b)  = i [a } , ia,b}}„ 

Theorem,  (a,b)  = (a',b’)  if  and  only  if  a = a ' and  b - b’ , 

The  first  thing  we  do  is  prove  the  theorem  and  then  we  never 
again  have  to  refer  to  the  definition. 

(4)  The  proof  of  this  theorem  is  a good  example  of  some  set 

theory  just  beyond  the  level  of  triviality  of  the  popular  school- 
math  set  theoryi  For  this  reason  I urge  anyone  who  may  not  happen 
to  be  familiar  with  it  to  sit  down  right  now  and  work  it  out , The 
prior  information  needed  is  the  definition  of  equality  for  sets 
(■'■’axiom  of  extensionality’’ ) : two  sets  are  equal  if  and  only  if  they 

have  the  same  elements.  In  the  proof,  one  can  argue  by  counting 
elements,  but  I consider  that  inelegant  and  urge  its  avoidance. 
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I conjecture  that  a lot  ot  new-math  authors  left  out  the  defini- 
tion of  ordered  pair  simply  because  they  (fortunately)  did  not  know 
of  it . 

(5)  Before  deciding  on  a definition  of  function,  first  consider 
seriously  whether  it  ought  to  be  defined  at  all.  If  so,  consider  care 
fully  the  uses  to  which  it  will  be  put  and  then  choose  the  definition 
most  naturally  suited  to  them  rather  than  whatever  yields  the  quickest 
derivations  of  formal  properties.  I have  little  doubt  that  the  defini 
tion  as  a set  of  ordered  pairs  is  the  worst  one. 

(6)  First,  another  example  to  suggest  that  a function  from  A 

to  E means  more  than  just  a subset  of  A X B (of  a particular  kind) 

Recall  that  stands  for  the  set  of  all  mappings  (functions)  from 

Y into  X.  The  following  paragraph  appears  on  page  l40  of  my  book 
with  Jerison; 

Let  ^ be  a given  mapping  from  a set  A into 
set  3.  For  each  mapping  g from  B into 
a set  E,  the  composition  g • ^ carries  A 
into  E.  Thus,  ^ induces  a mapping 
; explicitly, 

f'g  = g~p- 

There  is  a duality  between  the  properties  one-one 
and  onto  (provided  that  E has:  more  than  one 
element) ; is  one-one  if  and  only  if  p is 

onto,  and  ' is  onto  if  and  only  if  (p  is 

one-one.  The  verification  of  these  facts  is  left 
to  the  reader. 

Evidently,  if  we  augment  the  range  of  je?  , we  alter  the  domain 
of  f'  . 

The  second  half  of  the  quotation  is  included  as  another  candi- 
date for  the  boraerline  of  sophistication.  Once  more,  everyone  is 
invited  to  assess  the  level.  The  parenthetical  proviso  is  needed  in 
just  one  of  the  four  parts. 
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(7)  In  seeking  a definition  of  function,  I do  not  worry  about 

2 2 

how  many  functions  are  defined  by  x r y =1.  I consider  the 
problem  unimportant.  It  is  not  used,  needed,  or  referred  to  in  any 
high  school  or  college  course  --  mathematics  or  other.  I hr.  for  the 
chap  who  says  the  answer  is  two. 

(8)  I suspect  that  the  best  way  to  think  of  a function  is  as  an 
association,  i.e.,  as  the  process  of  associating,  i.e.,  as  the  passage 
from  a given  element  to  its  associated  element.  The  emphasis  is  on 
the  act  of  associating  rather  than  on  the  totality  of  pairs  of 
associates.  Note  the  .suggestiveness  of  the  notation;  a — > b, 

(9)  There  are  many  important  situations  where  this  view  is 

natural.  (Maybe  it  always  is.)  For  example,  when  Peano  tells  me 

that  every  natural  number  has  a successor,  I do  not  picture  a great 
big  set, 

{(1,2)  , (2,3)  , 

but  rather  the  passage 

+ 

n ^ n . 

It  is  possible  that  1 think  in  terms  of  (shudder'.)  variables. 

(10)  I wonder  whether  anyone  really  does  think  of  sets  of 
ordered  pairs  other  than  when  picturing  graphs.  When  you  think  of 
sin  analytically,  do  you  say  things  to  yourself  like 

(jt,0)  £ sin? 

I talk  about  solving  the  equation 

sin  X = cos  X. 

Is  there  anyone  who  thinks  instead  of  specifying  the  set 

pr^,  (sin  r)  cos)? 

(11)  The  ''set  theory"  discussed  in  school  mathematics  is 
bringing  increasing  discredit  to  mathematics  and  mathematicians  and 
should  be  discarded.  Right  now  is  a good  time. 
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Here  is  another  test  problem:  prove  that  the  real  line  is  the 

union  of  the  intervals  [-1,1]  , [-2,2]  , ° ° , [~n,n]  , , 

Sets  should  be  postponed  until  the/  can  be  introduced  with 
significant  content  and  applications  --  for  example,  somewhere  near 
the  level  of  the  theorems  mentioned  above. 

(12)  Back  to  functions.  Let  R be  a set  --  e.g,,  the  set  of 
real  numbers.  Consider  the  following  renditions. 

[a]  There  exists  a function  f : R X R R (thus,  f is 
a subset  of  (R  X R)  X R)  such  that,  for  all  a,  b,  c,  u, 
V,  X,  y R, 

if  ( (a,b) , u)  £ f, 

((b,c),  v)e  f, 

((u,c),  x)e  f, 
and  ((a,v),  y)s  f, 
then  X = y. 

(Before  continuing^  try  to  figure  out  what  the  hell  that 
means » ) 

[b]  There  exists  a function  f : R X R R such  that^ 
for  all  a^  c R, 

f(f(a,b),  c)  = f .a,f(b,c)) . 

(stop  here  too  to  dwell.  Becter  than  [A],  eh?) 

[C]  There  exists  a binary  operation  • defined  on  R 
such  that,  for  all  a,  b,  ce  R, 

(a'b)  - c = a • (b-c). 
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ON  ’’ON  THE  SETTING  AND  FUNCTION  OF  SETS  AND  FUNCTIONS” 


Gail  Young 

In  a well-known  series  of  school  texts  occurs  a chapter  on 
rational  numbers^  one  ge  of  which  starts  off  with  a section  on 
multiplication.  On  the  page  Is  an  examples  (3j>N)  ^ (5^2)  - (iT^H)® 

I have  derived  a great  deal  of  innocent  pleasure  showing  this  to  pro- 
fessional mathematicians  and  asking  rhem  what  is  going  on^  and  not 
one  has  ever  realized  that  this  is  3 " 2 = 6,  or^  perhaps  more  fairly^ 
(+3)  ^ (•^•2)  = +6. 

It  turns  out  that  in  (3^D)^  the  "3'^  and  the  ’*1”  are  really 
equivalence  classes  of  ordej  d pairs  of  whole  numbers^  and  (3^l) 
really  is  an  equivalence  loss  of  ordered  pairs  of  these  ordered 
pairs . 

To  me,  there  is  exactly  one  reason  for  ever  going  through  anything 
like  thiso  Suppose  that  I have  written  down  a set  of  axioms  for  some 
mathematical  system » I want  to  know  that  the  axioms  are  consistent^ 
that  I will  never  end  up  proving  two  contradictory  theorems.  I know 
from  Gcdel^s  work  that  I can  never  hope  to  pro^^e  from  the  axioms  them- 
selves that  I will  have  no  contradiction.  Also  I cannot  hope  to  prove 
all  possible  theorems  and  show  no  two  are  contradictory o What  can  I 
doV  I can  fina  some  things  whose  existence  I believe  in  already^  and 
show  that  with  proper  definitions  these  satisfy  the  axioms » If  the 
axioms  were  contradictory^  the  same  contradiction  would  exist  in  the 
things  I believe  exists  and  surely  I can't  believe  in  contradictory 
things^  can  I?  (All  this  is  discussed  in  the  first  chapter  of  R.  L. 
Wilder *s  Foundations . ) 

If  I believe  in  the  whole  numbers^  I can  construct  a model  of  the 
integers  (in  ^ome  such  way  as  this  8th-grade  text^  which  really  does 
it  rather  well)^  then  of  the  rationais^  then  of  the  reals ^ Given  the 
reals ^ I can  construct  the  set  of  ordered  pairs  of  reals ^ define 
’‘line”  in  terms  of  these ^ etc.^  and  set  a model  of  Euclidean  geometry « 
From  that  model  I can  get  a model  of  non-Euclidean  geometry^  etc.^  etc, 

: 


Every  professional  mathematician  should  see  an  example  of  such  a 
treatment  once  in  his  training.  Conceivably^  the  8th  grade  may  he  the 
place?  I don't  believe  it  is^  myself. 

By  this  time  the  reader  and  I are  both  wondering  what  my  point 
was  in  saying  all  this.  The  pointy  I think^  is  this.  A teacher 
should  be  just  as  rigorous^  as  full  of  sensed  pairs ^ sets^  etc,,  as 
the  situation  needs..  The  discussion  of  the  nationals,  short  of  this 
one  question  of  consistency,  does  not  need  all  this  apparatus.  In 
fact,  it  hides  the  real  situation,  which  to  my  mind  is  that  the 
nationals  form  part  of  applied  mathematics.  That  is,  they  are  the 
first  complicated  structure  set  up  to  handle  physical  problems  - sub- 
dividing pies,  piles  of  wheat,  etc.  To  gee  that  across,  and  to  get  a 
clear  understanding  of  why  they  behave  the  way  they  do  is,  to  my  mind, 
far  better  than  any  amount  of  equivalence  classes  or  sensed  pairs  of 
equivalence  classes . 

One  incidental  remark.  If  anyone  can  show  that  kids  taught 
nationals  that  way  do  better  in  mathematical  subjects  than  kids  v7ho 
have  spent  the  same  time  doing  something  else,  I will  withdraw  all  my 
objections.  The  test  of  curriculum  development  is  irrational:  what 

happened  in  the  classroom,  and  in  the  next  course. 

But  I was  making  a further  point.  What  I think  Poliak,  Gillman, 
and  I are  all  concerned  with  is  the  sort  of  question  raised  by  the 
example.  Here  is  some  perfectly  good,  valuable  mathematics.  When 
does  one  teach  it  in  the  full  form? 

To  go  back  to  the  rational  numbers  for  a moment,  that  rational 
numbers  can  be  described  by  ordered  pairs  of  integers,  and  that  the 
operations  can  be  defined  that  way  is  an  important  concept  to  get 
some  grasp  of « It  is  what  lets  one  realise  that  the  nationals  can 
also  be  looked  at  as  part  of  pure  mathematics.  I would  not  regard  it 
as  at  all  a bad  thing  to  put  in  a couple  of  days  in  the  11th  or  12th 
grade  explaining  this. 
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Set  theory.  I wish  Gillman  had  said  a little  more  about  set 
theory  in  school  mathematics.  I suspect  we  are  in  agreement.  To  my 
mind,  the  only  place  in  school  mathematics  where  set  theory  should 
occur  in  any  formal  serxse  --  that  is,  with  operations  of  O'  , O , <f  , 

C fully  used  --  is  in  probability.  And  here  I am  actually  only 
saying  that  this  is  the  way  first  understood  what  was  going  on  and 
how  I finally  got  to  where  I could  work  complicated  problems  involv- 
ing combinations  and  permutations.  I could  go  back  to  an  underlying 
set-theoretic  situation  and  think  things  out. 

There  are  a number  of  places,  however,  where  the  terms  of  set 
theory,  to  my  mind,  provide  a natural  language  for  mathematical  dis- 
cussion. I don't  know  what  Gillman  wants  to  do  about  cardinal  arith- 
metic, but  to  my  mind,  2 + h - 6 because  if  you  take  a set  of  2 
things  and  another  set  of  4 things  and  combine  them  you  get  a set 
of  6 things.  Kids  should  understand  this.  (incidentally,  this  is, 
of  course,  another  example  of  applied  mathematics.)  The  mioment  you 
attempt  the  least  formalization,  you  run  into  the  question  of  whether 
the  sets  are  disjoint.  You  can  put  in  the  effort  to  discuss  An  B, 

A (y  B,  0,  etc.  Should  you?  Again,  the  answer  is  what  happens  in 
the  classroom.  Kids  should  understand  that  if  you  have  4 women  and 
5 Indians  in  a room  you  may  have  anywhere  between  5 and  9 people. 

I don’t  know  when  I learned  this,  but  certainly  not  formally  in  school. 
Would  my  mathematical  educatj.on  have  progressed  better  if  this  had  been 
made  fully  conscious  at  any  early  stage? 

In  geometry,  a line  a set  of  points.  Why  say  "A  line  is  made 
up  of  points"  or  any  other  19th  century  language  when  you  can  say  it 
in  a clear  standard  terminology?  An  angle  is  (l)  "the  figure 
determined  by  two  scralght-line  rays  with  a common  end  point";  (2)  "the 
union  of  two  straight-line  rays  with  a common  end  point" . Either  de- 
finition is  fine,  for  telling  you  what  an  angle  is.  Each  is  simple. 

The  first  one  (or  modifications)  seems  vague  to  me  in  some  ways- 
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For  example,  do  you  mean  the  area  between  the  rays?  It  is  not  as  pre- 
cise as  the  second.  The  second  teaches  something  about  a mathemati- 
cian's use  of  language  that  the  first  does  not.  But  "Let  A and  B 
be  two  straignt-line  rays  and  let  A /I  B = {x  j,  x a common  end  point 
of  A and  B.  The  angle  AB  is  A B " . That's  Just  bad  writing. 
Nothing  whatever  was  gained  by  the  letters  and  symbols. 

Back  to  functions.  In  (5)?  Lennie  asks  whether  a function 
ought  to  be  defined  at  all.  I think  this  is  an  important  thing  to 
decide,  and  something  that  has  not  received  enoi  h discussion  in 
school  mathematics.  One  certainly  wantr-  a d ' i . . . ry  type  of  defini- 
tion, Vr°  sort  of  thing  that  gi /es  you  an  id  of  /hat  the  concept  is, 
but  wht  uer  you  want  a r-al  mathematical  defin_t:  ~n,  I am  by  no  means 
sure.  The  trouble  with  ..uthematical  definitiovis  .5  that  you  are  apt 
to  believe  that  the  definition  tells  you  v/hau  thi  thing  really  is. 

A rational  number  darned  well  is  not  an  equivalence  class  of  ordered 
pairs  of  integers  --  though  that  is  one  aspect  of  rational  numbers. 

If  I want  to  prove  with  complete  rigor  everything  about  rational  num- 
bers, I might  start  with  this  definition  because  I can  use  it  in  my 
pi’oofs . Do  I want  to  prove  the  sort  of  things  about  functions  that 
need  a rigorous  definition?  In  school  mathematics?  Certainly  in 
much  of  advanced  mathematics,  one  needs  the  full  definition  of  my 
last  paper,  or  something  equivalent.  If  Lennie  proposed  a defini- 
tion of  funriion  different  from  mine,  but  that  would  take  care  of 
his  example  in  (6)  as  well  as  my  definition,  I am  sure  each  of  us 
could  work  with  either  one,  and  the  advantages  of  one  would  likely 
be  a matter  of  personal  preference. 

Perhaps  one  should  not  define  "function",  but  give  enough  aspects 
of  function  so  that  every  reasonable  definition  of  function  will  occur 
implicitly.  My  own  pedagogical  manner  would  lead  me  to  give  the  pair 
definition  --  after  motivation  --  and  doing  all  the  others  in  terms 
of  it,  I have  great  difficulty  in  being  deliberately  vague  in  the 
classroom.  If  there  is  a clear  way  to  say  something  precisely  that 
the  audience  can  understand  at  some  level,  I usually  have  to  say  it 
precisely. 


For  functions,  I buy  completely  Lennle's  (8),  (9)^  (lO)  with  the 
comment  that  I never  think  analytically  of  sin,  but  emotionally,  and 
that  what  I say  to  myself  is  things  like  "Ooh,  boy,  look  at  that!"  I'd 
never  think  of  (ir,0)  as  sin. 


That  leaves  ( 7 ) ^ 


2 2 

Statement  1,  Consider  the  expression  x = y • How  many  t lo- 
tions does  that  determine?  Even  if  we  restrict  ourselves  to  com  tc- 
ous  functi'- IS  the  answer  is  4,  Y = Xf  Y - -x,  y = |x|,  y = -]x| 

Only  two  aie  differentiable.  The  chap  who  says  the  answer  is  2 
my  problem  will  say  the  answer  is  2 in  this  case.  But  the  answer  t 
his  real,  physical  problem  may  be  y = jx|;  consider  reflections,  fc 
example. 


Consider  y =1,  That  determines  two  continuous  functions.  A' 
electrical  engineer  may,  however,  be  interested  in  a square-wave  f..,nc-- 


tion^  like  this.  These  things  can 
really  happen,  in  real  problems , I 
think  it  important  that  the  student’s 
intuition  be  freed,  sometime,  for  such 
things . 


-&»  X 


Statement  2,  What  ^ really  want  is  for  the  student  to  be  slapped 
down  by  a counter-example  every  L-inie  he  leaves  out  a vital  word  in  a 
hypothesis,  I would  like  him  to  be  scared  silly  every  time  he  sees 
the  word  "function"  with  nothing  in  front  of  it  like  '’continuous", 
"differentiable",  "analytic",  I rather  Like  my  example  as  a start 
on  this  tra'umatisation , But  I don't  really  care  how  many  functions 

o p 

X + y =1  determines.  I’ll  bet  I could  cook  up  a "practical" 

/ 2 r 2 

problem  wTiere  the  answer  is  y = T/l-x,x>0;y  = -7l  - x , 

X < 0,  though. 

Statement  3*  One  thing  that  R,  L,  Moore  makes  conscious  in  his 
students  is  the  tremendous  Importance  of  negative  information  in 
mathematics,  "You  need  compactness  in  the  hypothesis,  because  here’s 
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a counter-example’^  . As  a group ^ Moore  students  all  spend  much  more 
time  giving  such  examples  than  most  people,  I can^t  give  a defini- 
tion in  class  without  giving  quickly  some  examples  of  Just  what  sort 
of  pathology  has  sneaked  in  with  the  definition. 

No  one  understands  commutativity  until  they  see  examples  of  non- 
commutative  structures^  one  thing  that  makes  me  wonder  ahout  the  value 
of  all  the  name  dropping  in  .K-6 » 


To  summarize.  If  you  are  going  to  give  a rigorous  definition  of 
function^  really  give  it  and  really  use  it.  What  definition  should  he 
decided  only  after  seeing  what  the  results  of  trying  to  write  up  each 
approach  look  like.  If  not ^ the  fact  that  functions  can  he  defined 
hy  sensed  pairs  should  he  brought  out  and  used. 

Shakespeare  * s summary:  ’’Function  is  smothered  in  surmise.” 

Macheth^  Act  1^  Sc.  2.  [verbal  communication  from  Warren  Stenherg.] 


ERIC 
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